Stuff you must know. Cold.
Curve Sketching and Analysis

y=f (x) must be continuous at each:

* Critical Point: j—y = 0 or undefined. Don’t forget endpoints.
X

d2

*  TLocal Minimum: a goes (—,O,+) ot (—,undeﬁned,+) ot )2} >0
dx dx
d2

*  TLocal Maximum: Z—y goes (+,O,—) ot (+,undeﬁned,—) or y )2} <0
by X

* Point of Inflection: ~ Concavity Changes:

2
Z]{ goes from (+,0,-), (-,0,+), (+,undefined,~), or (-, undefined, +)
A

Derivatives
()= D, [k-/(x)]=k-D./ (x)

D, [f(x)+g(x)]=D.f(x)+Dg(x)  D.[f(x)-g(x)]=D.f(x)-Dsg(x)

b (f(x))= g(x)D./(x)-f(x)D.g(x)

lodhi minus hidlo over lo squared

"\ g(x) g (x)
d du
Df(g(x)=r"(g(x)g'(x)  or - f(u)=r ()7
—x(sinx) =Cos X E(cosx)= —sin x %(tanx)=sec2x

Dx(cotx)=—csc2x Dx(secx)=secxtanx Dx(cscx)=—cscxcotx



i(lnu) _ldu i(e“)= e"D.u iax =a"lnaD x
dx u dx dx dx
1
—log, x = D x
dx xlna
- 1 o 1
D _sin™ x = , —l<x<l D_cos™ x=- , —l<x<l
1-x° 1-x°
1 1 | 1
D, tan™ x = —— D, sec” x = , x| >1
+X |x| x> -1
d _ 1 d _ 1
E(cotl)c)=—1+x2 E(CSCIX)=_|X| ——
Integrals PLUS A CONSTANT!
n+l
fx”dx=x +C n=-1 AND fx”dx=1n|x|+C n=-1
n+l
fl dx =x+C fkf(x) dx=kff(x)dx OR fkdu=ku+C
[T/ (x)+g(x)] dx=[f(x)ex+ [g(x)dx
[/ (x) =g (x)] dx=[f(x)dx~ [g(x)dx
r+l
oy [8(3)]
f[f(x)] f'(x)dx = o +C
@ +C

fe"du =e" +C
fldu=ln|u|+C
u

fsinu du=-cosu+C

fseczu du =tanu +C

fa“du =

flnu du=ulnu-u+C

Ina

fcosu du =sinu+C

fcsczu du=-cotu+C



fsecutanu du=secu+C fcscucotu du=-cscu+C

ftanu du=—1n|cosu|+C fcotu du =1n|sinu|+C

1

du )
f\/i—sm ( )+C fa2+u2—atan (a)+C

a+C

f ——sec M +C=Loos 4
w/u _a a a |1/l|

Transcendentals
elnx =X ln(ey)=y ax — exlna
Inx
In(a*)=In(e™)=xIna log x=—=
()-1n(e) e
De' =e'Du -> Da =a"lna-D x
fe”du=e“+C > fa“du= ¢ iC
Ina
y=1log, x > x=a’

Fundamental Theorem of Calculus

The distance s travelled from time £ =0 to time # = X is s(x) = f f (t)dt. The derivative
0

of this position (velocity) is s'(x) =v= f(x) ..ot
—S(x) =— f f (l)dl =f (x), so the integral is an accumulation function and leads us to:

f f or the FTC II

If F'=f, then:



}f(x)dx =F (b)-F(a) ot the FIC L

a

Riemann Sums
R, =Ax[f(a+Ax)+f(a+2Ax)+...+f(a+nAx)]
L =Ax[f(a)+f(a+Ax)+f(a+2Ax)+...+f(a+(n—1)Ax)]

n

Mn=m[f(a+§m)+f(a+gm)+...+ f(“(n_%)mﬂ

b
1
T, Offf(x) dx=EAx(y0+2y1+...+2yn_1+yn)

By of [0 de= 0 (5021 (5) .2 (5, 5

Intermediate Value Theorem

If the function f (x) is continuous on [a,b], and y is a number between f (a) and

f (b) , then there exists at least one number x = ¢ in the open interval (a,b) such that
f(e)=y
%)

S —— 1

fi®)




Mean Value Theorem
If the function f (x) is continuous on [a,b], AND the first derivative exists on the interval

/(b)-1(a)

(a,b), then there is at least one number x = ¢ in (a,b) such that f'(c) = )
-da

i)

fad

f®)

|
}
Q ~ b

Rolle’s Theorem

If the function f (x) is continuous on [a,b], AND the first derivative exists on the interval
(a,b), AND f(a) = f(b), then there is at least one number x = ¢ in (a,b) such that

f'(e)=0



P

)=o)

X

[« e\

Theorem of the Mean Value i.e. Average Value

If the function f (x) is continuous on [a,b], AND the first derivative exists on the interval
b

ff(x)dx
(a,b), then there is at least one number x = ¢ in (a,b) such that f(c) =4

ey

This value f (c) is the average value (height) of the function on [a,b].

Solids of Revolution (Disks, Washers)

x=b
Disks: V= f r’dx where r is the function height on [a,b].

X=a

x=b
Washers: V=n f (r22 -7’ )dx where r, is the height of the upper function above

X=a

the axis of revolution and 7 is the height of the lower function above the axis of revolution.

Distance, Velocity and Acceleration

Velocity = di(position)
t



Acceleration = di(velocity)
t

final position - initial position ~ Ax

Average Velocity = - or —

total time At
Displacement (directed distance from a starting point) f v(l)dt =
Distance (total distance covered) f ‘v(t)‘ dt

L’Hoépital’s Rule

=% or =2, then i 8) _ i )

f(x)
If 1
m % g (x) v g'(x)

x—u g(x)

Integration by Parts

LIPET (Log, Inverse, Polynomial, Exponential, Trigonometric)

fudv=uv—fvdu fudv uv fvdu



Values of Trig Functions for Common Angles

(-1\3)  (0,1) (} V31 (cos 0, sin 0)

Trig Identities

Odd-Even Identities Cofunction Identities
) ) (T
sin(-x) = -sinx s1n(5—x)=cosx
T )
cos(—x)=cosx cos(E—x)=smx
T
tan(—x)=—tanx tan(z—x)=cotx
Pvthagorean Identities Addition Identites
sin’ x +cos’ x =1 sin(x +y)=sinxcos y +cosxsin y

2 2 . .
l+tan” x =sec” x cos(x+y)=cosxcosy—sinxsiny



1+cot® x =csc’ x

Double-Angle Identities

sin2x = 2sin xcos x

2 + 2
cos2x =cos" x—sin” x
cos2x =2cos’ x—1
cos2x =1-2sin’x

Sum Identities

sinx+siny=ZSin(x;y)cos(x;y)

Product Identities

sin xsin y = —% [cos(x+y)—cos(x—y)]

COS X COS =%[cos(x+y)+cos(x—Y)]
sin xcos y =%[sm(x+y)+sin(x—y)]
Other Useful Identities

. — 2
sm(cos 1x)= 1-x

sec(tam'1 x) =1+x

tan(x+ )_ tan x +tan y
4 l-tanxtan y

Half-Angle Identities

. (x l1-cosx
sin| — | ==+
(2 2




Thoughts

Do not simplify arithmetic (even in Riemann sums)

Do not cross out your work (unless you have done it better)

Label your answers

If you think your answer to part a is wrong, use it anyway to continue the problem
Notate your calculator work on the page

Round to three decimal places

Name the function in question: “the slope of f is” not “the function’s slope is”

When writing integrals, make sure that at least the limits and the constant are correct
Know the difference between local (relative) and global (absolute) extrema

Know the difference between the extreme value and the location of the extreme value
Know the difference between a point in time and an interval of time

Be sure that you have answered (not just solved for x) the problem with appropriate units
If you can eliminate some wrong answers in the multiple choice section, it is advantageous to
guess. If you can not eliminate answers, do not guess. Wrong answers can often be
eliminated by estimation or by thinking graphically.

If you are asked to justify your answer, think about what needs justification.



Calculus BC: Section I

Section [ consists of 45 multple-choice questions. Part A contains 28 questions and does
notallow the use ol a calculator. Part B contans 17 questions and requires a graphing
calculator for some questons Twenty-four sam ple multiple<hoice questions for Calculus
BC are included in the ollowing sections Answers to the sample questions are given on

page 39,

Part A Sample Multiple-Choice Questions
A calculator may not be used on this part of the exam.

Part A consists of 28 questions Following are the directions for Section . Part A, and
a representative set of 14 questons.

Directions: Solve each of the following problems. using the available space for scratch
work. After examining the form ol the choices. decide which 1s the best ol the choices
aiven and fill in the corresponding circle on the answer sheet. No credit wall be given for
anything wntten in the exam book. Do not spend too much tme on any one problem.

In thisexam:

(1) Unless otherwise specified. the domain of a function / 1s assumed to be the set of
all real numbers x for which f{x)1s a real number.

(2) The mverse of a trigonometne function f may be indicated using the inverse
function notation /= orwith the prefix “arc™ (eg..sin™' x = acsin x).

=

. . . . P 2
1. A curve s deseribed by the parametric equations x =1~ <27 and v = £ <% An

equation ol the line tangent to the curve at the point determined by 1 =1 1s

(A) 2x -3y =0
(B) 4x—->3y=2
(C) 4x—y =10
(D) Sx—4y=7
(E) Sx—y =13



(a) —3'Y_,1
32
(B) —>X*2
X+
1=-3x-1
(C)
X+
. 3x
D) —
l+y
. 3x
(E) —
X+

X g'(x)
-1.0 2
-0.5 e

0.0 3
0.5 1
1.0 0
1.5 -3
2.0 -6

3. The table above gives selected values for the denvative of a function g on the
interval =1 < x< 2. I g(-1)= -2 and Euler’s method with a step-size of 1.51s
used to approximate g(2). whatis the resulting approximation’

(A) =063

(B) —=1.5

cr 1.5

o) 2.3

E) 3
. et v Ties af v e wdnich fhe e X0 BT oo
4. What are all values of x torwhich the senes Z converges'

1 X

(a) All xexcepty =0 =

B) |x|=3

) 3=2x=3

D) |x|=3

(E) The senes diverges forall x.



Ir %f(x) = g(x) and il A(x) = x°, then %f(h(x)) =
w ele)

(B) 2xg(x)

€ g'(x)

(D) ng(:x2 )

(E) ng(:x:'i)

. . . L .1 pah o
If' F" 1s acontinuous function for all real x. then 11m—[ F'(x)dc 1s
_ h=0hJa
(a) O

(B) F()

(C) Flu)

(D) F'(0)

(E) F'la)

y

R R A A A i
| Y A AV A A
| Y B AV P AV g i i
| R A
| R A A P P B
| B Y B VP A A i
| Y R AV P A G A
I Y A A A B A
| Y BV AV AP AV AP
V| /777 rr s m
L Y Y A A B
| Y R AV A A A
[ Y A A A A
| |} 7 777 rrr ” e~ X

0 3

The slope field for a certain differential equation is shown above. Which of the
following could be a specilic solution to that differential equation?

(A) y=Xx7
B) v=¢&"

(C)
(D)
(E)

e Ce o e
nn |
=]
o
n
-



(C)

(D)

1w 19| —

(E) divergent

9. Which of the following series converge to 27

==

2n
. 2 n+3

n=1

==

iy -

n=1 (_3-)n

==

1

(AR
n=02

[1I.

(a) [only

(s) Il only

() [ only

() I and [T only
(e) [T and I only

10, If the function fgiven by f(x) = % has an average value of 9 on the closed mterval
[0.&]. then &=

(a) 3

(n) 342
(c) 1843
(D) 3644

(e) 36'/°



11, Which of the following integrals gives the length of the graph y = sin(Vx)
between x=qand x =5, where 0 < @< 57?

(A) ‘mx +cos” (Vx|
(B) I:Jl +cos”(Vx ) é

b
(©) f Jsinz(\f.?};;‘l—‘(cosz(\/.?) dx

b
L 20y
(D) Ja Jl—4xcos (__\/f_)ax

1+ cos?(Vx)
YY)

(E) ix

~a

12, Which of the following integrals represents the arca enclosed by the smaller loop of
the graph of » =1+ 2sin@?

LM% + 2sin 0)* do
(A) 5-‘"!17.’6( + 2sin @)
b ¢

L™ 4 25in 0) db
(B) 5'[7” (1 + 2sin @) ¢

6
Tl
© 5[ (1+25in6) db
L =T
"6
o) [ (1+2sin0) db

-R/6 X
(E) Lm_ﬁ (1 + 2sin ) db



13 The third-degree Tavlor polynomial about x =0 of In(l —x)is

- p) ~
4. 1Ii =ysecxand y =3 when x =0, then y =

B8

N

(D) tanx -
(E) tan x <+ 3&°

Part B Sample Multiple-Choice Questions

A graphing calculator is required for some questions on this part of the exam.

Part B consists of 17 questions Following are the directions for Section [. Part B. and
a representative set of 10 questions

Directions: Solve each of the following problems. using the avallable space for scratch
work. After examining the form ol the choices. decide which s the best of the choices
aiven and Al in the corresponding circle on the answer sheet. No credit wall be given for
anvthing writien in the exam book. Do not spend too much tme on any one problem.

In this exam:

(1) The exact numencal value of the correct answer does not always appear among the
choices given. When this happens. select from among the choices the number that
best approximates the exact numencal value

(2) Unless otherwise specified. the domain of a function /15 assumed to be the set of
all real numbers x forwhich /{x) 1sa real number.

(3) The mverse of a trigonometric function / may be indicated using the inverse

function notation /=" orwith the prefix "arc™ (eg.. sin”' x = arcsin x).

Y
=



Graph ol f

\ X \ =
15. The graph of the function { above consists of four semicircles. [ glx) = fc fz) at,
where 15 g(x) nonnegative!

(a) [-3,3]

(8) [-3.-2] [0, 2] only
() [0, 3] only

() [0, 2] only

() =3, -2][0.3] only

16. If f1s differentable at x = @ which of the following could be false?

(A) f1scontinuous at X = @

(8) lim f(x)exists.

X—a
(C) lim M exists.
x—a Xx—a

(D) f(a)is defined.
(E) f(a)1s delined.

Y

[

e
*

O

17, A rectangle with one side on the x-axis has its upper vertices on the graph of

v = cosx, as shown in the figure above. What 1s the minimum area of the shaded
region’

(A) 0.799

(p) LRTY

() 1.140

(D) 1.439

(E) 2.000



18, A solid has a rectangular base that lies in the first quadrant and 1s bounded by the
r-and y-axes and the lines x = 2 and y = 1. The haght of the solid above the
point (x y}is 1+ 3x. Which of the following is a Riemann sum approximation for
the volume of the solid?

(A) g%(l + %
w 3L
© zgﬂl-g_;:
o 324

n

: 2if,  6i)
(E) zi? 1 -T'Zv.

[ -

19, Three graphs labeled I I1. and [T are shown above. One s the graph ol /. one s
the graph of 7, and oneis the graph of #”. Which of the following correctly
identifies each of the three graphs?

f" fl fl/
(a) 1 [ [1I
(s) I [1I [
() I1 [ [1I

(o) I T I
(e) I 11 I

20, A particle moves along the x-axis so that at any ume 7 2 0 1ts velocity 1s given by
Wr) =1In(r =1) - 2r = 1. The total distance traveled by the particle from =0 to
r=21s
(a) 0.667
(g1 O.704
() 1.540
(D) 2.667
(E) 2.901



21, If the functon fis defined by f(x) = Vx© £ 2 and g is an antidenvative of / such
that g(3) =3, then g(1) =

(A) =3268
(B) —1.385
) 1.732
(D) 6.583
. . i \ x %) \ —t: )
22, Letgbe the function given by g(x) = [1 100(t= -3t +2)e" ar
Which of the following statements about g must be true?
[. gisicreasing on (1.2).
[I. gisincreasing on (2. 3).
. g(3)=0

(A) [ only

(B) Il only

() III only

(D) ITand I only
(e) [ 1. and III

12
‘ss

For a senes S, let
R R R T R T R R
S=l-g+3 3% 3 g st ittt
— 1 ifnisodd
072 ifniso
where a, =
-1 P
———~ ifmiseven,
(m+1)

Which of the following statements are true?
[. S converges because the terms ol .S alternate and "ILn; a, = 0.
[I. S diverges because 1t is not true that |a, | < |a,| for all n.
[II. S converges although 1tis not true that|a,,,| < |a,| for all .

(A) None

(8) I only

() Ilonly

(D) I only

(e) I and [T only



24, letgbe the function given by g(r) =100 = 205in('g‘> - IOCOS(%.’.
For 0=t <8 gisdecreasing most rapidly when t = o
(a) 0.949
() 2017
() 31006
(D) 5.965
(E) 8000

Answers to Calculus BC Multiple-Choice Questions

Pari A Part B
1. D 15. A
2. B 16.
3. D 17.* B
4. D 18 D
3. D 19. E
6. I 20 ¢
7. & 21.* B
8. 22.* B
9. 1 ¥23. D
10. & 24.*
#11. D
12, A
13, A

14. ¢




1969 AP Calculus BC: Section I

90 Minutes—No Calculator
Note: In this examination. In x denotes the natural logarithm of x (that 1s. logarithm to the base e).

. . 1 t
1. The asymptotes of the graph of the parametric equations x=-, y = 1 are
t t+

(A) x=0.y=0 (B) x=0 only (C) x=-1.y=0
(D) x=-1 only (E) x=0.y=1

(3]

What are the coordinates of the inflection point on the graph of y =(x+1)arctanx?

a) (-1.0) B (0.0) © (0.) (D) (1%) (E) (1%]

3. The Mean Value Theorem guarantees the existence of a special point on the graph of y = Jx

between (0.0) and (4.2). What are the coordinates of this point?

A (2.1
®) (1.1)
© (2472)
® (%)

(E) None of the above

8 dx
4. =
'[0 Vl+x

A 1 ®B) © 2 (D) 4 E) 6

o | w

~ 2 2 d’ .
5. If 3x~ +2xy+ y~ =2. then the value of d—} at x=11s
X

(A) -2 B) 0 (c) 2 (D) 4 (E) not defined



3] {3

6. Whatis lim
h—0 h
(A) 0 (B) % () 1 (D) The limit does not exist.
(E) It cannot be determined from the information given.
7. For what value of k will x+ k have a relative maximum at x=-27?
x
(A) 4 B) -2 (c) 2 (D) 4 (E) None of these
8. If hix)= f2 (x)- gz(x). f'(x)=—-g(x). and g'(x)= f(x). then h'(x) =
A 0 B 1 (€©) —4f(x)g)
2 2
D) (-g(®)) -(f(x) E) -2(-g)+f(x)
9.  The area of the closed region bounded by the polar graph of » =+/3+co0s8 is given by the integral
@ | 02“ J37c0s0d0 ®) [ Vi+cos6do ©) 2j;‘/ ? (3+c0s8)de
(D) jg‘ (3+cos)do (E) 2[(;‘/2 J3+cos8d6
2
a1 =
10. | f dx =
"0 x 41
(A) 4;“ (B) In2 © 0 (D) %mz (E) 4’;"



. . . 1 .
11. The point on the curve X242 y =0 that is nearest the point (O. —7J occurs where y is
1
(A) 3
B) 0
1
© —3
D) -1
(E) none of the above
12. If F(x)= J‘o\’ e dr, then F'(x)=
5 N e—x2+1
(A) 2xe* (B) —2xe* (©) ——e
-x"+1
(D) e -1 (E) &
13. The region bounded by the x-axis and the part of the graph of y =cosx between x = —% and
x =§ is separated into two regions by the line x =k . If the area of the region for —% <x<k is
three times the area of the region for k < x < % then k =
.1 . (1 i T s
A) arcsin| — B) arcsmn| — ) - D) — E) —
@ wesin( 1] @ wesin] © ) 1 ® X
14 Ify= x> 42 and u=2x-1. then 2 =
u
2
2x"-2x+4
(a =———-~ (B) 6x°—2x+4 © x?
(2x-1)
1
D) «x E -

X



15. If f'(x) and g'(x) existand f'(x)> g'(x) for all real x. then the graph of y = f(x) and the graph
of y=g(x)
(A) intersect exactly once.
(B) intersect no more than once.
(C) do not intersect.
(D) could intersect more than once.
(E) have a common tangent at each point of intersection.
16. Ifyis a function x such that y' >0 for all x and y" <0 for all x. which of the following could be
part of the graph of y = f(x)?
(;‘]{/ o (C)\i\
(D) Y (E) Y
/or\bx © X
17. The graph of y = 5x*~x° hasa point of inflection at
(A) (0.0) only (B) (3.162) only (C) (4.256) only
(D) (0.0) and (3.162) (E) (0.0) and (4.256)
18. If f(x)=2 +| x-3 | for all x. then the value of the derivative f'(x) at x=3 is

(A) -1 (B) 0 (< 1 (D) 2 (E) nonexistent



19. A point moves on the x-axis in such a way that its velocity at time ¢ (f>0) is given by v= % .
At what value of # does v attain its maximum?
1 3
(A) 1 (B) e (C) e (D) &2
(E) There is no maximum value for v.
20. An equation for a tangent to the graph of y= arcsiné at the origin is
(A) x-2y=0 (B) x—-y=0 (C) x=0
(D) y=0 (E) mx-2y=0
21. At x=0. which of the following is true of the function f defined by f(x)= xX+e ¥
(A) f isincreasing.
(B) f is decreasing.
(C) f 1s discontinuous.
(D) f has a relative minimum.
(E) f has a relative maximum.
22. dt . which of the following 1s FALSE?

If f(x)= jOJ_
+2

(A) f(0)=0

(B) f iscontinuous atx forall x=0.
© fM>0
1
D 1)=—7
O 'O 7
(E) f(-D>0



23. Ifthe graph of y = f(x) contains the point (0.2 ). @ _ —_xz and f(x)>0 forallx. then f(x)=
X

dx ye
(A) 3+ (B) 3+e* (€) 1+e™™
(D) W3+e™ (E) +3+e*
~ . Vv . d}’ .
24, Ifsmx=e .0<x<m whatis d_ in terms of x ?
X
(A) —tanx (B) —cotx (C) cotx (D) tanx (E) ecsex

.. . 1 . . .
25. A region in the plane is bounded by the graph of y =—. the x-axis. the line x =m . and the line
x

x=2m. m>0.The area of this region

(A) 1sindependent of m .
(B) increases as m increases.

(C) decreases as m increases.

. 1. .
(D) decreases as m increases when m < ? . increases as m increases when m > : .

- -

. . 1 .
(E) increases as m increases when m < 7 : decreases as m increases when m > :

1 2 .
26. IO x“—=2x+1dx 1s

A) -1

1
(B) Y
© =

D) 1
(E) none of the above



If % =tanx. then y=

X
1
(A) :ta112x+C (B) sec’ x+C (©) h1|secx|+C
(D) 111| cosx |+C (E) secxtanx+C
2x 1

What is lim ?

x=0 tanx
(A) -1 (B) 0 c) 1 (D) 2 (E) The limit does not exist.

3
HESRES

2-43 243-3 3 V3 V3
A B ) — D) — E) —
A) 3 (B) 1 © 5 D) 3 E) 3
@® (_l)n xn
> ' 1s the Taylor series about zero for which of the following functions?
n=0 M
(A) sinx (B) cosx () € (D) e (E) In(1+x)

If f'(x)==f(x) and f(1)=1. then f(x)=

( A) % e—2x+2 (B) e—x—l (C) el—x (D) e X (E) —e~

-

(9%
[}

For what values of x does the series 1+ 2% +3% +4% +---+n™ +--- converge?

(A) No values of x B) x<-1 (C) x=-1 (D) x>-1 (E) All values of x

. 2 .
What 1s the average (mean) value of 362 — 1> over the interval —1<r<2?

11
@ - B)

© s (D) 3—: E) 16

1o | =



34.

Which of the following is an equation of a curve that intersects at right angles every curve of the
. 1
family y =—+k (where k takes all real values)?
.

2

@ y==x  ® y==  (© y=-3F @ y=3@ (B y-lx

35.

At t =0 a particle starts at rest and moves along a line in such a way that at time 7 its acceleration
. 2 . .
1s 24t~ feet per second per second. Through how many feet does the particle move during the first

2 seconds?

(A) 32 (B) 48 (C) 64 (D) 96 (E) 192

36.

The approximate value of y =+/4+sinx at x=0.12. obtained from the tangent to the graph at

x=0. is
(A) 2.00 (B) 2.03 (C) 2.06 (D) 2.12 (E) 2.24
37. Of the following choices of & . which is the largest that could be used successfully with an
arbitrary € in an epsilon-delta proof of lim7 (1-3x)=-5?
X—=>2Z
(A) 5=3¢ (B) 8=¢ (©) 5=§ (D) 6=§ (E) 5=§
(2-3x
38. If f(x) =(x2 +l) x). then f'(1)=
1 3 1 1
(4) -<he) (B) -hEe) (O -b@) O -5 ® 3
- 1 . dy
39. If y=tanu.u=v——. and v=Inx. what is the value of d_ at x=e?
v X
1 2 2
(A) 0 B) -— (€ 1 (D) — (E) sec”e
e e



40.

- - .. 1 1
If n 1s a non-negative integer. then IO x" dx = IO (1- x)n dx for

(A) non (B) neven, only (C) nodd. only
(D) nonzero n. only (E) alln

41.

2 ~
x)=8-x" for —2<x<2, 3
If {f( ) then I . f(x)dx is a number between

flx)= X’ elsewhere.

(A) Oand8 (B) 8andl16 (C) 16and24 (D) 24and32 (E) 32and40

It J. x2 cosxdx = f(x) —J. 2xsinxdx. then f(x)=

(A) 2sinx+2xcosx+C
(B) x2sinx+C

(©) 2xcosx—x>sinx+C

(D) 4cosx—2xsinx+C

(E) (2—x2)cosx—4sinx+C

43.

Which of the following integrals gives the length of the graph of y =tanx between x =a and

T
x=>b. where 0<a<b<7’.’

(A) I: x> +tan” x dx
b

(B) ja \x+tan x dx
b 2

(©) ja 1+sec” xdx
b

(D) ja V1+tan® x dx
b

(E) ja V1+sect x dx



44, If f"(x)- f'(x)=-2f(x)=0. f'(0)=-2. and f(0)=2. then f(1)=

(A) e +et B) 1 ) 0 (D) & (E) 2¢7

o k
45. The complete interval of convergence of the series Z(x;l) is
k=1

(A) 0<x<2 (B) 0<x<2 (C) —2<x<0

(D) -2<x<0 (E) —2<x<0
1969 BC

1. C 24.C

2. E 25. A

3. B 26.C

4. D 27.C

5. E 28.D

6. B 20.C

7. D 30.D

8. C 31.C

9. D 32.B

10. A 33.A

11.B 34.D

12. E 35.A

13.C 36.B

14.D 37.D

15.B 38. A

16.B 39.D

17.B 40.E

18. E 41.D

19.C 42.B

20. A 43. E

21.B 44 E

E 45.E
D



1973 AP Calculus BC: Section I

90 Minutes—No Calculator

Note: In this examination. In x denotes the natural logarithm of x (that is, logarithm to the base e).

1. If f(x)= &Y, then fl(x)=
Ix Ix Ifx 1 .
@ -5 ® - © = ® B —el
X~ X X~ X
V2 _
2. .[o (x+1)" dx=
21 16 14 1
A) — B) 7 c) — D) — E)y ——
4 3 (B) © 3 D) 3 E) -3
3. If f(x)=x +1. then the set of values for which f increases is
x
(A)  (—e. —1]U[Le) ®) [-11] (€) (—e0.0)
(D) (0.) (E) (—=.0)u(0.0)
4. For what non-negative value of b is the line given by y = —§x+b normal to the curve y = X0
10 1043
A 0 ®B) 1 © 3 D) 5 € —=
5 Jz mdx 1s
a3
(A) -3 (B) 1 () 2 (D) 3 (E) nonexistent
6. If f(x)= X1 forall x#—1. then f'(1)=
x+1
1 1
&) -1 ®) - © o ® = ® 1



7. Ify= ln(x2 + yz). then the value of Z—y at the point (1.0) 1s
X
(A) 0 (B) % ) 1 (D) 2 (E) undefined
8. If y=sinx and y(") means “the nth derivative of y with respect to x.” then the smallest positive
integer n for which y(") =y is
A) 2 ®B) 4 <€ s D) 6 (E) 8
9. Ify= cos” 3x. then b_
X
(A) —6sin3xcos3x (B) —2cos3x (C) 2cos3x
(D) 6cos3x (E) 2sin3xcos3x
10. The length of the curve y =Insecx fromx=0tox=>b. where 0 <b< % may be expressed by
which of the following integrals?
b
(A) .[0 secxdx
(B) > ec’ xd
_[0 sec” xdx
© [, (seextanx)d
jo secx tan x) dx
(D) _[ > 1+(Insec 7()2 dx
0 ;
b
(E) jo \/1+(<>ec2 xtan’ x) dx
11. Let y=x4/1+ x>. When x = 0 and dx = 2. the value of dy is

(A) -2 (B) -1

© 0 D) 1 (E) 2



k
12. Ifnis a known positive integer. for what value of k 1s Il Xy = 1 ?
n
2\ m—1 )"
@ o ® (3] © (2=
n no.
@ 2V ® 2"

13. The acceleration o of a body moving in a straight line is given in terms of time t by oo =8—6¢. If
the velocity of the body is 25 at =1 and if s(¢) is the distance of the body from the origin at time

t. what is s(4)-s(2)?

(A) 20 (B) 24 (C) 28 (D) 32 (E) 42
14. If x=t>-1 and y=2er. then ﬂ=
dx
e 2¢ eI'I 4é
A — B) — © — D) - (E)
t t t- 2r-1

15. The area of the region bounded by the lines x=0. x=2, and y =0 and the curve y = &7 s

(a) 1 B) e-1 © 2(e-1) (D) 2e-1 () 2e

2

. : . sint
16. A series expansion of — 1s
t

2 4 6
-t ot
A l-——+———+
3t 57!
3 5
1 t+ ¢
® atwet
2 - 6
ot ot
C) l+—+—+—+
3T 51
3 5
1 ¢t t ¢t
TR TR T
3 5 7
(E) P S



17. The number of bacteria in a culture is growing at a rate of 3. 0006273 per unit of time 7. At t=0.
the number of bacteria present was 7.500. Find the number present at 1 =5.
- S.
(A) 12008  (B) 3.000e (C) 7.500e D) 7.5008 () 22907
18. Let g be a continuous function on the closed interval [O.l]. Let g(0)=1 and g(1) =0. Which of
the following is NOT necessarily true?
(A) There exists a number h in [0. 1] such that g(h) = g(x) forall x in [O‘l].
(B) Forallaandbin [0.1]. if a=b. then g(a)=g(b).
. . 1
(C) There exists a number / in [0. 1] such that g(h) = 5
. . 3
(D) There exists a number / in [0. 1] such that g(h) = 5
(E) Forall h in the open interval (0.1). liu}l g(x)=g(h).
X—>
19. Which of the following series converge?
@® 1 s o} 1 P _1 n
1oy L I S m oy &
n=l1 n- n=1 n n=1 "/;
(A) TIonly (B) IIonly (C) IandIIonly (D) ITandITonly (E) I II and III
20. J.x 4-x"dx=
3/2 3
(4—x2)/ 1132 x2 4—x2)/
Aa —~1 ¢ (B) —(4—x") +C (©) +C
3 3
3/2 3
x2(4—x2)/ (4—x2)/
(D) ———+C (E) - +C
3 3
1 2.9y
5 XTH2X g
21 .[0 (x+1)e dx
3 3 4
-1 —
@ = ® = © = o f-1 ® e-e



A particle moves on the curve y =Inx so that the x-component has velocity x'(f)=7+1 for 12 0.

At time 7=0. the particle is at the point (1.0). At time 7 =1. the particle is at the point

) 5.5
(a) (2.n2) (B) (e .2) (©) (S.hlz]
(D) (3.In3) (E) (%In%}
2

23, lim lln("+ i ] is

h—0 h 2

(A) e’ (B) 1 (C) % (D) 0 (E) nonexistent
24, Let f(x)=3x+1 for all real x and let € > 0. For which of the following choices of & is

| f(x)-7 | <& whenever | x—2 | <d?

@ 2 ® © = o 2 ®

4 2 e+1 €
7t/4 b
25. _[0 tan~ xdx =
s s 1 s

A) —-1 B) 1-— ) - D 2-1 E) —+1

@ ®) 1-, © 5 ® 2 ® 7+
26. Which of the following is true about the graph of y = lnl X2 —l| in the interval (-1.1)?

(A) Itis increasing.

(B) It attains a relative minimum at (0.0).

(C) It has a range of all real numbers.

(D) It s concave down.

(E) It has an asymptote of x=0.
27. If f(x)= %x3 —4x? +12x—5 and the domain is the set of all x such that 0 < x <9. then the

absolute maximum value of the function f occurs when x is

(A) 0 (B) 2 € 4 D) 6 E) 9



J;

I L . . 1/2 L .
28. If the substitution v/x =sin » is made in the integrand of j 0 dx . the resulting integral is

J1-x
V2 .2 12 sin? y T4 g
(A) .[0 sin” ydy (B) 2‘[0 _cosy dy (©) 2.[0 sin” ydy
@ [Fsnyay @ 2f) sy

29. If y"=2y" andif y=)"'=e whenx =0, then when x=1. y=

w
—
L)

w
|
)
—

e

@ (+1) ® e © 5 ©) 3 ®
30. jf xx_24a'x

@ -3 (B) In2-2 (C) In2 (D) 2 (E) In2+2
31, If f(x)=In(Inx). then f'(x)=

@ < ® - © = @) » ® ——

32 If y=xlnx. then )’ 1s

Inx

x Tlnx
(a) T 2X

X
(B) My

2xBX 1y
c)y — -
(©) .

Inx

x lnx
D) ———
(D) .

(E) None of the above



33. Suppose that f is an odd function: i.e.. f(—x)=—f(x) for all x. Suppose that f'(xg) exists.
Which of the following must necessarily be equal to f*(-xp)?
4) f'(x)
B) -f'(xo)
1
© —
f'(x0)
1
O -
f'(x)
(E) None of the above
34, The average (mean) value of Jx over the interval 0 < x<2 is
1 1 2 4
@ V2 ®) V2 © V2 D) 1 ® V2
35. The region in the first quadrant bounded by the graph of y =secx. x =% . and the axes is rotated
about the x-axis. What is the volume of the solid generated?
3 8
N (B) n-1 ©) = (D) 2n (E) T"
36. j X+l ———dx is
0 x24+2x-3
(a) —ln3 (B) - 1“;/5 (©) H‘:‘B (D) I3 (E) divergent
1-cos”(2x)
37. lim coso X _
x—0 x-
A =2 B) 0 ) 1 (D) 2 (E) 4
e 2 . 2—¢
38. If '[1 f(x—c)dx =35 where ¢ is a constant, then Il—c f(x)dx=

(A) S+c (B) 5 (C€) 5-c (D) ¢-5 (E) -5



39.

Let f and g be differentiable functions such that

f=2. fm=3. f(2)=-4.

g)=2, g'()=-3. g'(2)=5.

If h(x)= f(g(x)). then A'(1)=

A) -9 (B) —4 () o (D) 12 (E) 15
40. The area of the region enclosed by the polar curve r =1-cos8 is
3 3
(A) Zn B) = (©) ST (D) 2= (E) 3=
x+1 for x<O0. 1
41. Giv () = dx=
ven /() {cowtx for x=0. -[-lf(x) Y
1 1 1 1 1 1 1
(A) 3T (B) -3 © P (D) 3 (E) St

42.

Calculate the approximate area of the shaded region in the figure by the trapezoidal rule. using

s 5
divisions at x=i and x==.
50 251 7
A) — B) — C) — D
(A) = (B) . ©) 3 (D)

127

® =



43, I arcsinx dx =

x dx

(A) sinx—j \/1_)
_x—

. 2
(arcsinx) ic

(B) 5
. d

(C) arcsinx+ I ad =

1-x~

- d
(D) xarccosx —I X x’
1-x~
(E) xaresinx —j X dx’
1-x~

44. If f is the solution of x f'(x)— f(x) = x such that f(~1)=1. then f(e_l) =

(A) -2 (B) 0 o) e! (D) -e! (E) 2

45. Suppose g'(x)<0 forall x=0 and F(x)= j; tg'(t)dt for all x 2 0. Which of the following

statements 1s FALSE?

(A) F takes on negative values.

(B) F is continuous for all x> 0.
X

(© F(x)=xg()-[, gde

(D) F'(x) exists for all x> 0.

(E) F isan increasing function.
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1985 AP Calculus BC: Section I

90 Minutes—No Calculator

Notes: (1) In this examination. In x denotes the natural logarithm of x (that is. logarithm to the base e).

(2) Unless otherwise specified. the domain of a function f is assumed to be the set of all real
numbers x for which f(x) is a real number.

1. The area of the region between the graph of y = 4x® +2 and the x-axis from x=1 to x=2 is
(A) 36 B) 23 (C) 20 (D) 17 (E) 9
2. At what values of x does f(x)= 3x° —5x7 +15 have a relative maximum?
(A) -1 only (B) 0 only (C) lonly (D) —-landlonly (E) -1.0andl
2 x+1
3. : T dx=
"1 x"4+2x
In8-1In3 3ln2 3ln2+2
&) Wm8-h3 (B — (C) IS @) = ® =
4. A particle moves in the xy-plane so that at any time 7 its coordinates are x = > —1 and y= 28,

At t=1. its acceleration vector is

(A) (0.-1) (B) (0.12) ©) (2.-2) (D) (2.0) (B) (2.8)



5. Thecurves y= f(x) and y=g(x) shown in the figure above intersect at the point (a.b). The

area of the shaded region enclosed by these curves and the line x =—1 is given by
@ [ (f0)-g@)dr+[° (Fx)+g()dx

®) [ etde+[] f)ds

© [(Fe)-g()dx

© [(f()-g@)dx

® [(5@]-|g@])dx

6. If f(x)=L. then f'(3)=
tan x 4

(A) 2 ®)

1o | =

© 1+ D) -1 (E) 1-



Which of the following is equal to

1
I —r_z_s_xz dx?

. . 1 L
(A) arcs1n%+ C (B) arcsinx+C (©) ;arcsm;+ C

(D) V25-x2+C (E) 2025-x%+C

_ £(2
If f 1s a function such that lim L{(‘)

= 0. which of the following must be true?
x—2 x—2

(A) The limit of f(x) as x approaches 2 does not exist.
(B) f isnotdefinedat x=2.

(C) The derivative of f at x=2 15 0.

(D) f iscontinuous at x=0.

® f@=0

If xp” +2xy =8. then. at the point (1.2).y"1s

@ -2 ® -3 © -1 © -~  ® o

10. For -1<x<1 iff(x)=z

™ n+l_2n-1
D™ x . then f'(x)=

Oy —
n=1 ~n

(A) Z (- 1)n+l x2n—2

n=l1

x©

®) X ()"

n=1

x©

© XD

n=l1

(D) 3 (-1"x™

n=l1

(E) Z (_ 1)n+1x2n

n=1



11. i In [L J =
X I-x
1 1 2
(A) — (B) (C©) 1-x (D) x-1 (E) (1-x)
I-x x—1
12. I _dx
(x=D(x+2)
- )
@) tm|X=Llic ®) ilm|X2|ic (©) ~hn|(x-D(x+2)|+C
3 | x+2 3 | x- 3
D) (n|x-1])(ln|x+2))+C (&) ln| (x=1)(x +2)> |+c
13. Let f be the function given by f(x)= x> —3x2. What are all values of ¢ that satisfy the conclusion
of the Mean Value Theorem of differential calculus on the closed interval [O. 3] ?
(A) Oonly (B) 2only (C) 3only (D) Oand3 (E) 2and3
14. Which of the following series are convergent?
I. 1+ L, + i, +...+ L, +
27 37 n-
II. 1+ L +—+...+ L +
2 n
_qyn+l
III 1—l+iﬁ— D +..
303 31
(A) Ionly (B) IIonly (C) IandIlonly (D) IHandIIonly (E) LII andIII
15. If the velocity of a particle moving along the x-axis is v() =2t—4 and if at £ =0 its position is 4.

then at any time 7 its position x(r) is

(A) 7 -4t (B) P —4r-4 (©) £ —4r+4 (D) 207 -4 (E) 2% —4r+4



16. Which of the following functions shows that the statement “If a function is continuous at x=0.
then it 1s differentiable at x =0 " is false?
_4 1 1 4
@) f@=x3 B f®W=x3 (© f@W=x @O f®=x3 & f@=x
17. If f(x)= xln(xz). then f'(x)=
@ ()1 ® h(P)+2 © 1n(x3)+l D ® L
x X" x
18. I sin(2x+3)dx =
(A) —2cos(2x+3)+C (B) —cos(2x+3)+C (@) —%cos(2x+3)+C
(D) %cos(2x+3)+C (E) cos(2x+3)+C
19. If f and g are twice differentiable functions such that g(x) = e’™ and g'(x)= h(x)ef ®
then h(x)=
’ " ’ ” 2 ’ L} 2
A) f1x)+f"(x) B) f()+(f"(x) ©) (f®)+f'()
’ 2 L) ’ L)
D) (f®) +f"(x) E) 2f 0+ f'(x)
| I
|
I |
|
I |
| I
| |
| %
X =l 2 \___/ x=7

20. The graph of y = f(x) on the closed interval [2. 7] is shown above. How many points of

inflection does this graph have on this interval?

(A) One (B) Two (C) Three (D) Four (E) Five



21, If I f(x)sinxdx=—f(x)cosx+ J' 3x2 cosxdx. then f(x) could be

(A) 3x° (B) X (© - (D) sinx (E) cosx
22. The area of a circular region is increasing at a rate of 967 square meters per second. When the area

of the region is 647 square meters. how fast. in meters per second. is the radius of the region

inecreasing?

@) 6 ®) 8 © 16 D) 43 (B) 1243

1+ 5
I xS s dx

23, lm is

h—0 h

(A) 0 B) 1 (©) 3 (D) 22 (E) nonexistent
24. The area of the region enclosed by the polar curve » =sin(28) for 0<6< g is

1 b I

A o ® 3 © 1 D) < () 1
25. A particle moves along the x-axis so that at any time ¢ its position is given by x(7) = te™>" . For what

values of ¢ 1s the particle at rest?

1 1
(A) No values (B) 0 only (©) 5 only (D) 1only (E) Oand 5
T . . X dy .
26. For 0<x<—. if y=(sinx)". then — is
2 dx
(A) xIn(sinx) (B) (sinx)"cotx (C) x(sin x)x_l(cos x)

(D) (sin x)x (xcosx+sinx) (E) (sin x)x (xcot x+1In(sin ,\))



~

_ X
/Wf/
S
Ol a b
27. If f is the continuous, strictly increasing function on the interval a < x <b as shown above. which
of the following must be true?
b
I j L fdx< f()b-a)
b
1L ja f(x)dx> f(a)(b-a)
b
II1. Ja f(x)dx= f(e)(b—a) for some number ¢ such that a<e<b
(A) Tonly (B) IIonly (C) IIonly (D) IandIIIonly (E) LII and III
28. An antiderivative of f(x)= & is
ex+e’ x\ x+e* 1+¢* x+e* e
(A) (B) (1+e )e‘ ©) e (D) & (E) e
1+e*
(=
sin ( x— n J
29, lm—— s
X—)E X - E
4 4
1 s .
(A) 0 (B) $ () " D) 1 (E) nonexistent
30. If x=£—t and y=,/3!+1. then % atr=11s
x
1 3 3 8
A) - B) — o - D) — E) 8
A) 3 (B) 3 ©) , D) 3 E)
. : . Z(x-1)
31. What are all values of x for which the series Z converges?

n=1 n

IA
=

IA
[ S

(A) -l<x<1 (B) -l£x<l1 (C) O<x<2 (D) 0<x<2 (E) 0



32. An equation of the line normal to the graph of y = x> +3x2+7x—1 at the point where x=-1 is
(A) 4x+y=-10 (B) x—4y=23 (C) 4x-y=2 (D) x+4y=25 (E) x+4y=-25
33, If % =-2y and if y= 1 when 7= 0. what 1s the value of # for which y = % ?
t &
In2 1 In2 2
@) -—— B - © — O — (E) In2
2 + 2 2
34. Which of the following gives the area of the surface generated by revolving about the y-axis the are
of x= y3 fromy=0toy=1?
1
(A) 2nj y3 1+9y* dy
0 Yy a
1 3 6
2 y )
B) 2n[ 1+ dy
1
(C) 27tj0 }73\/1 + 3)12 dy
1 4
2 » ) )
(D) -ﬂjo yWi+9y" &y
UofieS
(E) ano yl+y dy
35. The region in the first quadrant between the x-axis and the graph of y=6x— x” is rotated around

the y-axis. The volume of the resulting solid of revolution is given by
6 2\?
(A) .(0 n(61—x ) dx

(B) .‘.; 2m’(6x—x2)dx

(D) I: Tt(3+\,9—y)v dy
(E) Ij n(3+\/9—y) dy



-1
36. | i,dx is
la,2
(A) -6 B) -3 ) o (D) 6 (E) nonexistent
.. . dy —x -
37. The general solution for the equation o +y=xe " 1is
x
2 2 C
(A) y= X e ™ B) y= et iC (C) y=—e"+
2 2 1+x
(D) y=xe*+Ce™* (E) y=Ce*+Cyxe ™
1
38. lim (l+5ex )-“ is
X—
(A) 0 B) 1 (C) e (D) e (E) nonexistent
39. The base of a solid is the region enclosed by the graph of y =e™*. the coordinate axes. and the line

x =3.If all plane cross sections perpendicular to the x-axis are squares. then its volume is

(l_e_é) 1 6 3 3
A) B) e ©) e D) e (E) 1-e
2
. -
40. If the substitution u =% is made, the integral —=—dx=
2 x
2
21-u° 411> 2 1-u?
(A) I i du (B) I 2, du (©) j 1 o, du
21-u’ 41-2u°
(D) J.l ™ du (E) JZ » du



3

41. What is the length of the arc of y = ?xz fromx=0tox=3?

8 14 16
@ 3 ®) 4 © = D) — ® 7

42. The coefficient of x° in the Taylor series for & aboutx =0 is

(SR
o | w
| o

1 1
@ < ®) 3 © (D) (E)

43. Let f be a function that is continuous on the closed interval [—2.3] such that f'(0) does not exist.

f'(2)=0. and f"(x)<0 for all x except x = 0. Which of the following could be the graph of f?

(A) ¥ (B) y (©) y (D) v (E)

A e

. . ~ . 2 .
44. Ateach point (x.y) on a certain curve. the slope of the curve is 3x~y . If the curve contains the

point (0.8). then its equation is

1'3 3 /\3
(A) y=8e (B) y=x"+8 (C) y=e +7
(D) y=In(x+1)+8 (E) y2=x3+8
1 1 2 " 2 2
45. Ifnis a positive integer. then lim —{(—] +(1J - +(—nJ ] can be expressed as
=% n\n, n, =y
11 11y 3(1Y
(A) j Ox—zdx (B) 3 j o(;} dx © |, (;] dx

D) j:’x3dx (E) 3jo3x3dx
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1988 AP Calculus BC: Section I

90 Minutes—No Calculator
Notes: (1) In this examination. In x denotes the natural logarithm of x (that 1s, logarithm to the base e).

(2) Unless otherwise specified. the domain of a function f is assumed to be the set of all real
numbers x for which f(x) is a real number.

1. The area of the region in the first quadrant enclosed by the graph of y = x(1-x) and the x-axis is

@) = ® 2 © 2 o 3 ® 1
6 3 3 6
1 o) 2
) (%2 =
2 .[0 x(x +-) dx
19 19 9 19 1
A) — B) — o = D) — E) —
(A) 3 (B) 3 © > (D) 5 (E) 6
3. If f(x)=1n(«/;). then f"(x)=
2 1 1 1 2
A -—= B) -— < -— D) -—= (E) =
X2 2y 2x - x~
2x2
4. Ifu, v, and w are nonzero differentiable functions. then the derivative of w 1s
w
w' +u'v u'v'w—uvw' ww' —uv'w—u'vw
(A) - B) ———— ©) ,
w w” w”
u'vw +uv'w+ wovw’ uv'w+u'vw —uvw’
(D) 5 (E)

w

w



Let f be the function defined by the following.

sinx. x<0
NE x2_ 0<x<l1
f&)= 2—y. l=x<2
x=3. x=z2

For what values of x is f NOT continuous?

(A) Oonly (B) 1only (C) 2only (D) 0and2only (E) 0.1.and2

If y2 —2xy=16. then b_

dx

@w = @ 2 © X oL ® =

y—x x-y y-x 2y-x x-y
P o dx .
l, =%
I 22
(A) % (B) In2 (9! (D) 2 (E) nonexistent
If f(x)=e". then In(f"(2))=
(A) 2 (B) 0 (©) i, (D) 2e (E) &

2



9. Which of the following pairs of graphs could represent the graph of a function and the graph of its
derivative?
L y y
/f /
— . = .
y
11. 1
/X N
y
1. d
S ,\/-
0 ¥ 70 ~
(A) Tonly (B) IIonly (C) WIonly (D) IandII (E) IIandIII
sin(x+h)-sinx .
10, Im-—m————1s
h—0 h
(A) 0 B) 1 (C) sinx (D) cosx (E) nonexistent
11. If x+7y=29 is an equation of the line normal to the graph of f at the point (1.4). then f'(1)=
@& 7 ®) - © - © ——  ®
7 7 29
12. A particle travels in a straight line with a constant acceleration of 3 meters per second per second.

If the velocity of the particle is 10 meters per second at time 2 seconds, how far does the particle
travel during the time interval when its velocity increases from 4 meters per second to 10 meters
per second?

(A) 20m (B) 14m (C) 7m (D) 6m (E) 3m



sin(2x) =

@ 1-13_3+:_5_+%

R =
D) 2—2!+x4—4,+2—f+---+(§j),+--.

(E) 2x+(2x)3+(2x)5+ +(2x)2n—1

3! st (2n-1)

If F(x)= |1r- V1+£ dt. then F'(x) =
(A) 2x\1+x8 (B) 2xyl+x° (€©) V1+x°

x2 3)‘2
(D) 1+ (E —_dt
: o ) Il .2\/1+r3

For any time 7 = 0. if the position of a particle in the xy-plane is given by x=¢"+1 and
y =In(2¢+3). then the acceleration vector is

(A) (2:. 2 ] (B) (Zt. _4,] (©) (2. 4 ,]
(2t +3) (2t +3)° (2r+3)"

(D) (2. 2 ,] (E) (2. - ,]
(21 +3) (2t+3)°




16. J xe>¥dx =
xe¥ XX xe.?x elx ‘,82;\ e2x
(A) 3 _T+C (B) 3 —T+C (C) > +—+C
xe2¥ er xzeh
(D) 3 +T+C (E) 2 +C
»3
r P e
2 (x=1)(x+2)
33 9 5 8 2
A) —-— B) —-— C) In|= D) In|-— E) In|=
@ -2 ® -2 ol ol ®
18. 1If three equal subdivisions of [—4. 2] are used, what is the trapezoidal approximation of
2 —X
I N
-4 2
(A) e +el+e? (B) etre’+e (©) et +2e7 +2e% +e72
1 1
(D) E(e4+e2+e0+e_2) (E) 3(e4+2e2 +2e0+e_2)
19. A polynomial p(x) has a relative maximum at (—2.4). a relative minimum at (1.1). a relative
maximum at (5.7) and no other critical points. How many zeros does p(x) have?
(A) One (B) Two (C) Three (D) Four (E) Five
20. The statement “ lim f(x)= L~ means that for each &€ > 0. there exists a d > 0 such that

x—a
(A) if0<|x—a|<e. then |f(x)-L|<3
(B) if 0<|f(x)-L|<e. then |x—a|<?
(C) if | f(x)—L|<3d. then 0<|x-a|<e
(D) 0<|x-a|<d and | f(x)-L|<e

(E) if0<|x—a|<6. then |f(x)—L|<8



21. The average value of 1 on the closed mterval [1. 3] 1s
X
1 2 In2 In3
(A) S (B) 3 (©) - (D) B (E) In3
- 2 x
22, If f(x)= (x“ +l) . then f'(x)=
5 x-1
(A) x(x“ +1)
—1
(B) 2x? (x2 +1)x
() xln(x2 +1)
bl 21’2
(D) ln(x~ +l)+
x“+1
(E) (x2 +1)Jr ln(x2 +1)+ 2
X2 +1
Y
l
23.

Which of the following gives the area of the region enclosed by the loop of the graph of the polar
curve r =4cos(30) shown in the figure above?

(A) 16]37t cos(36)d (B) sji cos(36)dO © s i cos2(30)de
3 6 3

(D) 16] S cos’(30)do (E) 8] cos’(30)do
6 6



.. . . 2
24, If ¢ is the number that satisfies the conclusion of the Mean Value Theorem for f(x) = x> =2x% on
the interval 0<x<2. thene=

A) o (B)

Ix.)lv—-

© 1 D) § E) 2

25. The base of a solid is the region in the first quadrant enclosed by the parabola y = 4x” . the line

x =1. and the x-axis. Each plane section of the solid perpendicular to the x-axis is a square. The
volume of the solid is

4n 167

(A) 3 (B) = (©)

W | =

16 64
(D) 5 (E) 5

26. If f is a function such that f'(x) exists for all x and f(x) >0 for all x, which of the following is
NOT necessarily true?

@ | fl F(x)dx>0

(B) jjl 2f(x)dv =2 il f(x)dx
© [Lr@ax=2f f@ax
@) [ red=-[" fdx

® [ f@dv=]’ fdes [ o)

27. Ifthe graphof y = x> +ax? +bx—4 hasa point of inflection at (1.—6). what is the value of b?

(a) -3 ®) 0 © 1 D) 3

(E) It cannot be determined from the information given.



ihl cos(zj is
dx X
a —F (B) —tan [1) © —
x? cos[g) x COS (E)
X, X
(D) Ztan (E) (E) L,, tan (E)
X x‘ x° x‘

The region R in the first quadrant is enclosed by the lines x=0 and y =5 and the graph of

2 . . o
¥ =x"+1. The volume of the solid generated when R is revolved about the y-axis is

(A) 6n (B) 8 © 3 (D) 16n (E) S‘I‘i"

© 1 i

@ Y ® 3-6] © 33
2(1Y 201"

©) E(EJ ® 5(5)

J~02 -'I—x2 dx =

@ 3 ® = © = D) 2n E) 4n

The general solution of the differential equation y'=y+ X7 is y=
(A) cé* (B) Ce*+x° (C) —x*-2x-2+C

(D) e -x>-2x-2+C (E) Ce¥—x*-2x-2



33. The length of the curve y = x> fromx=0tox=21is given by
2 2 2
(A) jo V1+x% ax (B) IO\/1+3.\’2 dx (©) ﬁ.[o\/1+9x4 dx
2 2

(D) 21tj0 1+9x* dx (E) Io\/1+9x4 dx
34. A curve in the plane is defined parametrically by the equations x = £+t and y= 428

An equation of the line tangent to the curve at 7 =1 is

(A) y=2x (B) y=8x (C) y=2x-1

(D) y=4x-5 (E) y=8x+13

xk
35. Ifkisapositive integer. then lim — is
X—+0 @

(A) 0 B) 1 (C) e (D) k! (E) nonexistent

36. Let R be the region between the graphs of y=1 and y=sinx from x=0 to x= g The volume of

the solid obtained by revolving R about the x-axis is given by

b T T
(A) an.gxsinxdx (B) 271:".03 xcosxdx (O nj‘oi (l—sinx)2 dx
x I
(D) nJ.OQ sin” xdx (E) ﬂjoz (l—sin2 x)dx

37.

A person 2 meters tall walks directly away from a streetlight that is 8 meters above the ground. If

. . . . . 4
the person is walking at a constant rate and the person’s shadow is lengthening at the rate of —

meter per second. at what rate. in meters per second. is the person walking?

4 4 3 4 16
(A) 7 (B) ry (©) rl (D) 3 (E) ry



X n

38. What are all values of x for which the series » — converges?
n=1
(A) -1=x<1 (B) -l<x<l1 (C) -1=x<«l1
(D) -1l<x<1 (E) Allreal x
dy 2
39. If o ysee” x andy=35 whenx=0. theny=
-

(A) ™44 (B) €™ +5 (C) se™*

(D) tanx+5 (E) tanx+5e"
40. Let fand g be functions that are differentiable everywhere. If g is the inverse function of f and

if g(-2)=5 and f'(5)= —%. then g'(-2)=

1 1 1
(A) 2 B 3 © 3 ) (E) -2
2

o i TP fi]

nsx n|\n \n n

1,11 1 1
(A) Ejoﬁdx (B) jO\/de (©) jo xdx
2 2 \/_
. A 5] .
(D) jlxa’x (E) -J.lx X dx

4 4
42, If jl f(x)dx =6, what is the value of J.l f(5=x)dx?

(A) 6 (B) 3 € 0 D) -1 (E) -6



43.

Bacteria in a certain culture increase at a rate proportional to the number present. If the number of

bacteria doubles in three hours. in how many hours will the number of bacteria triple?

(A)

2In3
In2

3In3
In2

®)

©

In3

In2

(D) hl(

27

2

)

44.

Which of the following series converge?

IL.

111

(A)
®)
©
D)
(E)

©
Z (_l)n+1 L
] 2n+1

T only

II only

III only

I and IIT only
I. II. and IIT

45.

. . . . . 2 2
What is the area of the largest rectangle that can be inscribed in the ellipse 4x~ +9y~ =367

(A)

62 (B) 12

©

24

D) 242

(E) 36
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1993 AP Calculus BC: Section I

90 Minutes—Scientific Calculator

Notes: (1) The exact numerical value of the correct answer does not always appear among the choices

given. When this happens, select from among the choices the number that best approximates
the exact numerical value.

(2) Unless otherwise specified. the domain of a function f is assumed to be the set of all real
numbers x for which f(x) is a real number.

1. The area of the region enclosed by the graphs of y = x? and y=xis
1 1 1 5
A) — B) - c) = D) - E) 1
(A) . ®) 3 © 5 (D) c E)
2. If f(x)= 2x” +1, then lim M is
x—0 x~
(A) 0 B) 1 (C) 2 (D) 4 (E) nonexistent
3. Ifpis apolynomial of degree n. n >0, what is the degree of the polynomial QO(x) = J‘OY p(t)dt?
(A) 0 B) 1 © n-1 (D) n (E) n+l
. . dy . dx
4. A particle moves along the curve xy =10. If x =2 and E = 3. what 1s the value of E?

@ -2 ® — © o )

PN

®)



5. Which of the following represents the graph of the polar curve » =2sec6?
(A) y (B) y (©) y
b
1+ ' 1
%x 72 X 5 X
(D) y (E) y
rpt _zi 1o "
d’y
6. Ifx=t"+1and y=£. then ': =
dx”
3 3 3
@ = ® = (© 3 D) 6t E =
4t 2t 2
7 J‘lx3ex4dr=
: 0 ;
@ ) ® e © e-1 (D) e (E) 4(e-1)
8. If f(x)=ln(e3x). then f'(x)=
(A) 1 (B) 2 (©) 2x (D) e* (E) 27



wto

9. If f(x)=1+x", which of the following is NOT true?

(A) f is continuous for all real numbers.

(B) f hasaminimumat x=0.

(C) f isincreasing for x>0.

(D) f'(x) exists for all x.

(E) f"(x) 1s negative for x>0.
10. Which of the following functions are continuous at x=1?

I. Inx
I &*
I In(e* 1)
(A) Ionly (B) IHonly (C) IandIlonly (D) IIandIIIonly (E) LIIL and III
o —2x .
11. j 4 3 ; dx is
9—x
2 3 2 2 2 3 2 2

A 7° (B) ;(73 ) (C) 93+73 (D) :( 93473 ) (E) nonexistent
12. The position of a particle moving along the x-axis is x(#) = sin(2f) —cos(3¢) for time 12 0.

When # =m. the acceleration of the particle is

1 1

@A) 9 (B) 5 @€ o D) -3 (E) -9

13. If ﬂ = xzy . then y could be
dx

3 .l'3

(A) 3111(%} (B) e3 +7 (C) 2e3 (D) 3¢ (E) "?+1



The derivative of f is x* (x=2)(x+3). At how many points will the graph of f have a relative

maximum?

(A) None (B) One (C) Two (D) Three (E) Four

If f(x) =e™’% then f'(x)=

( A) etan' X

(B) see’x em12 *

(C) tan®x ™ ¥

2.
(D) 2tanxsec’xe™

(E) 2tanxe™*

Which of the following series diverge?

x© )
Iy =
=3 K +1
» k
. 50
=\

(A) None (B) IIonly (C) 1III only (D) IandIII (E) IlandIII

The slope of the line tangent to the graph of In(xy) = x at the point where x =1 is

a) 0 B) 1 €) e (D) & (E) 1-e

If /™ =1+x2, then f'(x)=

@A) —— ® —X ©) 2x(1+x%) (D) 2x(el+x2) (E) 2xln(1+x?)
I+x~ 1+x~




y=kx - x2

%

19. The shaded region R. shown in the figure above. is rotated about the y-axis to form a solid whose
volume is 10 cubic units. Of the following. which best approximates k ?
(A) 151 (B) 2.09 (C) 249 (D) 4.18 (E) 4.77
20. A particle moves along the x-axis so that at any time 720 the acceleration of the particle is
. o s ... 5 . .. 17 . ..
a(t)= e Ifat t=0 the velocity of the particle is 5 and its position is VR then its position at
any time >0 1sx(f) =
=2t
(A) —T +3
=2t
e
B) —+4
(B) ,
o 9 1
(C) 4e M e
2 4
-2t
15
D) S—+3r+—
=2t
(E) +3t+4
Jx2 +8
21. The value of the derivative of y = 4x atx=01s
V2x+1
1 1
(a) -1 ®) - © o ® - E® 1



22, If f(x)= x’e*. then the graph of f is decreasing for all x such that
(A) x<=2 B) —2<x<0 (C) x>-2 (D) x<0 (E) x>0
23. The length of the curve determined by the equations x = t> and y=tfromr=0tor=41s
4
(A) jo Jar+1 dr
4
(B) 2]0 2 +1 dr
4
(©) jo V262 +1 dr
4
(D) jo Var? +1 dr
® 2 a1 dr
o
24. Let fand g be functions that are differentiable for all real numbers, with g(x)# 0 for x # 0.
If lim f(x)=1lim g(x)=0 and lim G exists, then lim fx) is
=0 =0 =0 g'(x) x—=0 g(x)
A) 0
(B) f,(x.)
g
(C) lim &
-0 g'(x)
'Xgx)- f(x)g'(x
EPACECRONE)
(f(x)
(E) nonexistent
25. Consider the curve in the xy-plane represented by x =&’ and y =te™ for t > 0. The slope of the

line tangent to the curve at the point where x=3 is

(A) 20.086 (B) 0.342 (C) —0.005 (D) -0.011 (E) —0.033



dy

26. If y= arcta11(e2x). then & =
dx
2x 2x 2x
2e 2e e 1 1
A) — ®) —=¢ © O == B —%
1—e¥* 1+e¥ 1+e* 1—e*¥ 1+e¥
. 2 (x-1)" .
27. The interval of convergence of > 1s
= n
=0 3
(A) -3<x<3 (B) -3<x<3 (C) —2<x<4
(D) —2<x<4 (E) 0<x<2
28. If a particle moves in the xy-plane so that at time 7 > 0 its position vector is (ln(t2 +21). th) . then
at time ¢ =2, its velocity vector is
s 5 L 1 s
A -.8 B) |—-.4 c) |[=.8 D) |-.4 E -——.4
W) w) e ) e e (5
; 2
29. | xsecTxdx=
’ 2
(A) xtanx+C (B) X?tanx+C (©) sec’ x+2sec’ x tanx +C
(D) xtanx—1n|cosx|+C (E) xtanx+ln|cosx|+C
30. What 1s the volume of the solid generated by rotating about the x-axis the region enclosed by the

. T
curve y=secx and the lines x=0. y=0. and x= 3 ?

T
(A) Nl
(B) =
(©) mf3
8w
(D) 5

(E) nm[%ﬁuﬁ)



N ECTT e R
31. Ifs, = . to what number does the sequence {s,} converge?
5n+1 (4+ n)100 =
1 5 510
(A) 3 B) 1 (©) Z (D) (ZJ (E) The sequence does not converge.
b b
32. It J.a f(x)dx=5 and -[a g(x)dx =—1. which of the following must be true?
I. f(x)>g(x) for a<x<h
b
1I. J.a(f(x)+g(x))dx=4
b
1L j.a (f(x)g(x))dx=-5
(A) Ionly (B) IIonly (C) III only (D) IIand III only (E) I.1II and III
33. Which of the following is equal to Igrsﬁl xdx?

1
2

(A) j cosxdx (B) j:cosxdx' (@) I?ﬂsinxdx

l\’|=i

T
3 2n
(D) j_n sin xdx (E) jn sin x dx
2



34

:
R 0

In the figure above. PQ represents a 40-foot ladder with end P against a vertical wall and end Q on

level ground. If the ladder is slipping down the wall. what is the distance RQ at the instant when Q

. . 3 . .
is moving along the ground n as fast as P is moving down the wall?

6 8 80
A) =10 B) =410 C) — D) 24 E) 32
(&) V10 ®) 10 © 5 (D) ®)
35. If Fand f are differentiable functions such that F(x) = J.o\’ f(t)dt . and if F(a)=-2 and
F(b)=-2 where a <b. which of the following must be true?
(A) f(x)=0 for some x such that a < x <b.
(B) f(x)>0forallxsuch that a<x<b.
(C) f(x)<0 for all x such that a < x <b.
(D) F(x)<0 forall x such that a < x <b.
(E) F(x)=0 for some x such that a < x <b.
36. Consider all right circular cylinders for which the sum of the height and circumference is

30 centimeters. What is the radius of the one with maximum volume?

30 10
(A) 3em (B) 10em (C) 20cm (D) — em (E) — em
” b3



x forx<l

e
37. If f(x)= then x)dx =
f@ 1 forx>1 '[Of()
X
3 1
(A) 0 (B) 5 (C) 2 D) e (E) e+
38. During a certain epidemic. the number of people that are infected at any time increases at a rate
proportional to the number of people that are infected at that time. If 1.000 people are infected
when the epidemic is first discovered. and 1.200 are infected 7 days later. how many people are
infected 12 days after the epidemic is first discovered?
(A) 343 (B) 1.343 (C) 1.367 (D) 1.400 (E) 2.057
dy 1 ) . .
39. If — =—. then the average rate of change of y with respect to x on the closed interval [1. 4] is
X x
A ! B ! In2 C 2 In2 D 2 E) 2
()_Z ()El- ()El- ()g (E) 2
40. Let R be the region in the first quadrant enclosed by the x-axis and the graph of y =In(1+2x— xz) .
If Simpson’s Rule with 2 subintervals is used to approximate the area of R. the approximation is
(A) 0462 (B) 0.693 (C) 0.924 (D) 0.986 (E) 1.850
23y 2
41. Let f(x)= J. : Yo' dr . At what value of x is f(x) a minimum?
. 1 3
(A) Forno value of x (B) 5 (©) S (D) 2 (E) 3
42, lim(1+2x)%F =
x—0
@A) o ®) 1 © 2 D) e E) &



2

43. The coefficient of x5 in the Taylor series expansion about x =0 for f(x)=sin (x ) is

@ - ®) o © = @) - ® 1

6 120
44, If f is continuous on the interval [a.b] . then there exists ¢ such that a <ec < b and I: f(x)dx=
C b - a '
@w L2 @ IO ¢ je-s@ © fEE-0 ©® fE6-a
b o 5 k

45 If f(x)= Z(sin' x) . then f(1) is

k=1

(A) 0.369 (B) 0.585 (C) 2.400 (D) 2426 (E) 3.426



1993 Answer Key

1993 BC
1. A 24.C
2. C 25.D
3. E 26.B
4. B 27.C
5. D 28. A
6. A 20.E
7. A 30.C
3. B 31.A
9. D 32.B
10. E 33.A
11.E 34.E
12.E 35.A
13.C 36.E
14.B 37.B
15.D 38.C
16. A 30.C
17. A 40.C
B .C
B E
E A
A E
B .D
D



1997 AP Calculus BC:
Section I, Part A

50 Minutes—No Calculator

Note: Unless otherwise specified. the domain of a function f is assumed to be the set of all real
numbers x for which f(x) is a real number.

1. I;J;(x+1)dx=

16

-
A) 0 B) 1 ¢ — D) - E) 2
A) ®) © T D) 5 (E)
" 2 . dy
2. If x=e  and y=smn(2f). then d_ =
x
2t .
2 e sin(2t) cos(2t) cos(2t)
(A) 4e”cos(2t) (B) cos20) © 2o (D) S (E) T
3. The function f givenby f(x)= 3x° —4x° = 3x has a relative maximum at x =
5 5
@A -1 ®B) —4 © o D) % E 1
d x| _
4. E(xe )—
(A) 1+2x (B) x+x° ©) 3%’ D) x° (E) x*+x°
3 ex—Z
5. If f(x)=(x-1)2+ — then f'(2)=
3 . 7 J+e
@ 1 ® 2 © 2 o I ® =

6.  The line normal to the curve y =+/16—x at the point (0.4) has slope

@A) 8 ®) 4 © 3 ® - E) -8



Questions 7-9 refer to the graph and the information below.
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The function f is defined on the closed interval [0.8] . The graph of its derivative f' is shown above.

7. The point (3.5) is on the graph of y = f(x). An equation of the line tangent to the graph of f at

(3.5) is

(A) y=2

B) y=5

(C) y-5=2 x—3)

(
(D) y+5=2(x-3)
(

(E) y+5=2(x+3)

8.  How many points of inflection does the graph of f have?

(A) Two
(B) Three
(C) Four
(D) Five

(E) Six



9. At what value of x does the absolute minimum of f occur?

(A) ©
B) 2
c© 4
(D) 6
(E) 8
10. If y =1y+x2 +1. then when x=-1. & is
dx
1 1 .
(A) 3 (B) -5 < -1 (D) -2 (E) nonexistent
P o) X .
11. dx is
i (1+x7)?
A : B ! o 2 p) . E) diver
(A) -3 (B) -2 (@) " (D) 3 (E) divergent

/

12. The graph of f”. the derivative of f. is shown in the figure above. Which of the following

describes all relative extrema of f on the open interval (a.b)?

(A) One relative maximum and two relative minima
(B) Two relative maxima and one relative minimum
(C) Three relative maxima and one relative minimum
(D) One relative maximum and three relative minima
(E) Three relative maxima and two relative minima



13. A particle moves along the x-axis so that its acceleration at any time 7 is a(f) = 2t —7 . If the initial

velocity of the particle is 6. at what time 7 during the interval 0 <t <4 is the particle farthest to the
right?

(A) 0 B) 1 © 2 D) 3 E) 4

e . .3 27 81
14. The sum of the infinite geometric series —+—+——+ +
2 16 128 1.024

(A) 1.60 (B) 235 (C) 240 (D) 245 (E) 2.50

15. The length of the path described by the parametric equations x = cos’ and y= sin’ t . for

..
OSrS?. is given by

T
(A) J.02 V3cos?t+3sin’t dt

T
— o) . . 92
(B) .[02 \/—3 cos“t sinf+3sin”t cost dt

T
(@) .[02 Vocos*t+9sin* ¢ dr

T
3 . 2 . 2
(D) .[02 \/9 cos't sin® t+9sin’t cos?t dr

T
(E) J.OQ VeosS t+sinr dr

~—
N
~
o
~
o
~—~
I~J||—l

c) 1 (D) e (E) nonexistent



Let f be the function given by f(x)=1In(3-x). The third-degree Taylor polynomial for f about

x=21s

2 3
&) —(x—2)+("2-) e 32)
®) -GV (=’

2 3

©) (x=2)+(x-2)%+(x-2)°

2 . 3
(D) (x—2)+(x_22) L8 ‘33)

(x-2°  (x-2)°
) (-2)-=—+

. . . 2
. For what values of ¢ does the curve given by the parametric equations x = £ -+ -1 and

) .
y= t*+26> —8¢ have a vertical tangent?

(A) 0only
(B) 1 only

5
(C) 0and § only

N
(D) 0. % and 1

(E) No value

. The graph of y= f(x) is shown in the figure above. If 4; and A4, are positive numbers that

represent the areas of the shaded regions. then in terms of 4; and 4,.
4 4
-2 =
j_4 f(x)dx-2 j _ fdx

(A) 4, (B) 4,4, (C) 24;-4, (D) 4,+4, (E) 4,+24,



20. What are all values of x for which the series Z

© (2!

converges?
n1 n-3

(A) -3=x<3
(B) -3<x<3
(C) -1<x<5
(D) -1<x<5
(E) -1=x<5
21. Which of the following is equal to the area of the region inside the polar curve » =2cos6 and
outside the polar curve r=cos8?
T - 3 bis s -
2 cos2 2 20 2cos? [ 2
(A) 3[0 cos’6do  (B) 3.[0 cos’6do (C) ; jo cos’8d6 (D) 3[ 2cos0d8 (E) 3'[0 cosHd6
y
o a ll) ('\/d *
22. The graph of f is shown in the figure above. If g(x)= J. : f(t)dt. for what value of x does g(x)

have a maximum?

(A) a
®) b
© e
D) d

(E) It cannot be determined from the information given.



[ ]
23. Inthe triangle shown above. if 6 increases at a constant rate of 3 radians per minute, at what rate is
X inereasing in units per minute when x equals 3 units?
15
@A 3 (®B) o € 4 ® 9 (E) 12
2 ox
24, The Taylor series for sinx about x=0 is x - T If f 1s a function such that
f'(x)=sin (x2 ) . then the coefficient of x’ in the Taylor series for f(x) about x=0 is
1 1 1 1
A) — B) = c) 0 D) —— E) ——
@ = ®) - © D) -5 € -
25. The closed interval [a.b] is partitioned into n equal subintervals, each of width Ax . by the

n
numbers Xg.Xj.....X, wWhere a=xp <x; <Xy <---<X, 3 <X, =b. Whatis lim Z,/x,- Ax ?
n—w .
i=1

(B) b
D) b

® 2 (b%-a%)



1997 AP Calculus BC:
Section I, Part B

40 Minutes—Graphing Calculator Required

Notes: (1) The exact numerical value of the correct answer does not always appear among the choices
given. When this happens. select from among the choices the number that best approximates
the exact numerical value.

(2) Unless otherwise specified. the domain of a function f is assumed to be the set of all real
numbers x for which f(x) is a real number.

76. Which of the following sequences converge?

I { Sn }
2n-1
n

I {e—}
n
en

II1. -
l+e

(A) Tonly (B) Honly (C) IandIlonly (D) IandIIIonly (E) I1II and III

. ~ 2 . .
77. When the region enclosed by the graphs of y=x and y=4x—x~ 1s revolved about the y-axis. the
volume of the solid generated is given by

) =
(D) 2=

(E) 2=m ;(3x2—x3)dx



78.

lim —ln(e+h)—l 1s
h—0 h

(A)  f'(e). where f(x)=Inx

(B) f'(e). where f(x)= Inx

x
(C©)  f'(1). where f(x)=Inx
(D) f'(D). where f(x)=In(x+e)

(E)  f'(0). where f(x)=Inx

i . L. 1 1. .
79. The position of an object attached to a spring is given by y(¢) = Ecos(Sr) —Zsm(St) . where 71s

time in seconds. In the first 4 seconds. how many times is the velocity of the object equal to 0?
(A) Zero
(B) Three
(C) Five
(D) Six
(E) Seven

80. Let f be the function given by f(x)=cos(2x)+In(3x). What is the least value of x at which the
graph of f changes concavity?
(A) 0.56 (B) 0.93 (C) 1.18 (D) 2.38 (E) 244

81.

Let f be a continuous function on the closed interval [—3. 6] If f(-3)=-1and f(6)=3.then

the Intermediate Value Theorem guarantees that
(A) f(0)=0

, 4 .
B) f'le)= > for at least one ¢ between —3 and 6

(C) -1< f(x)<3 forall x between —3 and 6
(D) f(e)=1 for at least one ¢ between —3 and 6

(E) f(e)=0 for at least one ¢ between —1 and 3



If 0 <x <4, of the following. which is the greatest value of x such that j g (r2 =2t)dt= j : tde?

(A) 135 (B) 1.38 () 1.41 (D) 148 (E) 1.59
. dy — o _
If —=(1+lnx)y andify=1whenx=1.theny=
x2-1
A4 e*
(B) l+lnx
(C) Inx
(D) e2x+x]nx—2
(E) exlnx

2 .
j x“sinxdx=

2 .

(A) —x“cosx—2xsinx—2cosx+C
2 .

(B) —x“cosx+2xsinx—2cosx+C

2 .
(C) —x"cosx+2xsinx+2cosx+C

x3
(D) —Tcosx +C

(E) 2xcosx+C

Let f be a twice differentiable function such that f(1)=2 and f(3)=7. Which of the following
must be true for the function f on the interval 1€ x<3?

5
I.  The average rate of change of f is 5
.9
II.  The average value of f is 5
.5
III.  The average value of f” is 5

(A) None
(B) Ionly

(C) III only
(D) IandIII only
(E) II and IIT only



j dx B
(x=1)(x+3)

1 -1
(A) —In|2=—l|+c

4 x+3

1 3
B) ~|X2|sc

4 |x-

(©) %ln|(x—l)(x+3)|+C

(D) —In

(E) In|(x-1)(x+3)|+C

The base of a solid 1s the region in the first quadrant enclosed by the graph of y =2— x” and the

coordinate axes. If every cross section of the solid perpendicular to the y-axis is a square. the
volume of the solid is given by

@ xf, (2-y)dv
®) [, (2-y)dy

(©) njﬁ(?.—xz)-dx



1.2
88. Let f(x)= .f 0 sint dt . At how many points in the closed interval [0\/; :I does the instantaneous
rate of change of f equal the average rate of change of f on that interval?
(A) Zero
(B) One
(C) Two
(D) Three
(E) Four
x2
89. If f is the antiderivative of 5 such that f(1)=0. then f(4)=
+x
(A) -0.012 (B) 0 (C) 0.016 (D) 0.376 (E) 0.629
90. A force of 10 pounds is required to stretch a spring 4 inches beyond its natural length. Assuming

Hooke’s law applies. how much work is done in stretching the spring from its natural length to 6
inches beyond its natural length?

(A) 60.0 inch-pounds
(B) 45.0 inch-pounds
(C) 40.0 inch-pounds
(D) 15.0 inch-pounds
(E) 7.2 mch-pounds
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1998 AP Calculus BC:
Section I, Part A

55 Minutes—No Calculator

Note: Unless otherwise specified. the domain of a function f is assumed to be the set of all real

numbers x for which f(x) is a real number.

What are all values of x for which the function f defined by f(x)= X +3x7—9x+7 is

1.
increasing?
(A) 3<x<l
(B) -l<x<l
(C) x<-3 orx>1
(D) x<-1orx>3
(E) All real numbers
2. Inthe xy-plane. the graph of the parametric equations x=5¢+2 and y =3¢, for -3<¢<3.1sa line
segment with slope
3 5
A) 3 ®) 3 € 3 D) 5 E) 13
3. The slope of the line tangent to the curve y2 +(xy+ 1)3 =0 at (2.-1) is
3 3 3 3
A) 3 (®B) 1 © o o) - (E) 3
. 1
| — dx=
© xT—-6x+8
1, |x—4
(A) —In +C
2 |x-2
1, |x=2
(B) —In ’ +C
2 |x-

(O) %h1|(x—2)(x—4)|+C

(D) %111|(x—4)(x+2)|+C

(E) 1n|(x—2)(x—4)|+C



5. If f and g are twice differentiable and if h(x) = f(g(x)). then h"(x) =

@) f(g@)[g@] + 1 (g)g"x)
B) f"(gx)g'™)+f(g(x)eg"(x)
© " (e@)[g @]

(D) f"(g(x)g"(x)

(B f'(gx)

0
6.  The graph of y = h(x) is shown above. Which of the following could be the graph of y=h'(x)?

(A)

(B)

N

=

0

(&)

4
T

(D)

-

&L
It

(E)

)

JE
T




(*(2_1
N Lty R
A
e2 2
(A) e—— (B) e —e (©) < e+ (D) e -2 (E) =3
8. If Z—'} = sin xcos” xand if y=0when x= = what is the value of y when x=07?
X 2
1 1
@A) -1 (B) -3 @ o D) 3 E) 1
2004 —ccm : S JR——
5 i 5
[=] | ]
o | t
& 100 {z=z=== e q---=- > CEEEEL -
E | | | :
‘ﬂ- ] I | 1
a i i | i
0 6 12 18 24
Hours
9.  The flow of oil. in barrels per hour. through a pipeline on July 9 is given by the graph shown
above. Of the following, which best approximates the total number of barrels of oil that passed
through the pipeline that day?
(A) 500 (B) 600 (C) 2,400 (D) 3.000 (E) 4.800
10. A particle moves on a plane curve so that at any time 7 > 0 its x-coordinate is £ —t and its
y-coordinate is (27— 1)3. The acceleration vector of the particle at 7 =1 1s
A) (0.1) B) (2.3) (© (2.6) (D) (6.12) (E) (6.24)
R . b
11. If f is a linear function and 0 <a <b. then J. . f"(x)dx=

@ © b-a  @® =%

A) 0 ®) 1 ©



Inx forO0<x<2 . )
then lim f(x) is
for2<x<4, =2

12. If f(x)={ ,

X n

o

(A) In2 (B) In8 (C) Inl6

(D) 4 (E) nonexistent

(]
4

13. The graph of the function f shown in the figure above has a vertical tangent at the point (2.0) and

horizontal tangents at the points (1.—1) and (3.1). For what values of x, -2 <x<4.is f not

differentiable?

(A) Oonly (B) Oand2only (C) 1and3 only

(D) 0.1.and 3only (E) 0.1 2. and 3

14. What is the approximation of the value of sin 1 obtained by using the fifth-degree Taylor

polynomial about x=0 for sinx?

(A) 1—%+§
(B) 1—%+%
(C) 1—§+%
(D) 1—%+%
(E) 1—1+L



15. I xcosxdx =

(A) xsinx—cosx+C
(B) xsinx+cosx+C
(C) —xsinx+cosx+C
(D) xsinx+C

(E) %xz siny+C

16. If f is the function defined by f(x)= 3x° —5x*. what are all the x-coordinates of points of
inflection for the graph of f?

(A) -1 (B) 0 (© 1 (D) O and 1 (E) -1 0.and 1

.
7

17. The graph of a twice-differentiable function f is shown in the figure above. Which of the
following is true?

@) fO)=<r =<1
B) f(1)<f(1)<f (1)
© f)<f)<r()
D) f(1)<f)<f(1)
® f)<f1)<sQ)



18. Which of the following series converge?
X n Z. cos(nm) 21
L Z II. Z —_— I11. Z -
n_ n+ 2 n=1 n n=1 "
(A) None
(B) II only
(C) III only
(D) IandIIonly
(E) IandIIl only
19. The area of the region inside the polar curve » =4sin 8 and outside the polar curve » =2 is given
by
1 1 3n ) St
Koo o2 Tia: 2 S a 2
(A) 5jo(4sme—z) de (B) EIE (4sin6-2)"de  (C) EIE (4sin6-2)"de
4 6
1 =z 1
6 .2 n .2
(D) EIE (165in%6-4)do (E) 3-'.0 (165in>0-4)do
6
20. When x =8. the rate at which \3/; 1s increasing 1s e times the rate at which x is increasing. What
1s the value of k ?
(A) 3 B) 4 (C) 6 (D) 8 (E) 12
21. 13 and y= %tz . where

The length of the path described by the parametric equations x = gr

-

0<r<1.1s given by
(A) J; > +1dt
®) [N +rdr
(©) J; 1% dr
(D) %I;mdr

1pla [
(E) gjo' 4t +9dt



3]
(3]

. bdx . . . . - .
If lim I — 1s finite, then which of the following must be true?
bowov 1 P

(A)

(B

©

(D)

(E)

@©
—— converges
n=1 1

x©

— diverges

n=1 1
x©

>, 53 converges
n=1 N7

@©
Z converges
-1 =

1 .
D> —5og diverges
n?

Let f be a function defined and continuous on the closed interval [a.b] .If f has a relative

maximum at ¢ and a < ¢ < b. which of the following statements must be true?

L
1L
I1I.

(A)

f'(e) exists.
If f'(¢) exists. then f'(¢)=0.
If f"(c) exists,then f"(c)<0.

IDonly (B) Ionly (C) IandIlonly (D) IandIlonly (E) IIandIII only
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24. Shown above is a slope field for which of the following differential equations?
dy dy > dy dy x dy
A) o4 B) Z=x2 (© Z=x+y @ Z=2 E) Z=Iy
@) —-=l+x  (B) —-=x ()dxxy()dxy (E) —-=ly
v o) .2 _XS .
25. J o Xe dx is
1 1 .
(A) -3 B) 0 (O 3 (D) 1 (E) divergent
. . . T . . dP P
26. The population P(t) of a species satisfies the logistic differential equation pr P|2- 5000 "
r = v
where the initial population P(0) =3.000 and ¢ is the time in years. What is lim P(f) ?
-
(A) 2.500 (B) 3.000 (€)  4.200 (D) 5.000 (E) 10,000
x©
27. If Zanx" is a Taylor series that converges to f(x) for all real x. then f'(1)=
n=0
o© [ @x 1
@ o ®) a © Xa D) Xna,  (B) Yna,"
n=0 n=1 n=1
lxetzdr
28. lim is
=1 x" -1

(A) © B) 1 (O) (D) e (E) nonexistent

oo



50 Minutes—Graphing Calculator Required

Notes: (1) The exact numerical value of the correct answer does not always appear among the choices
given. When this happens. select from among the choices the number that best approximates
the exact numerical value.

(2) Unless otherwise specified. the domain of a function f is assumed to be the set of all real
numbers x for which f(x) is a real number.

2 ()" (kY
76. For what integer k, k >1. will both »° and Z[Z) converge?
n=1 M =1

(A) 6 ®) s € 4 (D) 3 (E) 2

77. If f is a vector-valued function defined by f(#) = (e_'. cos t) .then f"(f) =

(A) —e " +sint (B) e —cost (©) (—e_’ .—sin t)

(D) (e_'.cosr) (E) (e“’.—cosr)

78. The radius of a circle is decreasing at a constant rate of 0.1 centimeter per second. In terms of the
circumference C. what is the rate of change of the area of the circle. in square centimeters per

second?

a) —(0.2)xC

(B) -(0.1)C

© _(O;I)C
2n

D) (01)¢C

® (01)rC



2
—D)(x" -4 -
79. Let f be the function given by f(x)= (XZ(—A) For what positive values of a is f
X -

a
continuous for all real numbers x?

(A) None

(B) 1only

(C) 2only

(D) 4only

(E) 1and4only

80.

Let R be the region enclosed by the graph of y=1+1n (co<>4 x) . the x-axis

.
and x= 3 The closest integer approximation of the area of R is

B
. and the lines x= -3

A o ®) 1 @ 2 D) 3 E) 4
81. If % =17, then ‘;;: =
@) -2y ®) -y © = @ ® =
— y' -
82. If f(x)=g(x)+7 for 3<x<35. then j: [f(x)+ g(x)] dx =

(A) zj: g(x)dx+7
(B) 2j:g(x)dx+14
©) 2j:g(x)dx+zs
(D) j; g(x)dx+7

(E) j; g(x)dx+14



83.

© n
. . x—1 N
The Taylor series for Inx. centered at x=1.1s Z:(—l)m’1 ( ) . Let f be the function given by
n=l n
the sum of the first three nonzero terms of this series. The maximum value of | Inx— f(x) | for
03=x<1.7 1s

(A) 0.030 (B) 0.039 (C) 0.145 (D) 0.153 (E) 0.529
) R 2)"
84. What are all values of x for which the series »° converges?

k|

n= n

(A) -3<x<-1 (B) -3<x<-1 (C) -3<x<-1 (D) -l<x<l1 (E) -1<x<I

85.

x [ 25|78

f(x)[10]30]40]|20

The function f is continuous on the closed interval [2. 8] and has values that are given in the table

above. Using the subintervals [2.5]. [< 7]. and [7.8]. what is the trapezoidal approximation of

J.zsf(x)dx?

(A) 110 (B) 130 (C) 160 (D) 190 (E) 210

86.

The base of a solid is a region in the first quadrant bounded by the x-axis. the y-axis. and the line
x+2y=8. as shown in the figure above. If cross sections of the solid perpendicular to the x-axis
are semicircles. what is the volume of the solid?

(A) 12.566 (B) 14.661 (C) 16.755 (D) 67.021 (E) 134.041

87. Which of the following is an equation of the line tangent to the graph of f(x)= x*+2x? at the

point where f'(x)=1?

(A) y=8x-5
B) y=x+7
(C) y=x+0.763
(D) y=x-0.122
(E) y=x-2.146




7 y=g(x)

Ol a b *

88. Let g(x)= I: f(t)dt. where a < x <b. The figure above shows the graph of g on [a.b] . Which of

the following could be the graph of f on [a.b] ?

(A) v B) y )
|\ /. A~
Ola \_/b

0 3\/ bt 0] ,/\\J; o

(D) v (E)y v

[N A

Ol a b ol o/ b

-




89. The graph of the function represented by the Maclaurin series
2 3 —1)" x"
1—x+x——x—+...+¢+ .. intersects the graph of y = X atx=
21 31 n!
(A) 0.773 (B) 0.865 (C) 0.929 (D) 1.000 (E) 1.857
90. A particle starts from rest at the point (2.0) and moves along the x-axis with a constant positive
acceleration for time 7> 0. Which of the following could be the graph of the distance s(t) of the
particle from the origin as a function of time 7 ?
(A) |
(C)y v
2
|
— t
Ol 12
D)
2
|
— '
o112
E)
2
1
— [
K
t (sec) 0(2]141|6
a(t) (ftsec®) | 5|2 (8|3
91. The data for the acceleration a(r) of a car from 0 to 6 seconds are given in the table above. If the

velocity at =0 1s 11 feet per second. the approximate value of the velocity at t = 6. computed
using a left-hand Riemann sum with three subintervals of equal length. is

(A) 26 ft/sec (B) 30ftlsec (C) 37 ft/sec (D) 39ft/sec (E) 41ft/sec

. ) . .
Let f be the function given by f(x)=x"—2x+3. The tangent line to the graph of f at x=2 is
used to approximate values of f(x). Which of the following is the greatest value of x for which
the error resulting from this tangent line approximation is less than 0.5?

(A) 24 (B) 2.5 (©) 2.6 D) 2.7 (E) 28



1998 BC

1. C 24.C
2. A 25.C
3. D 26.E
4. A 27.D
5. A 28.C
6. E 76.D
7. E 77.E
8. B 78.B
9. D 79. A
10. E 80.B
11. A 81.B
12.E 8§2.B
13.B 83.C
14.E 84.B
15.B 85.C
16.C 86.C
17.D 87.D
18.B 88.C
19.D 89. A
20.E 20. A
21.C 91.E
22.A 92.D
23.E
2004 Form B
CALCULUS BC

SECTION IL Part A
Time—45 minutes
Number of problems—3

A graphing calculator is required for some problems or parts of problems.

1. A particle moving along a curve in the plane has position (x(f). v(¢)) attime ¢, where

: : v R
B v and Y 2 20 4 s

dr dr

for all real valuesof r. Attime ¢ = 0. the particle is at the point (4. 1).

{a) Find the speed of the particle and its acceleration vector at time ¢ = 0.

{b) Find an equation of the line tangent to the path of the particle attime ¢ = 0.
ic) Find the total distance traveled by the particle over the time interval 0 < ¢ < 3.

{d) Find the x-coordinate of the position of the particle at time ¢ = 3.



2.

Let / be a function having derivatives of all orders for all real numbers. The third-degree Taylor pol ynomial
for { about x = 2 is given by

T(x) = 7- Nx -2)% = 3(x-2)%
{a) Find f(2) and 7"(2).
ib) Is there enough information given to determine whether  has a critical pointat x = 27
If not. explain why not.

I s0. determine whether {(2) isa relative maximum., a relative minimum, or neither, and justify
your answer.

Use 7(x) to find an approximation for /(0). Is there enough information given to determine whether / has
acritical pointat » = 07

(c

—

I not. explain why not.
I s0. determine whether f(0) is a relative maximum. a relative minimum. or neither. and justify your
answer.

4

{d) The fourth derivative of { satisfies the inequality ‘ f

—

(.\')‘ < 6 forall v in the closed interval [0, 2]. Use
the Lagrange error bound on the approximation to f(0) found in partic) to explain why {(0) is negative.

]

! O[5 (10|15 (20 25 |30 |35 |40
{minutes)
vit) N N 2|72
. . 70192 195 7.0 (45 |24 (24 (43 |73
{miles per minute)

. A test plane flies in a straight line with positive velocity v(f). in miles per minute at time ¢ minutes. where

v is a differentiable function of 1. Selected valuesof v(¢) for O < ¢ < 40 are shown in the table above.
{a) Use a midpoint Riemann sum with four subintervals of equal length and values from the table to
. 40 . . . .
approximate J(] v(#) df. Show the computations that lead to your answer. Using correct units. explain the
. 0 . 3 .
meaning of J() v(f) dt in terms ofthe plane’s flight.

{b) Based on the values in the table. whatis the smallest number of instances at which the acceleration of the
plane could equal zero on the open interval 0 < ¢ < 40 ? Justify your answer.

{c) The function f. defined by () = 6 + cos{%) +3 sin[%). is used to model the velocity of the plane.

in miles per minute. for 0 € ¢ < 40. According to this model. whatis the acceleration of the plane at
£ = 237 Indicate units of measure.

id) According to the model . given in part (c). what is the average velocity of the plane. in miles per minute.
over the time interval 0 < ¢ < 407



CALCULUS BC
SECTIONIL Part B
Time—45 minutes
Number of problems—3

No calculator is allowed for these problems.

)’
(5,2)
(1,0) 4,0)
X
0
0,-1
( ) @.-1)
(3v _2)
(_l’ _3)
Graph of f*

4. The figure above shows the graph of {”. the derivative of the function f. on the closed interval —=1 £ x < 5.
The graph of f” has horizontal tangent lines at x = 1 and x = 3. The function [ is twice differentiable with
f(2) = 6.

{a) Find the x-coordinate of each of the points of inflection of the graph of f. Give a reason for your answer.

i{b) Atwhat value of x does [ attain its absolute minimum value on the closed interval —1 < x < 57 At what
value of xdoes [ attain its absolute maximum value on the closed interval =1 £ x £ 57 Show the analysis
that leads to your answers.

{c) Let g be the function defined by g(x) = x{(x). Find an equation for the line tangent to the graph of ¢
atx = 2.

5. Let g be the function given by g(x) = L

{a) Find the average value of ¢ on the closed interval [1. 4].

ib) Let § be the solid generated when the region bounded by the graph of v = g(x). the vertical lines x = |
and v = 4. and the y-axis is revolved about the x-axis. Find the volume of S.

ic) Forthe solid S. given in part (b). find the average value of the areas of the cross sections perpendicular to
the r-axis.

b
{d) The average value of a function { on the unbounded interval [«. ©°) is defined to be !lim .[, ) dx | gpow
-y T —
b =a

that the improper integral j g(x)dxisdivergent. but the average value of g on the interval [4. eo) is finite.
4




J (1,1)

o

N"

6. Let [ be the line tangent to the graph of v = x" at the point (1. 1). where # > 1. as shown above.

. [ . .
{a) Find J'U Ady in terms of .

|
2

ib) Let 7 be the triangular region bounded by /. the x-axis. and the line x = 1. Show that the area of 7 is

{c) Let § be the region bounded by the graph of v = x". the line /. and the v-axis. Express the area of § in
terms of # and determine the value of # that maximizes the area of S.

END OF EXAMINATION



Question 1

A partcle moving zlonz 2 curve mthe plans ha: posiuon (xi7), ¥ir)) atume 1, whers
& 5 ma &2 s
& 7+ 9% and 3 2e 4 38

for allreal values of 1 Atams ¢~ 0, the parucle iz atthe poms (4, 1),

(2) Find the :peed ofthe particle and 1tz acczlemtionvectoratume 1 ~ (.

(b) Find an squation ofthe line tanzent to the path of the particle atume 1 ~ 0.
(c) Find the total diztance tavelad by the partcle over the tmemeteral 0 <1 < 3.
(d) Find the x<oordmats ofthe position of the particle at time ¢ ~ 3.

() Arame -~ 0: "lsmed

L]

" 11 : acceleration vector

Spead — JX(0) + 2707 ~ V3 L7 -5

Accelerationvecter ~ (x7(0), 7(0)) - {0, -3)

Tangemtlme 1z v ~ —';ix— 4+1

, ir T . .a [ 2 :distance messral
(c) Diztancs ~ ro J‘.‘“ +9'| +(2 +367) adt | (1) each integrand error
- 45226 or 45.227 35 {~1) errorin limits
| 1:answer

1 iimeszral
© 1 answer

L]

@ x3)-4+ ";Jx‘ T Sdr
- 17.930 or 17.931




Question 2

Let f bz 2 fincuon having dermatve: of all order: Sorall real number:. The third-dezrze Tavlor

polbynomual for £ about x = 2 12 zvenby Tix) = 7 - Six -~ 27 - 3x- 2.

(2) Fmd fi(2)and f'(2).

(b) I: thers encuzh m&rmaton ziven to detemimne whether f ha: 2 anucal pomtat x = 27
Ifnot explamwhy net o, determune whether £1(2) 12 arelatns maxmmum, 2 rlatve mmumum,
ornarther, and jusufy vour answer.

(c) Use Tix) to find anzpproxmanon for f(0). Iz thers enouzh mformanon zrvan w0 detzrmuns
whether f ha: a2 enitical pomtat x ~ 07 Ifnet. explamwhy not If:0, determme whether f(0) 122
rzlative maamum, 2 relative mmpmum, or nerther, and justif vour answer.

(d) The fourthderrvatne of f :atiz S2: the mequaliny |f:‘)ix)| < 6 forall x m the closed neterval
|0. 2] Uze the Lazranze emror bound on the approxmmatonto f(0) Hund m part(c) w0 axplamwhy
Fi0) 12 nazanve.

(a) Ffi2y=Ti2y=7 [1: f(2) =7

£ g -1 1172 - -18

[

(b) Yes,since f(2) = T'(2) = 0, f does have a cntical [1:states f'(2)=0
pomtat x - 2. 200 1:declare: f(2) 2z arelamns
Smee f(2) = -18 <0, £(2) 1z arelstive maxmmum | mexbmmbecause f7(2) <0
value.

(©) f(0)=Ti0)~-3 [1: f(0)=T(0)~-3
It 1z not possible to determune 1f £ has a cntical pomt 3. | 1:declares thatitis not
a x - 0 becausze T(x) gives exact méHmation enly "1 possibleto determine
atx-2 | 1:rsazon

(d) Lazrenze emorbound ~ i.lc - 3|4 ~4 [ 1:value of Lagrange emor

4! 2:0  bommd

S0y =Ti0y+4- -1 | 1: explanauen

Therzfore, fi0) 12 nezatve



Question 3

.-\testplane ez ma straightline with ¢ (min) 0 3 10152 25130 | 35| 40
positive velocity v(z), inmiles per vit) (mpm) | 7.0 82 8.5| 7.0 | 45|24 | 244373

mimuts 3t ime ¢ mmute:, where v 122

diferentuable imcuonof 1 Selactad
value: of vir) Sor 0 =1 = 40 ar= shown mthe =blezbova

(@)

©

@

Uiz 2 mudpomt Riemann sum with four subnrenals ofequal lensth and wzlue: fom the t3ble
. ~40 . - .
Fprroxmate ‘0 vir) k. Show the computztuon: tha lead w0 vour answer. Uszing comsct unus,

.40
explam the meanms of ‘ " Wi ak mterm: ofthe plane’s flizke
Ba:ed onthe value: mthatable, whati: the smalleztnumber of metance: atwhich the acczlerzuon
ofthe plans could squal zero onthe cpan netenal 0 <1 < 407 Jusuf vour amswer.
The furction f, defined by fi1) - 6 + ces‘ﬁ] + 3-,m|';'—‘c'|, is used to model the velocity ofthe
plans, mmile: per mmmute, Sor 0 < ¢ < 40, According o thi: model, what 1= the acceleration ofthe
plans at ¢ ~ 237 Indicats: unit ofmeazurs.
Accordms tothemaodel £ zrven mpart (o), what 1z the averaze velociy ofthe plans, mmile: per
mmuts, ovar the tmemearval 0 <1 < 407

(=)

()

@

Midpomt Riemarm sum 12 [[1:v(5) +v(15) +v(25) +v(33)
10w 3) + w13y +v(23) +vi35)] 3:) 1:amwer
=102 +70 +2.4+43]- 22 | 1: meanine with units

The m=zral zrve: the total diztance mmile: thatthe
plans flie: dunns the 40 momts:,

By the Mean Value Theormm, Vir) - 0 zomevherz m "1 two matance:
the ezl (0, 15) and :omewhers in the heral "1 1: justification
(23, 30y. Therefors the accelerauon willequal 0 for at

lezztmvo waluss ofr

F'(23) = 0407 or —0.408 miles per minus’ 1 amswerwithums

[1: lmuts
3:0 1:nmezrand
= 3516 miles per mmute | 1:answer

) 1 20 o
Average velocity - E-"‘J fit)de




Question 4

The fizure above shows the graph of f, the deriative of the function f, [ (5.2)
onthe closed neral —1 < x < 3. The zraph of /" ha: honzomal tanzert

Ime: & x =1 and x ~ 3. The fincton f 12 twvice differsmizble with

£i2) - 6. (1,0 (4.0)

(@)

©

of £ Gz arsazon SHHrvour answer.

the analvai: that l2ad: to vour amswers.

(z) Fid the x<oordinats ofzach ofthe pomt: of mflection of the zraph @ :: /\/
Ty (2,1}
Atwhatvalue of x dos: fattam 1t abzoluts mmmum wzluz onthe
clozed meernzl ~1<x < 37 Atwhatvalue of xdos: famams
abzoluts maxmmm value on the closed meeral -1 x <37 Show (L1-3)

Geugh of [*

Let £ be the fimcuondefined by g(x) ~ x fi x). Fid an squaton forthe Ime tanzent w0 the zph

ofgatx~2.

(@)

(©

x = 1and x = 3 becauzethe zraph of /' changs: from
mersazing to decreazing at x ~ 1, and chanse: fom
decrzazing to meorsazing 3t x ~ 3.

The function fdecraaze: rom x ~ 1t x ~ 4, then
mersaze: fom x ~ 4 0 x - 3.

Therzfors, the dbzoluts mmmum value for fiz 2 x ~ 4
The abzoluts maxmmm value must occurat x = —1 or

& x -3,

FiS)-fieh = [ find <0

Smee fi3) < fi-1). the absoluts maximum value occurs
at x - -1

gix) = fix)+xfix)
Sy - A2 -6 21~ 4

£(2) - 2(2) 12

Tangemtlme 1z p - 4(x - 2)+12

[lix=1x-3

2.
“ 1 peas
| l:imazon

[ 1:mdicatss f decreases then mcrsase:
| 1: elimmnates x = 3 Hrmexmum
"1 1:zbsoluts mnmumat x - 4

| 1:absolute maammm & x = -1

3. [2:8(x)
" 1:tanzentlme



Question 5

Let g bethe Sinctionznenby gix) - 71-
x

2)

b)

)

)]

Find the averaze value of g on the closed imteral |1, 4.
Lzt § be the solid zensrated whenthe mzionboundad by the zraph of v ~ zix), ths werucal lne:
x = 1and x - 4, and the x-2:a: 12 revolved about the x-za:. Find the volums of S

For the zolid & ziven mpart (b), find the averazs valus ofthe arsa: of the cros: zectom:
perpendicular w0 the x-z2ms .
The averzze value of 2 function fonthe urboundad neral [a. o) 12 defined tobe
limi .‘; flx)de | Show thatthe mproper neezrzl L—gix jebe 1z dreerzemt but the averaze wzlus
8 o |

L b-a |

of g enthe meerval [4,00) 12 fimnte.

)]

1% 1., -%_ 4 2 2 [ 1:megr
E,I;Txdx 3.-&|1 ERERE] 2:. 1: amidifSrentiation
| and evzluznon
_— P o B - [ 1:mtszral
Volume - de = lnx|] Tlns 21 1: atidifSrentiation
| and evzluznon
The cros: secuon atx has arsa ;rll—l—ll. - 1:anzwer
Wy ! x
1(*x, 1
Avermzevalue -~ S | “dy - Srlnd
3 x 3

5

J st fom [ e m2B 4 -

‘:gix]abt -2E -4

1:
| 1:mdicate: nmezral diverzes

This lmut 1z not fimte, 20 the neezral iz diverzent 4: .5 WE
1.1 | "u‘x';cb:——"b 4
rE [ b-4J1s° o4
HEY & - _ | 1: itz lmitaz b — o0
| s [ 1, b4 | 1: finite lomitas b
5-4 b-3), kT B-%




Question 6

Let £ bethe line tanzent to the sraph of v = ¥ atthe ponre (1, 1),
wherz n > 1 a: shownabows.

(@)

@)

Find ‘;fdx m terms: of n.

Lzt T be the manzularrezionbounded by £, thex-aa:, and the
line x - 1. Show thatthe area of T'is o

Let S be therezion bounded by the zraphof v = ¥, the line £,
and the x-za: . Exprez: the arsz of § mterm: of n and determins
the wzluz of n tha maamize: the arzz of 5

¥ {1

(@)

21 1! 1 - :1
‘O d - 1wl - L1
0 -
Lzt bbathe lenzth of the bazz ofmanzle T, 1
1. I 201
e the zlopz ofline {, whichui n 1
{1
Arza(l) - l.,b.’l', - .,i
P P
1 [1
Arsa(§) - ‘Dx'dx— ArsaT) | .
4:)
-i__L |1
n+l «Rn |'1
i.—\mal‘SJ 1 = + 1 -0
dn n+ly 2

cbazeofT 12 =
n

samdentatme of x°
D answer

czlopeofhne {1z

1

.1
zhows arsa 1z o
<R

caraof Smtemm: of n

s dermatuve

s zet: damatve equal 0 0
czoh=: forn
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CALCULUS BC
SECTION IIL, Part A
Time—45 minutes
Number of problems—3

A graphing calculator is required for some problems or parts of problems.

I. Traffic flow is defined as the rate at which cars pass through an intersection. measured in cars per minute. The
traffic flow at a particular intersection is modeled by the function £ defined by

F(t) =82+ 4sin(’5) for 0 <1 < 30,

where F(f) 1s measured in cars per minute and ¢ is measured in minutes.

{a) To the nearest whole number. how many cars pass through the intersection over the 30-minute period?

ib) Is the traffic flow increasing or decreasing at { = 77 Give a reason for your answer.
{c) What is the average value of the traffic flow over the time interval 10 £ ¢ < 157 Indicate units of measure.

d) What is the average rate of change of the traffic flow over the time interval 10 £ ¢ £ 157 Indicate units of
measure.

-\'

y=f(x)

o 1

~ Yy =g(x)

2. Let fand g be the functions given by f(x) =2x(1 — x) and g(x) = 3(x—1)Jx for 0 £ x £ 1. The graphs of
fand g are shown in the figure above.

{a) Find the area of the shaded region enclosed by the graphs of { and g.
{b) Find the volume of the solid generated when the shaded region enclosed by the graphs of { and ¢ is
revolved about the hon zontal line v = 2.

{c) Let /r be the function given by /(x) = kx(1 — x) for 0 £ x < 1. Foreach & > 0. the region (not shown)

enclosed by the graphsof / and ¢ is the base of a solid with square cross sections perpendicular to the
r-axis. There is a value of & for which the volume of this solid is equal to 15. Write. but do not solve. an
equation involving an integral expression that could be used to find the value of k.




-
.‘ .

. . . .. . . AN -
An object moving along a curve in the xyv-plane has position (x{f). ¥(¢)) attime ¢ =2 0 with % =3+ cos(rz).
4

L . .. . . . -
The denvative ‘T is not explicitly given. At time ¢ = 2. the object is at position (1. 8).
4
{a) Find the a-coordinate of the position of the object at time ¢ = 4.

. Ldvo. L. . . . .
{b) Attime ¢ = 2. the value of dy 1s —7. Write an equation for the line tangent to the curve at the point

dt
((2). ¥(2)).

ic) Find the speed of the object at time ¢ = 2.

{d) For ¢ = 3. the line tangent to the curve at (x(f). v(¢)) has a slope of 2¢ + 1. Find the acceleration vector of
the object at time ¢ = 4.

No calculator is allowed for these problems.

. . 2 2 -~
4. Consider the curve given by x= +4v° = 74 3aw

v 3v-=-2x
{a) Show that == = == — ==
dx 8)' — 3\

{b) Show that there is a point 7 with x-coordinate 3 at which the line tangent to the curve at 7 is horizontal.
Find the y-coordinate of P.
2
{c) Find the value of d 2 atthe point £ found in part (b). Does the curve have a local maximum. a local

dx~
minimum. or neither at the point £ 7 Justify your answer.

S,

A population is modeled by a function 7 that satisfies the logistic di fferential equation

ar_ 20
dt S 12)
{a) If P(0) =3, whatis lim P(t)?

If £(0) = 20. whatis lim P(r)?

{(b) If 2(0) = 3. for what value of P is the population growing the fastest?

ic) A different population is modeled by a function ¥ that satisfies the separable differential equation

Find Y() if ¥(0) = 3.

id) For the function ¥ found in part (c). whatis lim ¥(r)?

{=»o0




6. Let  be the function given by f(x) = sin(S.\' . %, and let () be the third-degree Taylor polynomial

for { about x = 0.

{a) Find P(x).

{b) Find the coefficient of x* in the Taylor series for f about x = 0.

I 1 ) ( | | |
fl—) - Pl=] <« —.
(10, 10,) “ 100

id) Let & be the function given by G(x) = I{: (t)dt. Write the third-degree Taylor polynomial

for ¢ about x = 0.

{c) Use the Lagrange error bound to show that

END OF EXAMINATION



Question 1

Trzffic flow 12 defined a: the rate at which cars pas: throuzh an nersection meazurad mcar permimts.
The waffic flow at 2 paracular nrerzection 1z modeled by the function F definad by

Fit)= 82 +4sin|%) fr 0 1 <30,
\2/
where Fir) 1z measured m car: permnuwtz and 1 1: meazurad m mmuts:,

(2) Tothenears:t whole mumber, how many car: pas: through the neerzection over the 30-mmmts
pariod?

(b) I: the waffic flow increasmz ordecrzasmz at t ~ 7 7 Grve arsazon for vour answer.

(c) What 1z the averazs wzlus ofthe trafic flow overthe time neenal 10 <1 < 137 hdicats wnits of
meazurs,

(d) What 1z the averaze =t ofchanzs of the wafic dow over the tmemeerval 10 < ¢ < 157 Indicats
it ofmeazurs.

@ [FFd- 2475 cans 1:lmus
Yo 3:4 1:meszrand
| 1: amswer
() F'(7y=-1872¢cr -1.873 1: amswer withreason
Smee F'(7) < 0, the 0affic flow 12 decrzazmsz
atr = 7.
© L[FFir)d - 3189 can fmin (1:lmis
3ho 3:4 1:mtegrand
| 1: answer
@ FO-TAY ) 517 01 1518 can /i’ .
15-10
Units of car: /min in (&) md cars/min® mn(d) Lo mie)ad @)




Question 2

Letfand g bathe function: zrvenby fix) = 2xil - x) and
gix) = 3ix—1Vx Hr0 < x<1. The zraph: of fand g are showninthe |

fizurs zbovz.

(2) Find the arsa ofthe shaded =zionenclozad by the zraph: of fand 2.

v

=)

N

(b) Fmd the volums of the :0lid zeneratad whenthe :haded r=zion enclozed 17 X

by the zraph: of fand g 1z reveolved aboutthe honzomal line 3 ~

- 1
L.

(c¢) Let hbaths fincuonzrenby hix) ~ kxil-x) or 0 <= x < 1. Forzach ! -y =4

% =0, the rezion (not :hown) enclezed by the zraph: of h and g 1z the
baze ofz :ohd with :quars cros: saction: parpendicular to the x-zxs.

Thers1: a value of ¥ forwhich the volume of this solid 12 equalto 13,
Writz, butdo not zolve, anequatton iimolving an ireegral expreszion that

could beuszed to dnd thevalue of &

-1
(@ Amra - ‘O(fl'x) ~ glx))

- 2 (e %)~ 32~ ) ke - 1133

Pl 2 12
() Veolums —K.J[ll‘—gn‘x}! 2 flx) jdx
a1, A
—,'r|0||.2—3|'x—l]»/§p ~(2-2x(1-x))" ) dx

- 16.179

.1 s
(©) Volums - .‘Dlﬁhc’x'; — gix))" dx

a1 -
| (Fx (1= x) - 3{x - D) e - 15

]
R

v
[

L]

L]

cmtszral
:amswer

: lmuts and comstant
: mtezrand

(~1} sachemer
Notz: 0/2 ifmeezralnot of form

fE " .
o| (RS ixy- T ix))

Danwer

s mtezrand
Danswar



Question 3

Anobject moving zlonz 2 curve m the xp-plane has posmuon (xz), pir)) atame ¢ = 0 with

% -3+ cos l:r: ). The deriative % 1z not explicitdy zrven. Attme 1~ 2, the object iz at poziion

(L8

(2) Find the x-coordmate of the position of the objectatume 1 ~ 4.

(b) Attums ¢~ 2, thezalue of % 1z —7. Witz an equation Sorthe line tansent 0 the curve at the pomt
(2}, ¥(2)).

(c) Find the :pead of the objectattime ¢ ~ 2.

(d) For ¢ = 3, ths ln=tanzentto the curve at (x(1), ¥i7)) has 2 slope of 2r + 1. Find the acczlemuon
wzetor ofthe objectatums ¢ - 4,

@ x4 - 22+ [ (3eos(s)) i- 1130 e )
“ 3:. o L .
<14 [1(3 vems(f)) di - 7.1320r7.133 -+ handles mizal condizon
Te ' [ 1:amwer
(b) i - '- 1: 3 i
&l _ @) __ T _ 5gs3 2.0 7 a|,_
| _. & 34cozd ’ T
- | 1:equation
& tml -
y—-8~--2983(x-1)
(¢) Thes:pesd oftheobjectattumer ~ 2 12 1:amswer
(2307 + (225 ~ 7382 or 7.383.
(@ x7(4)-2303 [1:x(4)
oy & o @
Vi R (2e + 133+ ceelrm)) 3"1'a§
¥(4) - 24813 or 24.814 L 1:amswer
The acceleraionvector & 1~ 4 12
{2303,24.813) or (2.303, 24.814).



Question 4

-

Conziderthe curve zivenby x° + 437 = 7 4+ 3xm

) & 3v-2x
(2) Show that & S 3x

(b) Show that thers 12 a2 ponet P with x-coordmats 3 atwhich the line tansemttothecurve 2t P 1z
herizentzl. Find the y-coordmats of P.

v

(c) Find the value of :; atthe pomt P SHund mpart (b). Dos: the curve have alocal maxmmum a2

local mmumum, ornerther atthe pone P7 Jusufi vour amswer.

@ 2x+8y = 3y+3x 5 [ 1: mphetdifSrantiation
(8v —3x)y = 3y - 2x = ‘f_ 1: solves Sr ¥
Y - 3v-2x
© 8y-3x
3v- 2x - ( &
S -0 3y-2x-0 1: ==
® S.V - 3x G 3} * 3 | dx ‘
“% 1lizhowszlope 1 0at(3. 2y
When x - 3, 3z - f [ 1:shows (3, 2) Lie: on curve
Y- <
F+42° =25 and 7+4332-25
Therafore, P~ (3, 2) 12 on the curve and the :lops
1z 0 at thi: pomt
© ﬂ 8y -3x)(3y - 2) - (3y - 2x)i8y - 3) [, dv
& {8y - 3x)° | o
2 ) P 4 2.,
(3 Fy_BE-&i-n 2 l:naluecfd'}atl‘il‘)
At P -3 2, > oo =. | >
(16-5) ' . L .
Since 3’ = 0 and ¥ < 0 at P, the cure has a local L 1: conclusion with justification
macmum at P



Question 5

A populauoni: modeled by a fincuon P that szizfiss the lozizue differenual squation

& P{, P\
" sl-a)

(@) IfP(0) = 3, what1z lm Pjz)7
]
IR0y~ 20, whatiz lm Piz)?
(b) IfP(0) -~ 3, forwhatzlue of P 1z the population srowms the S:teet?
(c) A differentpopulatoni: modeled by 2 fimenon T thatzausfie: the :eparable diferannal squaion
& T ot
z " 3ltm)
Find ¥iz) 1f¥(0) - 3.
(d) Forthe finctuon I found mpart (c), what 1z le ¥iey?

(a) For th: loziztic diferemal squation, the carmang

—= [ lramwer
capacityis 12,

L]

“11:amwer
EP(0) -3, lmP(r)-12
E P0) - 20, lm P(r) ~12

(b) Thepopulauoni: zrowms the S:testwhen P 1 half 1:amwer
the carmving capacity. Thersfore, P iz zrowms the
Sstzztwhen P - 6

v o 1a 1 1) (1 ¢\ " 1::sparate: vanable:
) SdV =Z|l-de= |52 - == ]|at |
© ¥ 2 I 12’ l 5 60 'l 1 amdentame:
m|¥| - L - % .c 5. ,: lzcm@Fcfmmggﬁm
2 1-‘:0 1:uze: mutial condiion
¥ie) - Kszi_ﬁj l : ;c/.i!;firi'ynct sxponanual
K-3 - o N
Tie - et T Note: max 2/5 [1-10-0-0] ifno
constantof mtsgration
Notz: 0f3 1fno sepastion of variables
@ l_x)m Fiey -0 1:amwer

0/1 1f¥ 13 not exponenual



Question 6

Let f be the fimction zrvenby fix) - sinl.Sx + %‘—l and let Pix) bethe durd-dszree Tavior polynomual

for f about x ~ 0.
(z) Fmd Pix).

(b) Find the cosfficiem of * nthe Tavlerzerie: for f about x ~ 0.

(c) Uzz the Lazrans= error bound 0 show tha |f|%.._ PI%’

for G about x - 0.

1

= 100"
(d) Let G be the fimecuonzrvan by Gix) - ‘; Fit)de. Wnte the thud -dezree Tavler polimomual

Lo v ]
0y - sin[E] - X<
@ fi0)-= '.4. 5
=\ 347
CSems T 22
£ ,ccs.‘4'| 3
o 23542
S(0) = -23sm| % —";:
;00 N5 () 12542
f lc,-—labc\'ﬁlzll— - 3

Pix) —£+$x~ 25&:(‘ - lzi\;x:
2 2 2i2Y 2034

-5242
(b) 20220
“lesl)

© |fl%)- Pllll| < max |f‘:“ic)||'l'|'ir

SULR U/ Rt \#/\ 10/

s 11

T41010/ 384 100

@) The thiddegree Tavler polymomual for G sbout
{ Q 54’: 251!: X: :dX

x=01 | |5 +=5-1-
Joous P < J
V2 52 2 2542 5
- X ot b X

4:

]

]

Pix)

{~1) each emer or muzzing term
deduct only once for sm( £ )
evzluatuon emwor

deduct only once for cos (§)
svzluzton smor

{~1) max Srall ewra temms, + -,
mizuze of squaline

[ 1:mazmitude
"l liamm

: error bound m an appropriate

insqualiy

: third-dezres Tavlor polmemual for G

about x = 0
{~1) sach meorrzet ormuzms t=rm

{~1) max for dllenta tarme, 4 oo,
mizuze of squaliny



2005 AP° CALCULUS BC FREE-RESPONSE QUESTIONS (Form B)

CALCULUS BC
SECTION IL Part A
Time—45 minutes
Number of problems—3

A graphing calculator is required for some problems or parts of problems.

1. Anobject moving along a curve in the xy-plane has position ((¢). (¢)) attime ¢ = O with

dx _ 5 52 dv _ . f a4t
Gr=120=5 and S = Inf1+ (0= 4)°).

Attime ¢ = 0. the object is at position (—13.5). Attime ¢ = 2. the object is at point # with
x-coordinate 3.

{a) Find the acceleration vector at time ¢ = 2 and the speed at time ¢ = 2.

ib) Find the y-coordinate of P.

ic) Write an equation for the line tangent to the curve at P.

id) For what value of ¢. ifany. is the object at rest? Explain your reasoning.

2. A water tank at Camp Newton holds 1200 gallons of water at time ¢ = 0. Duning the time interval 0 £/ < 18
hours. water is pumped into the tank at the rate

; _ .2t
W(t) = ()hv’f—sm'(%) gallons per hour.
During the same time interval. water is removed from the tank at the rate
, _ .2t
R(f) = 275sin~ :" gallons per hour.

{a) Isthe amount of water in the tank increasing at time ¢ = 15 7 Why or why not?
{b) To the nearest whole number. how many gallons of water are in the tank attime ¢ =187

ic) Atwhattime ¢, for 0 £ < I8 isthe amountof water in the tank at an absolute minimum? Show the work
that leads to your conclusion.

{d) For ¢ > 18. no water is pumped into the tank. but water continues to be removed at the rate R(¢) until the
tank becomes empty. Let & be the time at which the tank becomes empty. Write. but do not solve. an
equation involving an integral expression that can be used to find the value of .




3. The Taylor series about v = 0 for a certain function { converges to {(x) for all x in the interval of
convergence. The sth derivative of f at x =0 is given by

‘.'ll.')(o) - (—] )’”l(” +’,l )' for

nz=2.
5% (= 1)

The graph of { has a horizontal tangent line at x = 0, and {(0) = 6.
{a) Determine whether { has a relative maximum. a relative minimum, or neither at x = 0. Justify your answer.

{b) Write the third-degree Taylor polynomial for / about x = 0.

ic) Find the radius of convergence of the Taylor series for / about x = 0. Show the work that leads to your
answer.

No calculator is allowed for these problems.

(1,2)
1 (2.0)
" —— ;
-1.-2/ |
(3,-2)
(—4,-3) 1
Graph of f

4. The graph of the function / above consists of three line segments.
~ . . R " ~ ’ ”» -~
{a) Let g be the function given by g(x) = I . f(¢)de. Foreachof g(-1). g’(-1). and g”(-1). find the value
or state that it does not exist.

ib) Forthe function ¢ defined in part(a). find the x-coordinate of each point of inflection of the graph of ¢ on

the open interval —4 < x < 3. Explain your reasoning.

3 . .o . .
ic) Let /2 be the function given by #(x) = j f(¢)de. Find all values of xin the closed interval —4 < v < 3 for
X

which /(x) = 0.

id) Forthe function / defined in partic). find all intervals on which # is decreasing. Explain your reasoning.




_ . . 2
5. Consider the curve given by v= =2 4 xv.

Ix

Iv v
{a) Show that <~ 3 .
dx " 2v—x

ib) Find all points (x. v) on the curve where the line tangent to the curve has slope l;

{c) Show that there are no points (x. v) on the curve where the line tangent to the curve is honzontal.
{d) Let x and v be functions of time ¢ that are related by the equation v = 2 + xv. Attime ¢ = 5. the value

L. v . - dx ! -
of vis3and ‘/T = 6. Find the value of ‘7 attime ¢ = 5.
4 <

o k

6. Consider the graph of the function  given by f(x) = \.i 3

for x = 0. as shown in the figure above. Let R be
the region bounded by the graph of f. the x- and v-axes. and the vertical line x = &, where £ 2 0.

{a) Find the area of R in termsof k.

{b) Find the volume of the solid generated when R is revolved about the r-axis in terms of k.

ic) Let S be the unbounded region in the first quadrant to the rightof the vertical line x = & and below the
graph of f. as shown in the figure above. Find all values of & such that the volume of the solid generated
when § is revolved about the y-axis is equal to the volume of the solid found in part (b).

WRITE ALL WORK IN THE TEST BOOKLET.

END OF EXAM



Question 1
Anobjzct moving alonz 2 curvein the yv-plans has position (a1}, vi1)) attims 1 = 0 with
&3 Eonaflie-sf)

Attime r ~ 0, the object is atposition (—13, 3). At time 1 — 2, th= obj=ct is at point P with
x-coordinatz 3.

(a) Find ths acczlemtion vactorat tima 1~ 2 and thespasd attima 1 ~ 2.

(b) Fing ths v-coordinatz of P.

(c) Writz an =quation for the lin= tanzant to thecurvaat P

(é) Forwhat valus of 1, if any, i3 the objzct at r23t7 Explain vour rzasoning.

-
() «M2)-0.3"2)~ —?—,“ - -1882 o [1:acedaration vactor

a(2) - {0, -1.882) | 1l:spe=
Spezd ~ Y127 4 (ai17))" - 12.3280r 12,330

® ¥it)- 3(0) + [ a1+ u-4*)du | Tl s - 4 e
¥(2) =5+ |'0.1!1|‘1+ (u—4)*) du - 13671 | 1.hmdleammalcondmon
: ' ' Damswer
Z In(17
© Atr—2,slope—%——',—”—0.236 L [1:slops
3 B “11: equation

v -13.671=0236(x-3)

@ X()-0ir-04 [ l:irzsen
yity-0ifr -4 “ 1 1:answar
r-4

L]




Question 2

A water tank at Camp Nawton holds 1200 zallons of water at time ¢ ~ 0. During the tims intarval
0 <1 < 18 hours, watsris pumpsc into the tank at the @tz
Wit) - 85JFsin |%| zallons per hour.
During ths zams tims interval, watsr iz removad from the tank at the ratz
Rit) ~ 273sin% | %) gations per hour.

(2) Is the amount of water in the tank incrzasing at time ¢ ~ 137 Why or why not?

(b) Tothensarsst wholz mumbar, how many zallons of watsrarzinths tank attime ¢ ~ 187

(c) Atwhattime 1, for 0 <1 <18, i3 th: amount of water in the tank at an absolutz minimum? Show ths
weork that 12ads to vour conclusion.

() For r > 18, no water is pumpad into the tank but water continues to bz ramovad at the rate (1)
vatil the tank becomss ampty. Lzt & bz the tims at which ths tank bacomas 2mpty. Writz, but o not
solve, an squation involving an intzzel axpression that canbzuszd to find the valvz of &

(a) No: th: amount of water i3 not incrzasing at ¢ - 13 1:answer withraason
since F(15) — R{15) = -121.09 < 0.
a3 N = =
(b) 1200+ .'0 (Fir)— Riry) & - 1308.788 [ 1:limits
1310 gallons 3:4 1:intszrand
| 1:answer
() Wit)-Riz)~-0 [ 1:intsnior catical points
r~0,64548 125748 3. | 1:amount of wateris least at
t (hovrs) | zallons of water ’ t - 6454 or 6483
0 1200 [ 1:analysis for absolute minimum
6485 325
12875 1697
18 1310
The values at the andpoints and the critical points
show that the absoluts mininmm occurs when
1 6454 or 6453
@ | R di-1310 L[ 1:tmin
- | 1: =quation




Question 3

Ths Tavlorserizs sbout x ~ 0 fora carain Tnction fconvarzas to filx) forall x in the interval of

convarzencs. The mth derivativeof fat x ~ 0 iz zivenby
IR RS

F0) - — —= £
Fin-1r

-9
neaa.

Thez zraph of f has a horizontal tangent linz at x ~ 0, and f(0) - 6.

(z) Dztzmminzwhather f has 2 rlative maxinmm, a rzlative minimum, or nzither at x ~ 0. Justifv vour

answear,

(b) Writs the thid $2zr22 Tavler polynomial for fabout x ~ 0.

(c) Fing th=radivs of convarzancs of the Tavior sarizs for f about x — 0. Show the work that l=ads to

Yyouranswear,

(a) fhasarslative maxinmmat x ~ 0 bacauss
S0y~ 0ané f(0) < 0.

(b) fi0)~-6 fi0)~-0
] Al
S ‘;:3': - ‘%JW"O" - <54-;:
I 4l 1 s
TR 2T Ll vr il

(=) ny ([ V=l \
© u-'_f"ﬂlo;x.__n 1) m+ljx._

=

3 (n-1y

T

(—1 in+2) .
) "x.&]

3 1 "

lim |7
= -0

Thzradivs of convarzancst

w

L. lramswer
"‘ul. =
[ lirzmen

3: Pix)
(~1) =ach incomsct tarm
Notz: (1) max for va= of axtra t2ams

: gznzml tzem

:sats upratio

: computes limit

s applizs mtio =t to zat
| mdivs of converzance



Question 4

The zraph of th: onction f above consists of thees line

szzments. (1.2)

(a) Lzt g baths Snctionzivenby g(x) - ":fl't)d’.
Forzachof gi-1), g'i-1), and g"(-1), fnd ths I (2.0)
value or state that it doss not exist. o

(b) Forths function g d=finzd in part (a), find the (-1,-2)
x-coordinatz of zach point of inflection of the zragh (3,-2)
of g on the openintarval —4 < x < 3. Explain 473
Vour raasoning. Graph of f

(c) Lzt h baths Snctionzivenby Mx) - “:fl‘x)d'. Find all valves of x inthe clos=d intarval
-4 < x =3 forwhich bix) - 0.
(6) For the function h d=fined in part(c), find allintervals onwhich h is decraasing. Explain vour

rzasoning.
PR L TP 1 .0z 15

(@ -1~ | 4flt}dt—-:l3}l3j—~7 [1:2(-1)
g(-1) = f(-1) = -2 3:] ifg.i._llj.
27(-1) doss not axist bacause f is notifferantizblz Li:81=%
at x = -1.

) x-1 .,.,'l:x—l(only)
g~ f chanz=s from incraasing to decraasing - ‘f_ l:rzason
atx~ 1

() x--113 2:corectvaluas

(1) =ach mizsinz or =xtra valus

(é) hisdzerzasinzon |0, 2] 5 [1:interval

W f <0whea f =0 "‘f_lzraasm




Question 5

Consider the curve givenby 17 ~ 2 4+ x

ot & ¥
(2) Show thatdx -z

(b) Finé all points (x. ¥} onths curvewhars the linz tanzentto the curve has slopz %
(c) 3how that thars arz no points (x, ¥} on ths curvewhars the linz tanzantto the curve is herizontal.

(é) Lat x and v bz nctions of time 1 that ars ralatzd by the 2quation _v: - 2 4 xv. Attimes - 3, the

valvzof v 15 3and & _ 6. Findthe'\'al"l:.ecﬁé attims 1 ~ 3.

dt &
@ 2yV=-y+xy ~. [ 1: implicit differentiation
(v-x)¥ =¥ = | 1:solvas for
. ¥y
¥ -
LY - X
v 1 ( ¥ 1
® v -x 2 2'!1:2_1;—x_3
2vy=-2y-x | 1:answer
x=-0
J,-iﬁ
(0.42). (0. ¥I)
(C) wvy x_-o 2 rl:"'-o
“F T “4 - .
v -0 | 1: zxplanation
Thea curve has no honzontal tanzent since
s 2420 foranvx.
© \\}u}f-3,3:-2+3xsox-;3'. (lzsolﬁsfotx
. . H .
& kv & i P
G @ dyox & | 1:amwer
s g0 &8 &
M= S T &
e 22
dtls 3




Question 6

Considar ths zragh of the Sinction fziven by M
Fixy - x_i" for x 2 0, as shown inths fizues
zbovs. Lat R bzths mzionboundzd by the
zmphof f. the x-and y-axszs, and the vartical
ling x = & wherz & = 0.

(a) Find thearzaof R in tarms of k.

(b) Fing ths volums of ths s0lid zansratzC when
R 13 ravolved sbout the x-axis interms of & 7] k

X

(c) Lzt § bzthz unboundzd razion in the Arst quadrant to the azht of the vartical line x ~ & and bzlow
the zmph of £, as shown inthe fizurz abova Find all valuvas of & such that the volums of the solid
zanzmmtzd whan § s revolved aboutthe x-axis 3 squal to the volume ofthe solid found inpant (b).

ok
(a) ArsaofR - l %&—kﬂk«»h»lﬁﬂ) [ 1:intszral
et 20 1: antidifferentiation and
| zvalvation
o
(&) I"'E—,'r| ix+"):dx [1:limits
- -
7o X 3:‘! 1:intszrand
I T T 1: antidifferantiation and
x+2p 2 k+2 | evalnation
© Iv"s-;r| . 1».0& " 1:improper intzzal
Je (x+2) | : antidiffzrantiation and
-~ fim T T 4:.  evalvation
=—poa x+2v‘ k+2 | :=quation
Ve =13 | 1:answer
X _ T &
k+2 2 k+2
2 1
k+2 2
k=2




2005 AP’ CALCULUS BC FREE-RESPONSE QUESTIONS

CALCULUS BC
SECTION IL Part A
Time—45 minutes
Number of problems—3

A graphing calculator is required for some problems or parts of problems.

0

Let { and g be the functions given by flx) = _l‘— <sin{zx) and g(x)= 47" Let R be the shaded region in
the first quadrant enclosed by the y-axis and the graphs of / and g. and let § be the shaded region in the first
quadrant enclosed by the graphs of f and ¢. as shown in the figure above.

{a) Find the area of R.

{(b) Find the area of S.

ic) Find the volume of the solid generated when § is revolved about the horizontal line v = —1.




2.

o

The curve above isdrawn in the vv-plane and is described by the equation in polar coordinates » = 8 = sin(28)
for 0= 8= x. where r is measured in meters and 8 is measured in radians. The derivative of » with respect
to @ is given by ar . 2cos(28).

= © de
{a) Find the area bounded by the curve and the x-axis.

{b) Find the angle 8 thatcorresponds to the pointon the curve with x-coordinate 2.

- T 27 7 . . . — ; o
(c) For -« 8 < TT % 1s negative. What does this fact say about r ? What does this fact say about the
3 3

curve?

{d) Find the value of 8 in the interval 0 £ 8 = ?‘ that corresponds to the pointon the curve in the first

quadrant with greatest distance from the origin. Justify your answer.

)

Distance 0 | 5 6 R
X {cm)

Temperature .
.. : 3 2

T(x) (°C) 100 9: 0 62 55

A metal wire of length 8 centimeters (¢cm) is heated at one end. The table above gives selected values of the
temperature T(x). in degrees Celsius (*C). of the wire x ¢cm from the heated end. The function 7" is decreasing
and twice differentiable.

{a) Estimate T'(7). Show the work that leads to your answer. Indicate units of measure.

{b) Write an integral expression in terms of T'(x) for the average temperature of the wire. Estimate the average

temperature of the wire using a trapezoidal sum with the four subintervals indicated by the data in the table.
Indicate units of measure.

. 8 v . . . ~ . . N 8 sl 1Lt -
{c) Find L) T’(x) dc. and indicate units of measure. Explain the meaning of [[) T'(x) @ mntermsof the

temperature of the wire.

{d) Are the data in the table consistent with the assertion that 7”(x) = 0 forevery x in the interval 0 < x < 87
Explain your answer.




No calculator is allowed for these problems.

4. Consider the differential equation — = 2x — .

{a) On the axes provided. sketch a slope field for the given differential equation at the twelve points indicated.
and sketch the solution curve that passes through the point (0. 1).

{Note: Use the axes provided in the pink test booklet. )

y
. ¢ . .
. 1+ . .
+ + 1
_ ] 1 2

{b) The solution curve that passes through the point (0. 1) has a local minimum at x = In|%}. Whatis the
w-coordinate of this local minimum?

ic) Let v = f(x) be the particular solution to the given differential equation with the initial condition
F10) = 1. Use Euler's method. starting at x = 0 with two steps ofequal size. to approximate f(—0.4).
Show the work that leads to your answer.
2
d‘ ; in terms of x and v. Determine whether the approximation found in part (¢) is less than or

(d) Find

greater than /(-0.4). Explain your reasoning.




viit)

= 4, .
T 4] 4200 (16,20)
(=]
28 15
;8,3‘3710‘
g L
ol 4 8 12 16 20 24

Time (seconds)

5. Acaristraveling on a straight road. For 0 = 7 = 24 seconds. the car’s velocity v(z). in meters per second. is
modeled by the piecewise-linear function defined by the graph above.

)

- -4 PR N . . . . ~
{a) Find f(] V(1) ar. Using correct units. explain the meaning of f(]

24
Wi)at.
{b) For each of v/(4) and v/(20). find the value or explain why it does notexist. Indicate units of measure.

ic) Let alr) bethe car’s acceleration at time . in meters per second per second. For 0 < 1 < 24, write a
piecewise-de fined function for a(z).

{d) Find the average rate of change of v over the interval 8 = 7 = 20. Does the Mean Value Theorem guarantee
avalue of ¢. for 8 < ¢ < 20, such that v/(¢) isequal to this average rate of change? Why or why not?

6. Let { be a function with derivatives of all orders and for which (2 )= 7. When # is odd. the sthderivative

. . . . C . i ny (1)
of fat x=2 is 0. When # iseven and » = 2. the mthdenvativeof f at x = 2 isgiven by /" (2)= -,

an
Al

{a) Write the sixth-degree Taylor polynomial for / about x = 2.

. n . . -~ . .y \2. -
{b) In the Taylor series for { about x = 2. what is the coefficient of (x —2 )" for n= 17

ic) Find the interval of convergence of the Taylor series for f about x = 2. Show the work that leads to your
answer.




Question 1

Lzt f and g beths nctions ziven by fix) - % +aniTx) and glx) - 477 Lat
R bz ths shadzd razion in the first quadrant encloszd by they-axis and the zraphs
of fand g andlzt § bz thzshaded mzioninthe fimtquadmnt anclos=d by the

zmphs of fand g as shownin the fzurs above.

(2) Fingd the arzaof R.

(b) Fingd the arzaof &

(c) Fing ths volums of ths so0lid zen=ratzd when § i3 ravolvad about the honzontal /

line v - -1

o
Fix) = glx) whan _—i +osiniTx) - 47°.
fand gintemactwhen x ~ 0178218 and whan x ~ 1.
Let a - 0.178218.
@ [ (glx)- fix) dix - 0.064 ox 0.065 [ 1:Gmits
3:0 1:intzzeand
| 1:answer
~1
®) | (fixy- gix)de - 0410 [1:tmits
. 3:0 1:intzzeand
| 1:anzwer
1, - Ay . ==
© fr‘_l‘(f.‘x) + 17 —(g(xy+ 1)) adx = 4338 0r4.338 3. { 2:intzzmnd
o " | 1:limits, constant, and answar




Question 2

Ths curve zbove i3 dmwn in the xy-plans and i3 dzseribad by the xquationin ¥
polarcoordinatzs » — & +3in{20) for 0 <6 =T, whars » i3 maasured in 3
matars and ¢ 13 measseed in@dians. The darivative of r withraspactto @ iz

r= d'b »in(20)

zivenby & _ 1+ 2cos(26).

v
(z) Fing thzarzabound=d by the curve and the x-axis.
(b) Find ths anslz ¢ that corrzsponds to the pointon the curve with I 7 1

x-coordinate —2.

- N -
(c) For % <G = ‘—g, % i3 nzzative, What doss this fact savabout » 7 Whatdoss this fact say about the curve?

(é) Find thevalszof ¢ intheintzmzal 0 =6 = g that corzsponds to the point on ths curvs in the first quadrant

with zrzatast distance from the orizin. Justify vour answar,

@ Aca-3[7rdo © 1 timits and constant
1‘.,, . 3:! 1:intzzmnd
=376 +sin(3)F do - 4382 | 1: 2smer

®) -2~ rcosit) ~ (6 +sinj20))cos(¥)

- { 1:=quation
- 2786 7 1: answer
- N -
(©) Sincs % <0 for % RS ‘T", r is decrzasing on this - { 1: information abouty
“ | 1: information sbout the curve

intzrval. This means the curve i3 zatting closer to the orizin,

. [a @] a . g [ T -
@) 'Ihemlyvaluemio,ij v:ha'ed—y-Ozst)-—;. 2:‘! 1:0-—3-01'1.04.'

[ 1:answerwithjustification

2] 4
0]0

T

3 |1913
3 | 157

Ths zrzatzst distancs occurs when 6 — %—




Question 3

e ot | s | s |
Temparature
ey |00 | 93 | o | e | ss

Ametzlwie of lonzth 8 cantimaters (om) iz hezedatons end. Thatadle above zives szlectad valses of the emparaturs
T x), indezress Calsios (7C), of the wirz » cmfrom the haated end. The function T iz dacezasing and rwice

difzrzntadle.
Estimze T'1 7). Show tha work that l2ads to vour anzwer, Indicat: unis of measurs.

=)
)

©

@

Wrie anintzzeal exprasdon in terms of Tix) for the averazs tamparaturs of the wirs, Estimae the avarzzs emparatue:
of the wirz vsinz 2 trapazoida! sum with the four subintarvals indicaed by the datz in the &bdle. Indicats unit of

massuee.

Find jiT’[ x ) dx, and indicats units of mazsurs. Explzin the mazning of J‘ET’[,‘:) dv in @rms of the temparatues of the
) )

wirz,

Arzthe dan in h2 t2ble consistant with the assaction that Tl x) = 0 for svery x in fe interval 0= x < 87 Explain

YOour answar.

@)

®

@©

@)

T8-T(6 35—
8§-6 2

178+
§jOT|XJdt
I3
Tmpamoidal approximation for ‘OTl'x‘J a:
4o 100493, 9370, 0.6, 62455,

Avsrazs tampe@tues & %.4 - 75.6875°C

o

f,T'(x)dk = T(8) ~T{0) = 55100 - ~45°C

The tempeturz drops 43°C from the haatzd 2nd ofthe wirs to the
othzr 2nd of thawirz,

70-93
5-1

y
Averagzes ratz of chanzs of tempemturzon |3, 6] is 62 - 50

-
/

=0

Avesrage ratz of changs of tempemturzon [L 3 i3

- -8

No. By the MVT, T'iq) = -3.73 forsoms o inthaintzrval (L 3)
ané T'ie )~ -8 forsoms o inthzintzrval (3, 6). It follows that
T’ nmwst decrease somawharz in the inteeval (o, o7 ). Thersfors T7
is not positiva for svarv x in |0, 8.

Units of °C/em in(a), and °C in (b)and &)

=g

1:amswer

-

3:-|
|

L]
—_——
(-

L]
—_——
(-

1
1:
1

18
: §j°T|‘x) e
tEpezoidal sum
answar

: two slopss of szcant linss
: answar with axplanation

1:units in (3). (b). and (c)



Question 4

ks

Considar the diffarantial squation I" 2w

(z) Onths axss provid=, skatch a slops fizld for the ziven diffzrential squation at the

twelve points indicatzd, and sketch the solution curve that passes throuzh the point

10.1). (Note: Ugze the axe: provided in thepinktest booklet.)

Ths solution curve that passas throuzh the point {0, 1) has a local minimumat x - kxl%' Whatis the

v-coordinate of this local mininmm?

(c) Lzt y = fix) bz thes particular solution to the ziven differential 2quation with th initial condition
F10) = 1. Usz Evler’s mathod, starting at x ~ 0 with two stzps of zqual siz2, to approximatz f{-0.4).
Show thework that l2ads to vour answar.
(@) Find % in terms of x ané v. Datermine whather the approximation found inpart (¢) iz less thanor
grzaterthan f{-04). Explain vour rzasonins.
(a) ¥ [ 1:zeroslopss
3:! 1: nonzero slopss
y 2% —_= / | 1:curve throvzh (0.1)
% 1 » /
\ ot
-1 o 2
(b) %—C\-..henbc—g; 2:‘!1:555%-
Ths y<oordinats is 21n|2‘|. L1:20mer
() fi(-02)= f£i0) + £(0)(-0.2) o . [ 1:Eslers method with two steps
=1+ (-1{-0.2) -12 - | 1:Evler approximation to f(-0.4)
Fi-0.4) = fi-0.2) + £'(-0.2)(-0.2)
~12 +(-1.6)(-02) = 1.52
o dy v [ dy
©) ;:—2—%-2—2x+3; 2:‘:1;?
. | 1:answarwithrzason

= i3 positive inquadmnt I becavsz x < 0 and v > 0.

&

132 < f(-04) since all solution curves inquadmnt D ars
concavs up.




Question 5

A caris travzling on astmizht road. For 0 <1 = 24 zzconds, thecar’s Wi
velocity viz), in mater parszcond, is modzlad by the plecawise-linzar S o]0 (16,20
function d2finzd by the zaph abovs. = ; 15
o - . . : P24 LE
(2) Finé .‘0 vit) k. Using corrzct units, explain the meaning of .‘0 vi)de. 2 g ":
(b) Forzachof v{4) and v/{20), find ths valuz or axplain why it dozs not g o 4 s 12 16 0 21 "
sxist. Indicatz units of measure. Time (scconds)

(c) Lzt afr) bzthscar’s accslzration at time 1, inmaters par szcond parsscond. For 0 <1 < 24, watza
plecewise-dafinad function for air).

(&) Fing ths averazs ratz ofchanzz of v over the intzrval 8 < ¢ < 20, Doss the Mzan Valuz Theorsm zrarantzs
avaluzof ¢, for 8 < ¢ < 20, such that v'{e) is squal to this averagzs ratz of chanzs? Why or why not?

.24
@ i) dr = 3(4)(20) + 12)(20) + 3(8)(20) - 360 |, [1:valve
The car travals 360 matars in thess 24 szconds. 1 1+ meaning withunits
(b) {4} doss not =xist bacausz [ 1:47(4) do2s not =xist, with explanation
vty -vid), - . (vity— vy 3:0 1:v( 20y
fim| =21 |52 0= tim| 110
-4 ) T M T ) | 1:units
Ay, 20-0 5 eand
V) =gy~ T
© PEleres L | 1ifings thevabas 50,2
ait) - | 0 f4<r<16 =5 DR . _
< | 1:identifi=s constants with corract intenals
-5 ifl6<r<24
at) dossnotaxistatr — 4 and r ~ 16,
(é) Theaverazz mte of chanzzof v on |8, 20 i ~. [ 1:average rat ofchanze of von |8, 20]
w20 - vi8) 3 2 - | 1:anzwerwith explanation
—0-s g Wi
No, the Mzan Valve Theoramdozs not applyvto v on
|8, 20| bzcavsz v is not difzrantiabls at ¢ ~ 16.



Question 6

Lzt f bz a2 onction with denvatives of all orden and forwhich f{2) = 7. Whan n is oéé, the mth darinative

of fat x — 2 i3 0. Whan n is svenand n = 2, the mth derivativeof fat x ~ 2 s zivan by £17(2)

(2) Writs the sixth-dzzrzz Tavior polynomial for f about x ~ 2.

(b) Inths Tavlorserizs for f about x~ 2,

N {n-1)!

what is thecosficientof (x - 2" orn 217

(c) Fing the interval of convargence of the Tavlor serizs for f about x — 2. Show ths work that l=ads to vour

answear,

I e 23t 1. 4 3
@ Bix) - .-+3—:~E|x—2; ¢?~I!|x—2} +3—5
2rn-1! 1 1
® 3" 2n)! 3 (2n)
() Ths Taylorseries for fabout x = 2 is
() - T (v _ D)=
Fix) .+-_ 2‘.n~3:"|x 2y
1 . (e A=l
I o fim | 25D FEEC TR
== 1 1 ¢ Nl
.,—-T_lx—ar
«n 3‘
. wm F s x-27
By YT

L <1lwhen|x-2|<3.
Thos, the serizs converzzs whaen —1 < x < 3.

oo

When x = 3, thesariesis 7+ 3--'.' -7 +%zl,

~%|’:»:—2)5

which divarzas, bacavse Z% ths hammonic sanzs, diverzas.

-l
When x = -1 thesariesis 7 +Z (*3)..- -T+=
e 2

which divarzas, bacavse Z% ths hammonic sanzs, diverzas.

-l
The intzrval of convargencs i3 (-1, 3).

1

h

.

1 :polynomialaboutx ~ 2
1 2:P§|'x)
+ (-1} zachincomractterm

% (~1} max forall extem tzrms,

+ oo, mizusz of squality

: cosficiant

:32ts up ratio

1: computes limit of ratio

1: ié=ntifizs interior of
intzrval of convarzancs

1 :considers both andpoints

1: analysis'conclusion for

both endpoints




2006 B
CALCULUS BC
SECTION IL Part A
Time—45 minutes
Number of problems—3

A graphing calculator is required for some problems or parts of problems.

-‘,

1. Let { be the function givenby (x)= T -—- 7 = 3cos x. Let R be the shaded region in the second
quadrant bounded by the graph of {. and let .S'-be lh-e shaded region bounded by the graph of { and line £. the
line tangent to the graph of / at x = 0. as shown above.

{a) Find the area of R.
ib) Find the volume of the solid generated when R is rotated about the honzontal line v = -2,

ic) Write. but do notevaluate. an integral expression that can be used to find the area of S.

2. Anobject moving along a curve in the xv-plane is at position (x(f). (7)) attume f. where

(l.\'_ =) (I_\_ s o=t )
i tan{¢™ | and i =secfe™ )

for t =2 0. Attime ¢ = 1. the object is at position (2.=3).

{a) Write an equation for the line tangent to the curve at position (2. =3).

ib) Find the acceleration vector and the speed of the object at time ¢ = 1.

ic) Find the total distance traveled by the object over the time interval 1 = ¢ = 2

id) Isthere a time ¢ = O at which the objectison the y-axis? Explain why or why not.




Height (meters)

0 *
3. The figure above is the graph of a function of x. which models the height of a skateboard ramp. The function
meets the following requirements.
(i) At x =0. the value of the function is 0. and the slope of the graph of the function is 0.
{ii) At x = 4. the value of the function is 1. and the slope of the graph of the function is 1.
{iii) Between v =0 and x = 4. the function is increasing.

{a) Let f(x) =« +2. where « is a nonzero constant. Show that it is not possible to find a value for « so that [
meets requirement {ii) above.

"

PR X~ . . n . -
{b) Let g(x)= e = 16 where ¢ is a nonzero constant. Find the value of ¢ so that ¢ meets requirement (ii)
above. Show the work that leads to your answer.
{c) Using the function g and your value of ¢ from part (b). show that ¢ does not meet requirement (iii) above.

\!f

(d) Let fi{x)= T where & is a nonzero constant and # is a positive integer. Find the values of & and # so

that /# meets requirement {1i ) above. Show that /# also meets requirements (i) and iii) above.




No calculator is allowed for these problems.

(16, 15)

151

Calories per Minute

4 8 12 16 20 24
Minutes

4. The rate. in calories per minute. at which a person using an exercise machine burns calories is modeled by the
. . . - P 1 3
function f. In the figure above. f(f)=——t

32 . <e s ; ; -
i %!‘ <1l for0=¢ =4 and { 1s piecewise linear for 4 = ¢ = 24,

-’

{a) Find 17(22). Indicate units of measure.

i{b) Forthe time interval 0= ¢ = 24, atwhat time ¢ is { increasing atits greatest rate? Show the reasoning that
supports your answer.

{c) Find the total number of calories burned over the time interval 6 < ¢ £ 18 minutes.

{d) The setting on the machine is now changed so that the person burns (f ) = ¢ calories per minute. For this
setting, find ¢ so that an average of 15 calories per minute is burned during the time interval 6 = = I8,

5. Let { be a function with {(4)=1 such that all points {x. v) on the graph of  satisfy the differential equation

c/_\'

— =2v(3-x).
dx ¥ ¥)

Let ¢ be a function with ¢(4) =1 such that all points (x. v) on the graph of ¢ satisfy the logistic differential
equation

{a) Find v= f(x).
i{b) Given that g(4) =1. find lim g(x) and lim ¢ (x). (Itis not necessary to solve for g(x) orto show how
Nz N—zc
you arrived at your answers. )

ic) Forwhat value of v does the graph of g have a point of inflection? Find the slope of the graph of ¢ at the
point of inflection. {It is not necessary to solve for g(x).)




6. The function [ is defined by f(x)= ] ! 7~ The Maclaurin series for { is given by
-1\

[ I A )n _\.f\n 1
which convergesto f(x) for =1 < x < 1.
{a) Find the first three nonzero terms and the general term for the Maclaurin series for /"(x).

- - PER . 3.6 9 3
{b) Use your results from part {a) to find the sum of the infinite series -—‘., g+t (-1)" 2
22 25 o8 S E

{c) Find the first four nonzero terms and the general term for the Maclaurin series representing l() f(t)dt.

- e - . . e
{d) Use the first three nonzro terms of the infinite series found in part (c) to approximate [(1 () dr. What

. . . . LR . L
are the properties of the terms of the series representing |U {(t)de that guarantee that this approximation

is within ] of the exact value of the integral?




Question 1

y
Lzt f be the function ziven by f|x;—T~?~:+3CO=X. LatR

bethzshadzd rezion in the s2cond quadmnt boundzd by the zmph of f)
and 1zt § bz ths shadzd razton boundzd by the zraph of fand linz £,
the lins tanzent to the zmph of fat x ~ 0, a3 shown abov=.

(a) Find ths arzaof K.

(b) Find ths volums of ths s0lid zenaratz when R iz rotatz¢ about the
herizontalline v - -2,

(c) Writz, butdonot zvaluats, an intzzral sxprassionthatcan be uexd
to find the ar=z of 5

For x <0, f(x)= 0 when x - -137312.
Lat P~ -137312.

.0 .
(@) Arsaof R - ‘Pfl'x)dx— 2.803 ; { 1:intzzsal
’ 1:anzwar
.0, . A o
®) Volums - :T_‘Plllﬁf[x) +2) —4) dc - 35.361 [ 1:timits and constant

1
4.0 Q:intzzmnd
1:answar

(c¢) The=quationof ths tansentline £ is ¥ = 3 - %x. [ 1:tanzentline
- 3:1 1:intezrand
Ths zaphof fand line { interssctat 4 — 3.38087. [ 1:tmits

Arzaof § - [

A
]

(- ) 7o)




Question 2

Anobjzct moving alons a curvain the x-plans i3 at position (xir), viz)) at tims 1, whars

dx { =2 d' _ { -2
F tan|e™ | and & szc|e

fort 2 0. Attims r ~ 1, thz obj=ct is at position {2, -3).
(a) Writz an =quation for thz lin= tanzant to the curve at position (2, -3).
(b) Find ths acczlzmtion vactor and the sp2ad of the cbjectat time 1 ~ L

(c) Find ths total distancs travelzd by thz object ovarthe time interval 1 <1 < 2.
(6) Is therza tims 1 = 0 atwhich the objzct is on the y-axis T Explain why or why not.

a
(a) i - i - ﬁ - 1 i’ 1:
@ A gafet) sn(e” ) 2.0
& B!
4l ol 27802781 '
iz sinfs)
V+3=-— _1‘|‘xf2]
sin|s7)
®) x"(1) - -0.42253, (1) - -0.15196 A\ { 1
- 1
a(l) = {(-0.423, -0.132) or (-0.422, -0.151}.
spead — [(szele )7+ {rmafe ) - 1138 o113
© (227 + () & - 1038 .. { 1
- 1
¥ \ e ‘l LFPRY _-—crT ~
@) XIOJ—xllj~“oxlr)d—2*0.;.‘3333 >0 (1
3:.1
Ths particls starts to the right of the yv-axis. L1
Since x'(7) = 0 forall 1 = 0, the objact is always moving
to the nzht and thus iz never on the y-axis.

Ed
dxliy sy
:zquation of tanzant line
: acczlemtion vactor
:spead
s intzzeal
:answar
s x(0) exprassion
X =0
sconclusion and rzason



Question 3

Ths fizue= abovs s the zmph of 2 nction of x, which modsals thehaizhtofa
skatzboard ramp. The function me=ts the following raquisments. ‘é
(1) At x = 0, the valvzofthe function s 0, and the slops of the zragh of E
the function is 0. E
(i) At x ~ 4, the vzluzofths functionis 1, and the slops of the zragh of K]
the function is 1.
(111) Between x = 0 ané x - 4, ths nction s incraasing. o *

(a) Lzt flix) - ax‘ whars a i3 anonzaro constant. Show that it is not possiblz to dnd a valvzfor a sothat f
masts raquirament (i) sbovs,

(b) Lat zix) - o {—6, wharz ¢ i3 2 nonzaro constant. Fing the valus of ¢ so0 that g mests raquirsment (1)
zbove. Show the work thatlzads to vour answar,

(c) Using the function g and vour value of ¢ frompart (b), show that g dozs notmestraquirament (iti) sbova.

(é) Lat hix) = -, whers & is 2 nonzero constantand » is a positive integer. Find the values of & and n so that
k

h masts raquirsment (i) zbova. Show that h also mests raquirsments (1) and (iit) abovs.

@ f(4)-limpliesmata-l—16md f4) - 2a(4) -1 . l:a-%ora-%
implizs that a -~ —é—.Thus,f cannot satisfy (ii). L1 :shows a dess not werk
®) £(4)- 6%~ 1 -1 implies that ¢ - o 1: valve of ¢
1 oy aiwd 208 1y 1
When ¢ - Bk glid) = 3ci4) - % 3|I32'||16J~ 3 1
@© g’u'x)-%x:—g-%xu‘h—-‘) ;. [1:£'ix)
4 | 1 :zxplanation
gix)<0fr0<x < 3 50 g doss not satisfy (i),
@) hi#) - 5 - limgliss that 47 - & l1: £
. | . | | .-.'1
Wia - BT R e e 4oand k- 4 - 256 4:01: 2
= & 4 n
[ l:ivavesorkand n
4 | 1 :verifications
B - :;6 = R0}~ 0. [ 1:wvearification
Hix) = 352 Hi0) = 02 Kix) >0 for 0 cx < 4




Question 4

The ratz, incalonszs permimste, at which a parsonusing an (16, 15)

=xaroizs machine burns calorizs i3 modzlzd by the Tnction 15 (20, 15)

f In the fzure above, f(1) - f%x‘ + %r’ +1 for

0=r<4 and fisplecawise linzar for 4 <1 < 24,

(a) Find f'(22). Indicats units of measura.

(b) Forthetimeintarval 0 <1 < 24, atwhattime 143 f
incraasing at its zraatzst @tz” Show the raasening that
SLpports VoL T answar, % 1 5 —

(c) Find ths total number of calorizs bumed ovar the tims Mi ! i -
interval 6 <1 < 18 mimstes, Ainutes

() Ths s=ttingz on the machins i3 now chanz = so that the parsonburns fir) + ¢ calorizs par minuts. For this
satting, find ¢ sothatan avemzzof 13 calorizs permimutz iz burnd dunng the tims interval 6 <1 < 18,

Calories per Minute

(24.3)

!

@ (22 - .}c‘_ 34 ~ —3 calorizs min'min 1: f(22) and vnits

(b) f isincraasinz on |0, 4|andm|12,16|. 1/ en i0.4)
3 . | 1:shows /" hasamaxatr = 2on (0. 4)
On (12,16 H ~ 5 sincs fhas 40 :
A216), S - 15 1.‘ 3 sineef lishowsorl2 <1 <16, f1) < f'(2)
1

constant slops on this interval. | 1:answer

On (0,4), fit) = —31 + 3 and

)= -3t +3- 0 when 1 - 2. Thisis whewe f”
has 2 maximumon [0, 4] sincz /7 = 0 on (0. 2)
and f" <0on (2,4).

On [0, 24|, fis increasing at its zezatest ratz whan
£ -2 becasse f2) - 352

-~ _.’.
<

- 15
@ js Ffleyak ~ 6(8) + %MNS +13) + 2(15)

L]

'llzmathod

. 1:answar
=~ 132 calorizs i

(6) Wawant 11,‘ (f(2) +¢) k=13,
This means 132 + 120 = 15(12). 80, ¢ = 4,

OR

: setup
svaluz of ¢

[
PN
[ECa—

13‘.

Cumrantly, the averazs i3 = 11 calorizs'min.

Addinz ¢ to fir) will :hl:t thzavemzzby o
S0 ¢~ 4 tozstanaverazs of 15 calonzs min.




Question 5

Lzt f bz a tnctionwith f{4) - 1 such that all points {x, ¥) on the zmph of f satisfy the difzrantial 2quation
é'.

= = 2¥(3-x).

e
Lzt g bza functionwith gi4) ~ 1 suchthat all points (x, 3) onths zragh of g satisdy the lozistic difzemntial
zquation

8|8

2¥(3 - ¥).

(a) Finé » - fix).
(b) Given that g{4) ~ 1 4né lim gix) and lim g'{x). (Itis not n=cassany to solve for gix) orto show how
200 20
VOU arnvad at Vour answars.)

(c) Forwhat value of v dozs the zmph of g havs a point of inflzction? Find the slops of the zrapgh of g at ths
pointofind=ction (It is not nzcassary to solve for gix).)

: separatss variablas
:antidarivativas

: constant of intzzmation
: 323 initial condition

=-2¥(3-x)

@)

Bl

%qj.’- 2(3- x) d«

tn|y| - 6x—x +C

A=
L. Sma
P s s s g

0-24-16+0C : solution
C--8 ) ) )
tn|y| - 6x—x -8 Notz: max 23 [1.-1-0-0_.01 ifno
FIRE I constant of intzze@tion
poeTT R Note 0/5 if no sepacation of vadables

®) limgix)~3 I’l:limgu’x';-3
X =0 - X -0

L]

’ ‘l 1: }'_ugog’fx)— 0

limglix)~ 0
z 0

o ) [,.._.3
© Z¥-6-9% | 1v-3
. 1. =
Bzcavszz i # 0 atanypointonthzzmphof g the | dx_\_,/;

a

concavity enly chanzss siznat v ~ 5, half the canving

(¥

(3

capacity.
+ _‘.3| f
EPEE IS

rall

(LY




Question 6

Ths function f s dzfined by f{x) - 7 1 —. Ths Maclavan serizs for /i3 givanby

+x

1o v o T

which converzas to fix) for —1 <x < 1.
() Fing ths first threz nonzaro tzams and the zansral teom for the Maclavrin sarizs for M x).

(b) Us=z vour zsults from part (2) to find the sum of the infinits serizs ¥w—3: + % - Tgs 4+-ee +(-1)7 3n

- doeeel
A==l
-

(c) Find ths first four nonzaro terms and the zenawl tzem for the Maclavan seriss mpresanting ‘; Finyde.
212
(é) Usz ths fistthrzs nonzaro tarms of the infinite sarizs found inpart () to approximats '0/ Fi1) &k What arz

. - - . . r 12 . L.
the propartizs of the tzrms of the s2rizs raprazenting / (1) dr that zuarantzs that this approximation i3
0

v ithi 1 z = e = of the intesea]?
within 10,000 of the zxact valuz of the intzzral’
@ flix)y- AT B o 8xt +3m‘—1)"x’:""1 4-e- 5 | 1:drst thees teeams
“ | 1: zenaral tzem
() Ths givensariss is the Maclavrin serizs for fM(x) with x = % [1:F(x)
- 2.
. S SRR By
Fixy - (12 (34) | 1:713)
:1-
14 351
Thos thshmo:'thesenensf.-i—]—— '41':——%
|1+-§‘|
r Lo X N (-1 ! .‘_llsixst:'outtm
© Jolarf XTI 3n+1 “ | 1: zeneal tzem
¢y
(2 1 13 13 L
@) I sdx‘—:—‘_T+ ‘., X [ 1:approximation
Joo 14y 1' 3_!1:p¢opmiso:’tm
Ths sarizs inpant (o) with x ~ 5 has tzrms that altemats, d2crzaszz in "1 1 absolutevaluzof
absoluts value, and have limit 0. Hencs the zroris bound=d by the | fourthtzem < 00001
zbsolutz valuz of the naxt tarm.
4 4 7 10
(1) (1) (1)
R B By e 1
.Jo 1”5‘*‘;5‘ 4 7T | <710~ Toa0 < 0000



2006 AP° CALCULUS BC FREE-RESPONSE QUESTIONS

CALCULUS BC
SECTION IIL Part A
Time—45 minutes
Number of problems—3

A graphing calculator is required for some problems or parts of problems.

0

1. Let R be the shaded region bounded by the graph of v = In x and the line v = x —2. as shown above.
{a) Find the area of R.
{b) Find the volume of the solid generated when R is rotated about the honzontal line v = =3.

{c) Write. but do notevaluate. an integral expression that can be used to find the volume of the solid generated
when R is rotated about the v-axis.




2.

. . . . . £y . 21
At an intersection in Thomasville, Oregon. cars tum left at the rate L(¢) = 6047 sin” [’:‘} cars per hour over the
time interval 0 = ¢ = 18 hours. The graph of v = L{f) is shown above.

{a) To the nearest whole number. find the total number of cars turning left at the intersection over the time
interval 0 = ¢ £ 18 hours.

{b) Traffic engineers will consider turn restrictions when L{f) 2 150 cars per hour. Find all values of ¢ for
which £L(f) = 150 and compute the average value of L over this time interval. Indicate units of measure.

ic) Traffic engineers will install a signal if there is any two-hour time interval during which the product of the
total number of cars tuming left and the total number of oncoming cars traveling straight through the
intersection is greater than 200.000. In every two-hour time interval. 500 oncoming cars travel straight
through the intersection. Does this intersection require a traffic signal? Explain the reasoning that leads to
your conclusion.

‘s

. Anobject moving along a curve in the vv-plane is at position (x(#). v(#)) attime ¢, where

=sin7 (1 -2¢7 ) and ((IT; = ] j[,_‘

dx
dt

Ly = aresin x)

for £ 2 0. Attime ¢t = 2. the object is at the point (6. —-3). {(Note: sin”~

{a) Find the acceleration vector and the speed of the object at time ¢ = 2.

{b) The curve has a vertical tangent line at one point. At what time ¢ is the object at this point?

{c) Let ml(t) denote the slope of the line tangent to the curve at the point (x(#). v(#)}. Write an expression for
m(f ) intermsof ¢ and use it to evaluate lim m(f).

1=

{d) The graph of the curve has a horizontal asymptote v = ¢. Write. but do not evaluate. an ex pression
involving an improperintegral that represents this value c.




No calculator is allowed for these problems.

4.

! 0 10 | 20| 3 |10 | s0o| e | 70 | 80
{seconds)
vit) - e
B, ’ 5 14 22 29 35 40 44 47 49
{feet per second)

Rocket A has positive velocity v(f) after being launched upward from an initial height of O feet at time t =0

seconds. The velocity of the rocket is recorded for selected values of ¢ over the interval 0 = ¢ =< 80 seconds. as
shown in the table above.

{a) Find the average acceleration of rocket A over the time interval 0 < ¢ = 80 seconds. Indicate units of
measure.

. . . . S . " .
{b) Using correct units. explain the meaning of |m v(t ) dt in terms of the rocket’s flight. Use a midpoint

i . . . . 700
Riemann sum with 3 subintervals of equal length to approximate |m v(t)dt.

~

ic) Rocket Bis launched upward with an acceleration of «(f) = J}‘_] feet per second per second. At time

t =0 seconds. the initial height of the rocket is O feet. and the initial velocity is 2 feet per second. Which of
the two rockets is traveling faster at ime ¢ = 80 seconds? Explain your answer.

. . . . v _ 2
Consider the differential equation tl— =5x" -
[{AY

— for v = 2. Let v = {(x) be the particular solution to this

differential equation with the initial condition [(—1)= —4.
2
dn

{a) Evaluate d—\ and ;,' at (1. —4).
dx dy

ib) Isitpossible for the x-axis to be tangent to the graph of  at some point? Explain why or why not.
ic) Find the second-degree Taylor polynomial for { about v = —1.

{d) Use Euler’s method. starting at x = —1 with two steps of equal size. to approximate {(0). Show the work
that leads to your answer.

6.

The function  isdefined by the power series

5 S
22 33 (=1)" ux"

X
2 3 4 n=1

for all real numbers x for which the series converges. The function g is defined by the power series

IS (=1)" ¥
6! 2n)!

2
(oo XX
gl=1-5=7

for all real numbers x for which the series converges.
{a) Find the interval of convergence of the power series for /. Justify your answer.

i{b) The graphof v = f{x)— ¢(x) passes through the point (0. —1). Find v(0) and v”(0). Determine
whether v has a relative minimum. a relative maximum. or neither at x = 0. Give a rason for your answer.




Question 1

Lzt R bz the shadzd rezionbound= by the zraghof v ~ ln x and ths lins

¥ = x- 2, asshownabova

(2) Fingd the arzaof R.

(b) Find ths volums of the s0lid zensratz€ when R is rotatz¢ zbout the heorizontal
line ¥ = -3. %

(c) Writz, butdo not zvaluate, an intezral sxprassion that can bz vz to find the 0
volums of the s0lid zenzmtzd whan R iz rotatzd sbout the y-axis.

B

In(x) = x -2 when x - 0.1383% and 3.14618.
Lat § - 0.1585% and T - 3.14619
(@) Arzaof R - ‘.;cﬁlm‘x)—a'xfz))dr— 1549 [ 1:intezeand

’ 3:0 1:timits

| 1:anzwer
® Volume - 7 ((laix) +3 ~(x-2+3f ) & .. {z;mgm
~ 34158 or 34195 1: limits, constant, and answer

© Volume -1 [---l}(}‘ I P '|: | v [ 2:intzznd

Js-2t v 3:1.~-. 5 s

1: imits and constant




Question 2

At anintarzaction in Thomaswills, Omzeon, cars e ¥
leftat therate Liz) — 6047 sin’ |-;-' cars per hour
- 2501
over tha time interval 0 <1 < 18 houvrs. The gragh of
¥ = Liz) is shownabovs. 200
(2) Tothznzarzst whols mumbear, And thatotal
number of cars turning l2ft atthe intzrsection 150

ovar the tims interval 0 <1 < 18 hours.
(b) Tmffic anginsars will consider tum restrictions 100
when Liz) = 150 cars per hour. Find all values

of ¢ forwhich L{r) = 150 and compute the 1

averazz valvz of L over this tims interval 0
Indicatz units of maasurs.

(@

3

6 9 12 15
Twffic snzineares will install 2 siznal iF thers i3 any two-hour tims tntzrval during which the product of the

total numbar of cars tuming 12 and the total numbar of oncoming cars tmvaling straizht throuzh the
interzaction i3 grzater than 200,000, In svary two-hour tims intzrval, 300 oncoming cas travel straizhe
throuzh the intzmaction. Doss this intarsaction raquirs a tfic siznal T Explain the rzasoning that lzads to

vour conclusion.

18

- 15
@) .D Lit)dt = 1638 cas

®) Liz) =150 when r - 1242831, 1612166
Lot R~ 1242831 and S - 16.12166
Lir) 2130 forrin the interval | R, 5]

1 ;s

i

TR Litydk - 158426 cass perhovr

f

() Forthsproduct to excsad 200,000, the mmberofcars

twming =% in 2 tvo-hour intzrval nwst be zraatzer than 200,

212
|]: Liryak - 431831 =400

OR

The mumbar of cas twening leftwill be zrater than 200
on a two-hourintzrval iF Lir) = 200 on that intzrval.

Liz) =z 200 onany two-hour subintarval of
|13.25304, 1532386).

Vs, 2 traffic siznal i3 raquirsd.

L]

(e -
L

1:setup
1:answer

[ 1:tdntzrvalwhen Lir) 2 130

t4 1:avemzavavzintzzeal
| 1:answerwithunits

[ 1:considers 400 cass

1:valid interval [h, h+ 2]

| liabeof | Lind

| 1:answer and sxplanation

OR

: considars 200 cas perhour
csolves Liry = 200

: discuszas 2 hour interval

: answar and explanation



Question 3

Anobjzct moving zlons 2 curvain the xi-plans is at position (xir), ¥iz)) at tims 1, whars

dx s=1f - o 4t
= = 3 1-2 and = - -
Z o 11-2e7) & 1.0

fort 2 0. Attims r ~ 2, the objact is at the point {6, -3). (Wots: sinx -~ aresinx)

(a) Fing thz acczlzmtion vactor and the spezd of the chjectattima 1 ~ 2.

(b) Ths curve has 2 vartical tanzent linz at onz point. Atwhat tims 1 i3 the obj=ct at this point?

(c) Lzt miir) denotztheslopz of thelins tanzant to the curve at thepotnt xir), vir)). Writz an =xprassion for
miz) intzrms of 1 and vaz itto =valuats l_tﬂ mir).

(8) Ths zragh of ths curvs has a horizontal asymptots v — o. Writs, but do not svaluats, an exprassion involving
an impropar intzzral that mprasents this waluz o

@) al2) - (0.3950r0396,-0.741 or - 0.740) - ‘[ 1: acczlemtion
Speed = JX(D7 +¥(2)° - 1207 or 1208 R
®) sin?(1-267)-0 L [1:¥in -0
1_25—:_0 - :_1:3!15""&!‘
t- 2—0.693:1'6%:0!’:11&1:—1!12
. 1 R
© mir)~ I Y .,,‘.1-""0
Lertosiamlo 2 “1 1 Emitvatue
, N
fim miz) - tim| oL |
f—wea t=a| 141" sin™ (1-2677) |
. N
-0 —|-0

Lsin (1))

@) Since lim xit) = o=, [ liintzgzrand
o0 o
| 1:timits

[Ca 3

¢= limyit) - -3+ <
1—ea 2141

1:initial valus consistant
| with lower limit




Question 4

(soeinis o | 0] 20 3| 2| 0|6/ 70/ s
(‘Eatp;x;cond) 5 | 1a| 22| 2| 35| 40| 44| 47| 4

Rockst 4 has positive valocity vir) aftar baing launchad vpward from an initial heizhtof( Zatattime ¢ - 0
szconds. The velocity of the rockst is recorded for szlzctzd valuvzs of 1 ovartheintzrial 0 <1 < 80 s=conds, as

shown in the tabls abovs.
(a) Fing ths averazs acczlzmtion of rockst A4 ovar the timeintzrval 0 <1 < 80 szconds. Indicats vnits of
maasurs,

r 70
(b) Usinz corractunits, explain the meaning of ‘10 vir) & intzrms of the rockst’s dight. Use amidpoint
. . . - . P
Rizmann sum with 3 subintzrvals of 2qual lenzth to approximats ‘10 viz)d.

(c) Rockst Bis lasnched vpward with an acezlemtion of alr) - 7‘3—1 fz2t paroszcond par szcond. At tims
-

t = 0 s=conds, tha initial heizht of the rockatis 0 %2t and the initial velocity is 2 fz2t per szcond. Which of
the two rocksts i3 traveling fasterat time 1 ~ 80 szcondsT Explain vouranswar

(2) Avsmzzacczlzmtionofrockst 4 iz 1:answer

V80 vl _458-5 _E "t/'ac:
20 - >

80-0 80
270 - .
(b) 3incsths velocity is positive, ‘ vir) db reprazents the | 1: =xplanation
o 300 1:uses v 20).vid0), vi60)
distancs, in fz2t, travelzd by rockst 4 fomr ~ 10 s=conds [ 5.t ’ ’
to t = 70 s=conds. R
A midpointRismannsumis
20[vi20) +vi40) + v(60) ]
= 20[22+35+ 44| - 2020
(2) Latvzir) bz the vzlocityof rocket B at tima 1. [1:64r +1
. 3 | 1:constant of intszmation
vo(t)= | ==dt =64t +1+C =
o .,r Ji+1 4: l 1:usas initial condition
2=v;(0)-6+C 1 1:finds v (80), comparss to v(80),
ve(1) = 61+ 1-4 | and draws aconclusion

vz(80) = 30 = 48 — v(80)

Rockst B is tmveling Sster attime ¢ ~ 80 s=conds.

1:units in (3) and (b)

Units of t/32¢” in(a)ané ftin ()



Question 5

Considar the differential squation % -3

3 for v# 2. Lat ¥ = fix) bathe particularsolution to this
T -

difzrential zquation with the initial condition f{-1) - —4.

(a) Evaluats % ané % at {—L -4

(b) Is it possiblzs for the x-axis to bz tanzant to the zaph of f at soms point? Explain why or why not.

(c) Find the szcond $2zrz=2 Tavlor polynomial for fabout x — —1.

() Usz Eslar’s mathod, startinz at x ~ — 1 with two stzps of 2qual sizz, to approximatz f{0). Show thework
that l2ads to vour answar,

@) i| -6 ( 1 i
dx |=1.=%) ‘ b (-1 -4)
dy ) —rdy | d'y
— = 10x +6(y- 27" = 3:0 1:—
& dx \ &
. ‘ 1: A7y
d'f'l - 104+6——6--9 | & |1y
&\ 4y i€
®) 'Daex-axiswillbemgenttoﬂugrapho:'fi:’% - 0. 5l 1:%—03{163;—0
(%.0) “1 .
Ths x-axis will naverbz tanzant to the zragh of fbcavss L 1: answerand explination
v <12 . - 2
T =35k +3>0 forall £
dxu-.o;
&) Pix)--4+6ix+1]) —2.'“1-,: . { 1:quadraticand centerzdat x ~ 1
" | 1: cosfficients
@ fi-1)--4 ~ [ 1:Eslerfs method with 2 steps
f|l~—l'|=~4+%|'sj—~1 | 1:Eulers approximationto £ (0)
L 1(53 ,\_3
F(0) =~ +3Q§ +2j-§




Question 6

Ths function f iz é2finzd by the power saris
. P {—1)"nx®
Al e Rt S w
for allrzal mumbar x forwhich the sarizs converzas. The inction g iz é=find by ths powar sarizs

RURRRERE S S SR A
= 21 4 @ {2n)!
for dlrzal mmbas x forwhich the sarizs convarzas.
(a) Find thzinterval of convargancs of the powar serizs for /1 Justify vour answar,
(b) The zragh of ¥ ~ fix) - glx) passzs throvzh thepoint {0, -1). Find »'(0) and 27 (0). Datzrmins whather »
has 2 ralative minimum, 2 rzlative maximum, ornzither at x ~ 0. Givez rzasen for vour answar,

p TS TS p 2
(;) | 1] ':'::l’x - n.jl-' _ .::i*“]j»:n’l | :l:setsuptau'o
“ =1 - i 1: computss limit of ratio
(1 Nl - 1= <. | 1:identifies radivs of convarzencs
smsoa (R + 2)(n) “" 1 1: considers both endpoints
Ths sarizs converzas when 1 < x < L | 1: analysis'conclusion for
When x ~ 1, the serizsis —%+%—%+-~- L both endpoints
This s2rizs do23 not convarzs, becavsz the limit of the
individual tzoms is not zro.
... 1 2 3
When x ~ L thsserizsis 5 A R
This s2rizs do2s not convarzs, becavsz the limit of the
indtvidual t2ms is not zaro.
Thos, the interval of converzencsis 1< x < 1
®) Fx) -2 +%x—%x: 4eee and f1(0) = 2. [1:5(0)
, 12 3o o1 4: | YO
gixi-—z—!+ix—px‘+~andgi0)-—3 "1 1: conclusion
| 1:r=azoninz
Y0y = 0y~ g0y~ 0
F0 - E g 20 - £ -
3 = 4 1
L 4 1 .
Thus, ¥7(0) = 3 0.
Sincz ¥/(0) = 0 and »(0) > 0, ¥ has a relative mininmm
at x - 0.




2007 AP° CALCULUS BC FREE-RESPONSE QUESTIONS (Form B)

CALCULUS BC
SECTION IL Part A
Time—45 minutes
Number of problems—3

A graphing calculator is required for some problems or parts of problems.

N

T +

-1 0 1

rJ+
[y

. N L Y ) . . . .
1. Let R be the region bounded by the graph of v = ¢™*™"" and the horizontal line v = 2. and let S be the region

- 2=l . .
bounded by the graph of v = ¢=*™"" and the horizontal lines v =1 and v = 2. as shown above.
{a) Find the area of R.
ib) Find the area of S.

ic) Write. butdo not evaluate. an integral expression that gives the volume of the solid generated when R is
rotated about the horizontal line v = 1.

2. Anobject moving along a curve in the xy-plane is at position (x(f ). v )) attime ¢ with

dx o ! (/_‘ _ 2 N
i —arLtan(—]__[ ) and i In(= = 1)

for £ 2 0. Attume ¢ = 0. the object is at position (=3.—4). (Note: tan~'x = arctan x)
{a) Find the speed of the object at time ¢ = 4.

{b) Find the total distance traveled by the object over the time interval 0 = ¢ = 4,

ic) Find x(4).

id) For ¢ = 0. there is a point on the curve where the line tangent to the curve has slope 2. Atwhat time ¢ is the
object at this point? Find the acceleration vector at this point.




3. The wind chill is the temperature. in degrees Fahrenheit (°F). a human feels based on the air temperature. in
degrees Fahrenheit. and the wind velocity v. in miles per hour (mph ). If the air temperature is 32°F. then the
wind chill is given by W(v) = 55.6 — 22.10"1 and is valid for 5 < v < 60.

{a) Find W’(20). Using correct units, explain the meaning of W7 (20) in terms of the wind chill.

ib) Find the average rate of change of W over the interval 5 = v = 60. Find the value of v at which the
instantaneous rate of change of W isequal to the average rate of change of W over the interval 5 = v = 60.

{c) Over the time interval 0 = ¢ £ 4 hours, the air temperature is a constant 32°F. Attime ¢ = 0. the wind
velocity is v = 20 mph. Ifthe wind velocity increases at a constant rate of 5 mph per hour. what s the rate
of change of the wind chill with respect to time at ¢ = 3 hours? Indicate units of measure.

CALCULUS BC
SECTIONIL Part B
Time—45 minutes
Number of problems—3

No calculator is allowed for these problems.

G.-1)

Graph of
4. Let { be a function defined on the closed interval =5 = v = 5 with (1) = 3. The graph of {”. the derivative
of 1. consists of two semicircles and two line segments. as shown above.
{a) For =5 < x < 5, find all values x at which { has a relative maximum. Justify your answer.
{b) For =5 < x < 5, find all values x at which the graph of { has a pointofinflection. Justify your answer.
{c) Find all intervals on which the graph of f is concave up and also has positive slope. Explain your reasoning.

{d) Find the absolute minimum value of {(x) over the closed interval =5 = x = 5. Explain your reasoning.




_ . o . . v
5. Consider the differential equation ‘I— =3v+2v=1.
ax

"
d=v

2

{a) Find

intermsof vand v
dx

v

{b) Find the values of the constants m. . and » for which v = mxy <5 < ¢™ isa solution to the differential

equation.

ic) Let v = f(x) be a particular solution to the differential equation with the initial condition f(0)= -2. Use
Euler's method. starting at x =0 with a step size of % to approximate {(1). Show the work that leads to
your answer. )

{d) Let v = g(x) be another solution to the differential equation with the initial condition g(0) = k. where &

is a constant. Euler’s method. starting at v = 0 with a step size of 1. gives the approximation g(1)= 0.
Find the value of £.

6. Let { be the function given by f(x) = 6¢73 forall x.

{a) Find the first four nonzero terms and the general term for the Taylor series for f about x = 0.

~ . . ’ \ X . fa N . - ~ ~
ib) Let g be the function given by g(x) = |.0 () dt. Find the first four nonzero terms and the general term for
the Taylor series for ¢ about x = 0.

{c) The function / satisfies fz(x) = & {"(ax) forall x. where @ and & are constants. The Taylor series for /
about v =0 is given by

2 3 ”
() — N RY X
e e T w

Find the valuesof « and &.




Questicn 1

Lzt R bz the rezion bouvnézd by thezmphof v = e < and ths ¥
herizentalline 3 = 2, and 12t § be ths rezionbound= by ths zraghof

2 2
ax=X

y=¢ and thz horizontal linss ¥ =1 ané ¥ = 2, a3 shown abov=. /R\
(2) Fingd the arzaof R.

w
o
]

(b) Fing thz arzaof S S
(c) Writz, butdonot zvaluate, an intezral sxprassion that zivas the

]

volums of the solid zenzmtz¢ whan R iz rotatzd sbout the
herizontalline v =1,

677 =2 when x = 0446057, 1.553843
Let P = 0446057 and O = 1553943

py N [ 1:intzzmnd
(@) Arzaof B = ¥:s“".-2:5&=0514 3.0 1 timits
e | 1:answar
®) &% =lwhamx=0,2 [1:intzzmnd
300 1:timits
Arzaof §= |h:'s:‘": -l - Amaci R L 1:answer

= 206016 - Arzaof R=1346
OR

FP a2 2
e —llldt—{Q—P]hl—l

1
By

e 1k

w0
=0.215064-1.107886 = 0.219064 = 1.5346

~Q/ - \

R - - (2
© Volume=x' [{e57 =1) —(2-1) | 3. o
J= L S ") | 1: constant and limits




Questicn 2
Anobject moving alonz a curvein the x-plans i3 at position | xir ), ¥(r)) attime 1 with

& et ) amd Tl - )

forr = 0. Attims r = 0, ths objectis at position (=3, —4). (Wot=: tan T x = arctan x )
(a) Find thzspzad of the objectattima 1 = 4,

(b) Find ths total distancs travelzd by thz object ovarthe time interval 0 €1 £ 4,

(c) Find x{4).

(&) For 1 » 0. tharz iz 2 point on ths curvs whars the lins tanzant to the curve has slope 2. Atwhat time 1 i3 the
objzct atthis point] Find the acczleration vactor atthis point.

(a) Spezd = x'(4) =274 =2812 lispesdatr=4
. _ l’4 o | 1:intsgral
() Distancs I, “11 :answer
© xi4)==x(0)+ (;x‘(:u [ [1:integrand
= =3+2.10794 = —0.892 3:1  L1imesx(0)=-3
| 1answer
& [ @
3 iz 2 s dr =2 ‘,:-.=_‘ I;‘ -i—
@) n‘E:lOpEl:a,:O é_ £, a'lﬂ\f 1\ ‘mm‘l‘f'. ! 1: é =2
& L B

1:razloe
Sincz r» 0, 1= 133766, At this time, the acczleration s | 1:vahses for x° and +*

{2, ()], op 35765 = {0.135, 0.955).



Questicn 3

Ths wind chill iz thes tempsraturs, in é2zrzes Fahranhait (°F ), zhuman f22ls based on the air tamparatues, in

dazress Fahranhait, and the wind valocity v, inmilss perhour (mgh). Iftheair tempemtues 13 32°F, thenths

wind chill is given by F(v) = 55.6 = 22.1:%% and is valid for 5 € v £ 60.

(a) Find 7'(20). Using correct units, explain the meaning of 7'(20) in tzoms of the wind chill.

(b) Find ths averazs ratz of changz of 7 over the interval 3 € v £ 60, Find the valuz of v atwhich the
instantan=ous @tz of chanzz of T i3 zqual to theavemzaratz ofchanzz of T ovar the interval 3 £ v £ 60

(c) Over the timainterval 0 £ 1 £ 4 hours, the air tempa@tes i3 2 constant 32°F. Attime ¢ = 0, thewind
valocityvis v = 20 mph Ifthe wind velocity incraasss at a constant ratz of 3 mph perhour, what i3 therate of
changs of the wind chill with raspact to tims at 1 = 3 hoursT Indicats units of measuez,

@ W'(20)=-22.1.016-207% = 0285 or -0.286 [ 1:valve

4 2

“ 11 explanation

Whan v = 20 mph, ths wind chill is decraasing at
0.286 °F/mph

(b) Ths averazz ratzofchanzzof T over the intarval [ 1:averazs @tz of chanzs
\

(W' (v) = avermzeratz of changs
cvavzofv

]
=
N

"
&
@
ra
s
~——
7

B

[}

A

I 1:usesy(3) =35,
OR n or
| usesvit)=20+3
s T o
W =356-2.152+5) | 1:answer

Units of °F /mph in (3)ané “F/hr in(c) 1:units in (a) and (c)



Questicn 4

Lzt f bz a2 nctiond=fin on the closzd interval -3 £ x £ 3

with /(1 = 3. Thezmphof f, thedenvative of £, consists

of two semicircles and two lins szzments, as shown zbova,

(a) For =3 <« x <3, fing all valves x atwhich fhas a
relative maxinmm Justify vour answer.

N

5 4 3 2 -1 0 2 3 NG
(b) For =3 < x < 3, fing all valves x atwhich the zragh of f -1 / \
has z pointofinflaction. Justify vour answar, (5, -1

(c) Finé all intzrvals onwhich the zragh of f i3 concave vp
and also has positive slopz. Explain vour rzaszoninz.

Graphof f*

(6) Find theabsolutz mininmm value of f(x) over the closad interval -5 € x £ 5. Explain your reasoning.

@ filx)=0atx=-314
7' chanzz Fom positive tonszativeat =3 and 4.

Thus, fhas arslative maxinpmat x = -3 andat x = 4.

() f chanzss fom incraasing to dzcraasing, or vice varsa, at

x=-4, =1 and 2. Thus, the zaph of f has points of
ind=ctionwhen x=—4, =1 and 2.

() Thzzmphof fis concavaupwith positive slops wherz /7

is incrzasinz and positive: -3 < x<—4 and 1< x < 2.

(@) Candidatss for the sbsolutz minimum ars whare f
chanzss from nszative to positive (at x = 1) and at the
sndépoints (x = =3, 3).

5)y=3-[ rma=3-2-253
f)=3

- e S 3.0 1
f3)=3=] flx)d=3=75"-5>3

-
“~

The absolutz mininwm valuz of f on [-5, 5] is f(1)=3.

[ =]

L]

L]

[E R

cx-values
:justification

cx-valves
: justification

sintzrvals

s zxgplanation

sidentifizs x = 1 as acandidats
:considars sndpoints
cvalsz and axplanation



Questicn b
Considar ths diffzrential zquation % =3x-2v-1.

-

(a) Find % in terms of x and .

(b) Find ths values of the constants m b, and » for which ¥ = mx — b — &~ is a solution to the differential
zquation.

(c) Lat ¥ = f(x) b=a particular solution to the éiffzrential =quation with th= initial condition f(0) = -2. Us=
Euler’s method, startinz at x = 0 withastepsize of l.,, to approximatz f( 1. Show the work that l=ads to
VOUL answa,

(é) Let ¥ = g x bzanotharsolution to the diffzrential squation with the initial condition 201 = & whars & 1=
a constant. Evler’s method, starting at x = § with astep size of 1, zivas the approximation g(1) = 0. Find the
vave of &

2., | _'\i

@ d‘.'=3-2%=3-2(3x-2:.-1--6x-4'-: 2.0 4373
dx” | 1:answer

®) Ifv=mx—b-e™ 132 s0lution, then i‘I:%=m-rs“
m=rs™ =3x=2(mx= b= 21 3:4 1:valve for »

[ 1:values or mand b
Er=z0 m=2%-Lr=2 0=3-2m

5om=-g r=2=andb=-§.

Er=0 m=2-3 r=0 0=3=-2n
30 m=—%, r=20 b=-—§

[ 1:Evlers method with 2 steps
: Enler's approximation for (1)

L]
=

\ 1} | P | napay 1_ 7
© fif‘ 00 S= 8 5=
1

@ £10)=3.0-2.k=-1=2k=-1 (1: g(0)=£'(0)-1

gl)xg(0)+g(0)-1=k+(2%k+1)=3k+1=0 "11: value of &

=
h==




Questicn 6

Lzt fo2 the function given oy /(X)) = s foratl x.
(z) Find tha firstfour nonzero tarms and the zanaral t2em for the Tavier sedes for M 2bout x = O,

(0) Lat g b2 the function givendy glx) = J‘ Slt) dr. Find the first four nonzero terms and the zensral t2em for the Tavior

szrizzfor £ zoout ¥ = 0.
() Thefoncton & zatizfizs Ay = o (av) forall x, whare @ 2nd © zre constants. The Tevler seriesfor Zzbout x = O

iz given oV
v: vs V‘
4(xr-1-x-F-¥- g
Find the values of @ and &,
. Lox x ¥ (-D"x" | e AL XX
@) f(vx_‘n=6.1—3—————4-@'——--. ll:rv:oo:é,—‘x,T,—ﬁ
-

13 313 n!3" | 3 -
1 :rzmaining terms

=62+ X X 4.8V X | 1:z2nem! teem
{—1) missing factorof 6

®) g(0)=0and g(x)=f(x),s0 [1:two terms
N . & (-1)" ==} ] 3: 0 1 :remaininz tzams
g'(-x~'=6-1_?'F_E°""—°"V | 1:zenzral term
s . B {-1) missing factorof 6
=6x—x‘—£—x_-.,.—+-.,.

@ flx)= —27 % 5 hix)= =t (1 :computes & f"(ax)

2 3 - 1 . a - ) =
Wx)=1 X X _ |1.tecogmze=hf_x_-—s,
.x)- x A ? ? e =g 3: J or
k=l o 2quatss 2 s2nes for hx)

[1:valves oraand &

OR

5
Fix) =—2—§x—~~-, 0

Wx)=5"ax)= -2k - Sakx~—




2007 AP° CALCULUS BC FREE-RESPONSE QUESTIONS

CALCULUS BC
SECTION IL, Part A
Time—45 minutes
Number of problems—3

A graphing calculator is required for some problems or parts of problems.

. . . 20
. Let R be the region in the first and second quadrants bounded above by the graph of v = = and below
I

=X

by the horizontal line v = 2.
{a) Find the area of R.
ib) Find the volume of the solid generated when R is rotated about the x-axis.

ic) The region R is the base of a solid. For this solid. the cross sections perpendicular to the x-axis are
semicircles. Find the volume of this solid.




2500 1
2000+ o /
g
§ 15001
Q.
a
= 1000
4]
500+
/ o
0 ; + : - r
0 1 2 3 4 5 6 7

Hours

2. The amountof water in a storage tank. in gallons. is modeled by a continuous function on the time interval
0 = = 7 where ¢ is measured in hours. In this model. rates are given as follows:

{i) The rate at which water enters the tank is f(¢) = 100t >sin (v ) gallons per hour for 0 < ¢ < 7.

{i1) The rate at which water leaves the tank is
. 250 forO<t <3
aft) =

. gallons per hour.
2000 for3 =t =7

The graphsof { and g. which intersect at = 1.617 and ¢ = 5.076. are shown in the figure above. At time

¢t = 0. the amount of water in the tank is 5000 gallons.

{a) How many gallons of water enter the tank during the time interval 0 = ¢ £ 77 Round your answer to the
nearest gallon.

{b) For 0 = ¢ = 7. find the time intervals during which the amount of water in the tank is decreasing. Give a
reason for each answer.

ic) For 0 = ¢ = 7. at what time ¢ is the amount of water in the tank greatest? To the nearest gallon, compute the
amount of water at this time. Justify your answer.



3. The graphs of the polar curves » = 2 and » = 3 = 2cos @ are shown in the figure above. The curves intersect

2z 47
when 8 = == and 8= —.
3 3

{a) Let R be the region that is inside the graph of » = 2 and also inside the graph of » = 3 = 2cos 8. as shaded
in the figure above. Find the area of R.

i{b) A particle moving with nonzero velocity along the polar curve given by » = 3 = 2cos @ has position

(x(t ). v(r)) attime ¢, with 8 = 0 when ¢ = 0. This particle moves along the curve so that % = (I[_IQ Find
4 4
U T . . o . - .
the value of % at 8 = - and interpret your answer in terms of the motion of the particle.
4 Rl

- . . . dv dvo . Ldv T i

ic) Forthe particle described in part (b). T Find the value of i at 8 = - and interpret your answer
¢ ¢ ¢ Rl
in terms of the motion of the particle.
CALCULUS BC

SECTIONIL Part B
Time—45 minutes
Number of problems—3

No calculator is allowed for these problems.

4. Let { be the function defined for x = 0. with f(¢)=2 and . the firstderivative of £ given by
'(x)= Zlnx
{a) Write an equation for the line tangent to the graph of f at the point (e. 2).
{b) Isthe graph of { concave up orconcave down on the interval 1 < x < 37 Give a reason for your answer.

{c) Use antidifferentiation to find f(x).




i
{minutes)

{feet per minute)

5.7 40 20 1.

[¥]

0.6 0.

N

5. The volume of a spherical hot air balloon expands as the air inside the balloon is heated. The radius of the
balloon. in feet. is modeled by a twice-differentiable function » of ime . where ¢ is measured in minutes. For
0 < ¢ < 12, the graph of » is concave down. The table above gives selected values of the rate of change. »(7).
of the radius of the balloon over the time interval 0 = ¢ < 12. The radius of the balloon is 30 feet when ¢ = 5.

. L . .4
{Note: The volume of a sphere of radius » 1s given by V = :‘m"‘. )

{a) Estimate the radius of the balloon when ¢ = 5.4 using the tangent line approximation at ¢ = 5. s your
estimate greater than or less than the true value? Give a reason for your answer.

b

Find the rate of change of the volume of the balloon with respect to time when ¢ = 5. Indicate units of
measure.

Use a right Riemann sum with the five subintervals indicated by the data in the table to approximate
2 2

2 . . . . Lz, . . .
[U #’(t) dt. Using correct units, explain the meaning of [U #’(¢ ) dt in terms of the radius of the balloon.

(c

—

"

C 12 . .
{d) Is your approximation in part (¢ ) greater than or less than [0 (1) dt 7 Give a reason for your answer.

2
X

6. Let { be the function given by f(x)= ¢~

(a

Write the first four nonzero terms and the general term of the Taylor series for { about x = 0.

2 PR
- X7 = f(x)

.\'4

ib

- .1
Use your answer to part (a) to find lm})
A=

. ~ ~ ~ . ~ X —v-" ~ ~
Write the first four nonzero terms of the Taylor series for [0 ¢ df about x = 0. Use the first two terms of

(c

2 2
—_=

. 1
your answer o estimate ll e~ dt.

"
—_
4

id

. . . . cee e L rlf2
Explain why the estimate found in part (¢ ) differs from the actual value of [ d e

2 |
lo dt by less than 300"




Question 1

2
-

Let R be the regionin the first and second quadrarts bourded above by the graphof »
belox by the horzontal line p ~ 2.
(a) Find the area of R.

(b) Find the volaime of the solid gererated when R is mwtated about the x-axas.

(c) Theregion R is thebase of asolid. For this solid, the c1oss sections perperdicular to the
%-axis are sermcircles. Find the vohume of this solid.

5 and

1202 Zwhen 5 - 13 1 : correct limits in an mtegral in
- (3, b} o (0
3 - . .
(2) Area- | | 205 2| d - 37961 037962 g, [1:itegrand
J3lex ‘ [ 1: answrer
&) Vohmue - 7| || —D | 2 & 18790 | 3.2 e
Jg i lesn ) [ 1: answer
(C) Vohime —‘—' :l: 20\ 2::“5)‘ 3:‘[211’@98!31‘&
2'—3'2-1"" | 1: answrer
.3 >
2| (22 - 1m2e8
8._31 x J



Question 2

The amoarnt of water in a storage tank, in gallons, is modeled
by acontmaos fanctonon the ime interval 0 < ¢ < 7,
whew ¢ 1s measured in hours. Inthis model, rates are given

as followrs:

(1) The rate at whichwrater enters the tank is
Fit) = 100" sin(7 | gallons per hourfor 0 <¢ < 7.
(11) The rate atwhichwaterleaves the tank is
(230 for0 =t =3

Eit)

12000 fr3-r <7
The graphs of f and g, wlich ixdersect at ¢

~ ~ galloms perhoar.

time ¢ ~ 0, the amoart of waterin the tark is S000 gallons.

(a) Hoa many gallons of water exter the tank dunng the ime ixterval 0 <¢ =7 ? Round your answer to

the nearest zallon

(b) For 0 = ¢ = 7, find the time intervals duning which the amourt of water in the tank is decreasing.

Give areason for each answer.
(c) For 0 =¢ =7, atwhat time ¢ is the amoant of waterin the tank greatest? To the nearest gallon,

compate the amourt of water at this time. Jastify your answrer.

Galloos per Howe

25

N

18

{L1}

1m

sn

i L]

o

T Hos
1517 and ¢ - 5.076, are showninthe figure above. At

(a) j:f.:.dz - 5264 zallons

(b) The amoart of'waterin the tank is decreasing on the
irtervals 0 <¢ <1617 and 3 = ¢ < 507 because
Fitr<gitifor0=¢ <1817 and 3 <t < 5.076.

(c) Simce fit) - git) changes sign fiom positive to regative
only at ¢ ~ 3, the candidates for the b sohite maxinonm ave
att~0,3 and 7.

t (hours) | gallons of water
0 5000
-3
3 5000 + lof‘zldt 250(3) - 5126.591
7 5126591 + f:fotnd‘ 200004, ~ 4513807

The amoart of'water in the tank is greatest at3 hours. 4t
that time, the amount of water in the tarnk, raanded to the
rearest gallon, 1s 5127 gallons.

2:

2:

e e~

1: irtegral
1: answrer

1:weason

: amoant of water at ¢
: conchision

3
7

: identifies ¢ ~ 3 as acandidate
irtegrand
: amoant of water at ¢



Questicn 3
The zraphs of the polar arves » ~ 2 ard » ~ 3 + 2eos @ areshownin ¥
(a) Let R be the 1egion that is irside the graphof » ~ 2 and also iside
the graph of » ~ 3 + 2ecs ¢, as shaded inthe fizure above. Find the

27 4r
D\
area of R.

the fizure above. The curves irtersectwhen ¢ 5 and ¢ 5
. . . . . o
(b) A particle moving with roreero velocity along the polar curve given —/
by » = 3+ 2cos & has position (x(2),» () at time ¢, with & ~ 0
when ¢ ~ 0. This particle moves along the curve so that % %
d)

Fird the value of Er at @ % and interpret your arswer in terns of the motion of the particle.

(c) Forthe particle desaibed inpart (b), % % Find the value of % at ¢ % and interpret your

answer in tenns of the motion of the particle.

(a) Area %.-TnZn: . %f ::: 3+ 200567 do "1 : area of cieular sector
10370 Y | 2 integral for section of imagon
’ 4:. 1:iegrand
1 : linats and constant
1 amswer
dr dr .2
= oy 1.732 1=
oY PR 7] N 2V @l
| 1: interpretation
The particle is movirg closer to the crigin, sie & < 0
and » =0 when ¢ %
(c) » = »sind - (3 +2c0s 6)sine "1 : expression for p in texms of &
dy - |,. @
- 05 3:/01: =
dt Guxf3 do Guxf3 @ Gzl
| 1: interpretation

The particle is moving away from the x-axis, since

@ . . .
dt.Uandy.Uwhenl 3



Questicn 4

Let £ be the fanctiondefived for x = 0, with fie) - 2 and f, the fist derivative of £ givenby f(x) % In x
(a) White an equation for the line tangent to the graph of f at the poirt (e, 2).

(b) Is the graphof f concave up or concave downon the iterval 1 < x < 37 Give a wason for your answrer.

(c) Use antidifferentiationto find i x).

(3 Flie)— e 2.,.1:.,"':3.
" 1: equation of tangent line
Anequation for the lire tangert to the graphof ' at the

point (e, 21 15 p» — 2 &ix e

) FTix) = %+ 2xlnx (20 Fix

"1 1: amswerwithmeason
Forlex<3 x>0adInx =0, s0 f7(x) > 0. Thas,
the graphof fis concaveupon (L, 3).

(c) Since fix) |‘l 2 ln x| &x, we consider integrationby [ 2: antidenvative
parts. 4.0 1:uses fie)y~2
u-~Inx v~ % dx L1 answer
1 WIR 13
du ;dx v ‘||x | dx §x
Therefore,
Fix) ||'x31nx‘|a’x
13x3]nx lléxsiicbc
l§x31nx éxs +C.

3 3
Since fie) -2, 2= -5 +Cad C -2 gs’.

3
% 1.3, 23
Thas, fix) 31nx g* 2 9¢ -



Questicn &

. .
(reimates) 0 2 5 7 11 12
i) |
4, | . ;
(feet per mirute) 0| 20 12 | 08 | 05

The vohine of asphencal hot airballoon expands as the airinside theballoonis heated. The radms of the
balloon, in feet, is modeled by a twice-differentizble fanction » of time ¢, whemr ¢ is measured in numates.
For 0 <t <12, the graphof » is concave doarn. The table above gives selected vahies of the mte of change,
»'it), of the radms of the balloon over the time interval 0 < ¢ <12, The radis of the balloonis 30 feetwhen

t ~ 5. (Note: The vohume of a sphere of radms » 1s givenby ¥ %.7?3.)

(a) Estimate the radms of'the balloonwhen ¢ ~ 54 using the tangent line approximationat ¢ ~ 5. Is your
estimate greater than or less than the tue vahie? Give areason for your answer.

(b) Find the rate of change of the vohime of the balloonwrith wspect to tme when ¢ — 5. Indicate units of
nease.

(c) Use aright Riemarm sum with the five subintervals miu:atedby the data in the table to approxamate
|': ¥'(t) @&. Using conectunits, explamthemeamrgof| rit!d in tenms of the ralms of the

balloon.

. . . ~12 , .
(d) I your approximation in part (c) geater than or less than |° ¥ it) dt? Give awason for your answer.

(a) »i54) =251+ (5)A ~30 +2(04) -308 f 2. [1 :estimate
Since the graph of » is concave doanon the interval " |1 :conchisionwitheason

5 <t < 54, this eshmate is geater than »(5.4).

1 dr (5. d¥
® 5 =33~ 3.2
% 47(30)°2 - 72007 £ /nin L1 :answer
() | rma} 20400 +3(20) + 211.2) + 4(08) +110.5) 2.‘[1:apptr0xi.maﬁon
19'3 f " |1 :explanation

[277it) d is the charee in the radivs, in fet, fom
t =0 to ¢~ 12 numtes.

(d) Since » 1s concave doan, »" is decreasing om 0 < ¢ < 12. | 1: conchisionwith eason
Therefore, this appmoxamation, 193 f, is less than

e 2,
| ritia.
<0

Units of f°/nin inpart (b) and ft in part (c) 1 : units in(b) and ()



Questicn 6

Let £ be the fanction givenby fix) ~ &~
(a) White the first four nonzero terms and the gerneral term of the Taylor senes for faboat x ~ 0.

1-%° Fix)
- .

(b) Use your arswer to part (a) to find ].ins
- X

(c) White the first four nonzero terms of the Taylor series for fo e @ zhout x - 0. Use the fisst two

/2

. 2172
terms of your answer to es timate I, ¢ d.

(d) Explamnwhy the estmate found in part (c) differs from the actual vahie of f:"' :e" dt by less than

1
200°
() (A) (#) (%) b
~ x| A A X 20X A
(a3 e L + gy g 4+ Litwoof 1, o, 2o
1-x2 Py (1) x° .1 Eemaining tenns
YT T | 1:gereralterm
1-x — Fix 1 i vl lu&IX: -+ .
() o 5 g -;—;—n! 1 : answrer
Ths, li.m‘l X ‘fIXI l
- % 2
. L4t i 2 3\
(€ | e & 1 £ .5 t (1) S "1 two tenns
lo \ 2 8 nl | : ..
Jo . i} . 3: 7 1: enaining tenns
N £ .xX & | 1: estimate
3 10 42
Using the first twro terms of this senes, we estimate that
M 1 (Ll 1
lo € @-3- 15/~ %%
1 1) 171 1 1 _ .
(d) ‘0 a 24 - "2‘ lU 320 - 200° soce | 1 :uses the third texm =
(20 2: /!  the emorbound
12 o -1y I‘?] o _ | 1: explanation
Jo e 2, @ 1) , whichis an alternating
series withindividual terrs that decrease in dsohite vahie
to0.




2008 AP” CALCULUS BC FREE-RESPONSE QUESTIONS (Form B)

CALCULUS BC
SECTION IL Part A
Time—45 minutes
Number of problems—3

A graphing calculator is required for some problems or parts of problems.

I. A particle moving along a curve in the xy-plane has position (x(f). ¥(#)) attime ¢ 2 0 with

A {v 12
. = ( -

— =31 and — = 3cos| — |.
dt dt ( 2 )

The particle is at position (1.5) at time ¢ = 4.

{a) Find the acceleration vector at time { = 4.

i(b) Find the y-coordinate of the position of the particle at time ¢ = 0.

{c) Ontheinterval 0 <¢ < 4. at what ime does the speed of the particle first reach 3.5 ?

id) Find the total distance traveled by the particle over the time interval 0 € ¢ < 4.

2. Fortime ¢ 2 0 hours. let #{(¢) =120 (l - c'"]"') represent the speed. in kilometers per hour. at which a car
travels along a straight road. The number of liters of gasoline used by the car to travel x kilometers is modeled
- - 2
by g(x) = 0.0h.\'(l 4 ‘/').
{a) How many kilometers does the car travel during the first 2 hours?

ib) Find the rate of change with respect to time of the number of liters of gasoline used by the car when
t =2 hours. Indicate units of measure.

{c) How many liters of gasoline have been used by the car when it reaches a speed of 80 kilometers per hour?




Distance from the
’ ! b b
river's edge (feet) 0 8 14 - 24
Depth of the water (feet) 0 7 8 2 0

3. A scientist measures the depth of the Doe River at Picnic Point. The river is 24 feet wide at this location. The
measurements are taken in a straight line perpendicular to the edge of the river. The data are shown in the table

above. The velocity of the water at Picnic Point. in feet per minute. is modeled by v(f) =16 + 2sin (Vs +10) for
0 <t <120 minutes.

{a) Use a trapezoidal sum with the four subintervals indicated by the data in the table to approximate the area of
the cross section of the river at Picnic Point. in square feet. Show the computations that lead to your answer.

i{b) The volumetric flow at a location along the riveris the product of the cross-sectional area and the velocity
of the water at that location. Use your approximation from part (a) to estimate the average value of the

volumetric flow at Picnic Paint. in cubic feet per minute. from ¢ =0 to ¢ = 120 minutes.

)

The scientist proposes the function . given by f(x) = SSin(%). as a model for the depth of the water.

in feet. at Picnic Point x feet from the river's edge. Find the area of the cross section of the river at Picnic
Point based on this model.

{d) Recall that the volumetric flow is the product of the cross-sectional area and the velocity of the water at a
location. To prevent flooding. water must be diverted i f the average value of the volumetric flow at Picnic
Point exceeds 2100 cubic feet per minute for a 20-minute period. Using your answer from part (c). find the
average value of the volumetric flow during the time interval 40 < ¢ < 60 minutes. Does this value indicate

that the water must be diverted?

CALCULUS BC
SECTION IL, Part B
Time—45 minutes
Number of problems—3

No calculator is allowed for these problems.

. - . . . 2 3 . .. . -
4. Let { be the function given by f{x) = kx~ — x7. where & is a positive constant. Let R be the region in the first
quadrant bounded by the graph of f and the r-axis.
{a) Find all values of the constant & for which the area of R equals 2.
i{b) For k& > 0. write. butdo notevaluate. an integral expression in terms of & for the volume of the solid
generated when R is rotated about the y-axis.
ic) For & > 0. write. butdo notevaluate. an expression in terms of 4. involving one or more integrals. that
gives the perimeterof R.




(4,-2)

(-3,-4) T
Graph of g’

5. Let g be a continuous function with ¢(2) = 5. The graph of the piecewise-linear function g’. the derivative
of g.1s shown above for -3 € v < 7.
{a) Find the x-coordinate of all points of inflection of the graph of v = g(x) for =3 < x < 7. Justify your
answer.
{b) Find the absolute maximum value of ¢ on the interval =3 < x < 7. Justify your answer.
ic) Find the average rate of change of ¢(x) on the interval -3 £ x < 7.
{d) Find the average rate of change of ¢’(x) on the interval =3 £ x £ 7. Does the Mean Value Theorem

applied on the interval =3 < x < 7 guarantee a value of ¢. for =3 < ¢ < 7. such that 2”(¢) isequal to this
average rate of change? Why or why not?

2008 AP" CALCULUS BC FREE-RESPONSE QUESTIONS (Form B)

L _ 2y
6. Let { be the function given by f(x) = 1 ‘ =.
+x°

{a) Write the first four nonzero terms and the general term of the Taylor series for { about x = 0.
{b) Does the series found in part(a). when evaluated at x = 1. converge to (1) ? Explain why or why not.
2y

=—. Write the first four nonzero terms of the Taylor series for
|+ x°

ic) The derivative of ln(l + .\‘2) is

In(l + .\'2) about v = 0.

{d) Use the series found in part (¢) to find a rational number A such that

5 | .
A= In(I)’ < 100° Justify your

answer.




Questicn 1

A particle moving along acurve inthe xy-plare has position (x(2), p(¢)) at ime ¢ = 0 with

D% ad D 3ecs ’5
The particle is at position (1, 5) at time ¢ ~ 4.
(a) Fird the acceleration vector attime ¢ ~ 4.
(b) Find the p-coorinate of the position of the particle at time ¢ ~ 0.
(c) Onthe iterval 0 = ¢ = 4, atwhat time does the speed of the particle first reach3.57
(d) Find the total distance traveled by the particle over the time irterval 0 < ¢ < 4.

=

() aid) - {x"i4),p"14)) - (0435 11.8?2::1 1: answrer
.0 s [ 1:integrand
(b) yi0) -5+ 3cos;%;c& 1.800 or1501 3: ) 1:uses pid) -5
ahd - | 1: answer

Ty Y
(€) Speed ~ Jixi#y” + (8" [ 1: expression forspeed
3: . 1: equation
s | 1: answer
[ + Qeos” |~ 35
\ |' 2.|

The particle first waches this speed when
t - 2225002.226,

T y
@) | e cscos’ L @ - 13182 . {l.lrlbegral
v Ll 1: answer




Question 2

Fortime ¢ =0 hous, let #() - 120/1 - 61" | ;epresent the speed, inldlometers pex hour, atwhicha

car travels along astaight road. The manber of liters of gasolineused by the carto havel x Jalometers is
modeled by gix) ~ 0.05x(1 - &~ i I.

(a) Hoa many kilometers does the car travel dunng the first 2 hours?

(b) Fird the rate of change with respect to time of the manber of Liters of zasolire used by the carwhen
t ~ 2 hoars. Indicate units of measure.

(c) Hoa many liters of gas oline have beenused by the carwhen it reaches aspeed of 80 Jalometers perx
howr?

-2 1 :integral
() | ritid - D637 kilometers 2, [ imteex
o | 1 :answer
(b) dg _de »Q; a Yit) [2 :uses chainmlk
& din &’ at 3 . .
| 1 : answerwrithumts
dg dg 7i2)
@ -2 2 =204370
00304120y ~ & hters /hour
(e) Let I'bethe time atwhich the car’s speed reaches 1 :equation »(¢) — 80
80 kilometers per hour. 4: ! 2 :distance integral

|1 :answer

Then, »(T) -~ 80 ox I’ ~ 0331453 howrs.

At time T, the carhas gone

x T '0 rit) & - 10794097 kilometers

and has comsumed g( %( 1) = 0537 liters of gascline.



Distance fiom the
river’s edge (feet)

Depth of the water (feef) 0 7 8 2 0

0 8 14 22 24

A scientist measures the depth of the Doe River at Pienic Poirt. The niveris 24 feetwide at this location

The measurerents are taken in a straight lire perpendicular to the edge of the river. The data are shovmn

in the table above. The veloaty of the water at Picric Ponrt, infeet per murate, 1s modeled by

vit)~ 16+ 2sin(vt + 10) for 0 =¢ <120 mimtes.

(a) Use a tapeznidal sumwith the four subintervals indicated by the data in the table to approsamate the
aea of the cross section of the river at Picrac Poirt, insquare feet. Shoa the conputations that lead
to your answrer,

(b) The vohimetne floar at alocation along the nveris the product of the c1oss-sectional area and the
velocity of the water at that location. Use your approsamation from part (a) to estimate the average
vahie of the vohunetric floa at Pieric Point, incubic feet per mirate, from ¢ ~ 0 to ¢ ~ 120
nuroates .

(c) The scientist proposes the fanction £, givenby Fix) Ssml%], as a model for the depth of the

water, in feet, at Picric Poirt x feetfrom the nver’s edge. Find the area of the cioss sectionof'the
nver at Pienic Poirt b ased on this model.

(d) Recall that the vohimetric flowr 1s the product of the cross-sectional area and the velocity of the water
at alocation. To prevent flooding, water nust be diverted if the average vahie of the vohimetic flow
at Picric Point exceeds 2100 cubic feet per nurmte for a 20-nmmte period. Using your answrer from
part (c), find the average vahie of the volametic floar during the time Drterval 40 < ¢ < 80 mimtes.
Does this valie indicate that the water rust be diverted?

07 (7 +8) 8 +2) 20

(a) 5 84 5 B 3 -8+ 5 -2 1 : trapeznidal approxamation
1156
1 ;10 Cy e
) ﬁﬁ'o 115vit) @ [ 1 :lmuts and average vahe
1807.169 0x 1807170 £/ 3, comstat
Aeser ’ fwn T 1 integrand
| 1:answer
M ) ) [1:irdegral
(c) | 8sin|5 |dx ~122.2800r122231 f 24
<0 24 ) [ 1: answrer
(d) Let £ be the @ross-sectional area approxamation from 1 : vohumetic flow integral
part (co) The average volmetic flowr is 3: . 1: average vohmetie flox
2—10 |-4o Covit)d - 2181 912 0r2181 913 ft°/ nin. [ 1 :answerwithreson

Yes, water nast be diverted since the average vohimetic floar
for this 20-nurate penod exozeds 2100 ﬁ”mn




Questicn 4

Let £ be the fancton givenby fix) R’ xj, whewr k15 a posiive constart. Let R be the egionin
the first quadrart boarnded by the graphof ' and the x-axas.
(a) Find all values of the corstart & for wlhich the area of R equals 2.

(b) For & = 0, wnite, but do not evahiate, anintegral expressionin terms of & for the vohime of the solid
generated when R is rotated aboatthe x-aas.

(c) For & =0, wnte, but do not evaluate, an expressionin terms of &, irvolving one or more irtegrals,
that zives the perimeter of R

(a) For x 20, fix) - x (k- x)20if0<x<k 71:integral
ko4 3 k3 1 4yt & 4"!l:antidezivative
Jol-‘tx x ) dx |§" 3 ' “ 12 "1 1 vahe of integral
| 1: arswrer
it ) Vam
Area 13 2,0k~ V24
LT M[l:integnnd
{b) ¥iokmia “-'l)'h x] & = | 1: liruts and corstant
|1:|0J1 AF )
; 00 2y A \
(c) Perimeter ~ & .‘0‘1 128x —3x° | dx 3: 1:uses £ix) — 2k 3x inintegrand

| 1: answrer



Questicn 5

Let g be acontrmous fancton with g(2) ~ 5. The graph
of the piecevise-linear fanction g, the denvative of g, is
shovm above for -3 < x = 7.

(a) Find the x-cocrdinate of all points of inflection of the
graphof p ~ glx) for -3 < x < 7. Justfyy your
arswer.

(b) Fird the dsohite maxirum vahie of g onthe
nterval -3 < x < 7. Justfy your arswer.

() Find the average rate of change of gix) anthe
irterval -3 < x <7

PN v

(=3.=4)

o X
7
1 \/

Graphot 4°

(d) Find the average rate of change of g’ %) onthe interval -3 < x < 7. Does the Mean Value Theorem
applied on the rterval -3 < x < 7 guarantee a vahie of ¢, for -3 < ¢ < 7, suchthat g'ie) is equal

to this average rate of change? Why or why not?

(a) g’ changes fomincreasing to decreasing at x ~ 1;
£’ changes fromdecreasing to increasing at x ~ 4.

Ponts of inflection for the graphof » ~ gix) oomurat
%=1and x -~ 4.

(b) The only signchange of g’ from positive to regative in
the irterval is at x ~ 2.

£gi-3) 5~|.:)g'|x.d'x 54 §|.4 15

\ 2] 2
gi2i~5
egl?) 5~|.Tg'|xodx S+(-#+1-3
LB 2 2
The maxirum vahie of g for 3-‘—x~17i51§5.
7 3 21 3
gty -gi-31 2 2
© =575 10 5

gi-gi-3 1-i-4 1
@ 703 10 2
Mo, the MV T does not guarantee the existence of a
vahie ¢ withthe stated properties because g’ is not

differentiable for at lest ome paintin -3 < x < 7.

1

1 : x-vahies

: astification

cidertifies x ~ 2 & a candidate
: considers endpoints
smaxinum vahe and justification

: difference quotient
T answer

: averaze valeof g'(x)
answey “No™ with reason



Let £ be the fancton givenby fix) 1 2)“ .

Questicn 6

A

(a) White the fixs t four nonzew terns and the general texm of the Taylor series for f about x ~ 0.
Dees the series found in part (a), whenevahiated at x ~ 1, converge to £il)? Explanwhy orwhy

(®)

(c) The derivative of Infl + x° | is :

not.
2
X

In{l + x| sbout x - 0.

A T White the first four norzemw tenns of the Taylor series for

(2] Tse the sarias Foond inpact (e) o find & zational mnbier A such that ’A 1n|§"’ ﬁ. Tastify
YOur answer.
(a) ﬁ 1iuu’ u 1 :tero of the first four texms
1 2 . 3: .1 iremanung terms
o Lox™ +x —x =% ) | 1 :gereral texm
B an 28 2 2 2
X
(b) Mo, the series does not converge when x ~ 1 becaise when 1 : arswrer with reason

(e)

(d)

% =1, the terms of the seres do not converge to 0.

Infl + 5 2 &
el
(2 2 .20 2 | dt
> 1y 1 1s
X §X '§X EX +
EATIET R SRS SR U5 UARS ¥ RN U U
Wlg)-llegf-l3l —3l3) +3lz) 4l
SURD UT0 T

Since the senes is acorverging alternating series and the
absohite values of the individual terms decrease to (0,

311 1 T U W
|“1 l“‘i"| ‘312 ‘ 3 64 100°

1
2:1)
B
3: 4 l
1

ctwo of the first four tenms
: Yemalning terms

ases X )

rvaheof 4
: astfication



2008 AP° CALCULUS BC FREE-RESPONSE QUESTIONS

CALCULUS BC
SECTION IL Part A
Time—45 minutes
Number of problems—3

A graphing calculator is required for some problems or parts of problems.

)7
]._
1 2
X
(o
-1
R
24
34

1. Let R be the region bounded by the graphs of v =sin{zx) and v = v — 4. as shown in the figure above.
{a) Find the area of R.

i{b) The horizontal line v = =2 splits the region R into two parts. Write. butdo notevaluate. an integral
expression for the area of the partof R that is below this horizontal line.

ic) The region R is the base of asolid. For this solid. each cross section perpendicular to the x-axis is a square.
Find the volume of this solid.

{d) The region R maodels the surface of a small pond. At all points in R at a distance v from the y-axis. the
depth of the wateris given by #(x) =3 — x. Find the volume of water in the pond.

t (hours) 0 |

»d
4

7 8 9

L(t) (people) | 120 156 176 126 150 80 0

2. Concerttickets went on sale at noon (f = 0) and were sold out within 9 hours. The number of people waiting
in line to purchase tickets at time ¢ is modeled by a twice-differentiable function L for 0 < ¢ < 9. Values
of L{t) at various times ¢ are shown in the table above.

{a) Use the data in the table to estimate the rate at which the number of people waiting in line was changing
at 5:30 .M. (# = 5.5). Show the computations that lead to your answer. Indicate units of measure.

ib) Use a trapezoidal sum with three subintervals to estimate the average number of people waiting in line
during the first 4 hours that uckets were on sale.

ic) For 0 £t < 9 whatis the fewest number of times at which L’{f) must equal O ? Give a reason for your
answer.

i . B . cen, =12 -
{d) The rate at which tickets were sold for 0 < ¢ £ 9 is modeled by #(¢) = 550¢¢ 12 tickets per hour. Based on
the model. how many tickets were sold by 3 PM. (¢ = 3). to the nearest whole number?




X i(x) i (x) i(x) "(x) (1)

1 11 30 42 99 18

2 | so | 128 | 8 H8 84
3 3 9

3 317 753 1383 3483 1125

’ ’ 2 4 16 16

3. Let /2 be a function having derivatives of all orders for v > 0. Selected values of /# and its first four derivatives
are indicated in the table above. The function /# and these four denvatives are increasing on the interval
| €£x <3

{(a) Write the first-degree Taylor polynomial for /# about x = 2 and use it to approximate /{1.9). Is this
approximation greater than or less than #(1.9) 7 Explain your reasoning.

i{b) Write the third-degree Taylor polynomial for /# about v = 2 and use itto approximate /#(1.9).

{c) Use the Lagrange error bound to show that the third-degree Taylor polynomial for /# about x =2

approximates %(1.9) with error less than 3 x 1074,

CALCULUS BC
SECTION II, Part B
Time—45 minutes
Number of problems—3

No calculator is allowed for these problems.

v(1)

Graph of v

4. A particle moves along the v-axis so thatits velocity at time ¢, for 0 € ¢ < 6. is given by a differentiable
function v whose graph is shown above. The velocity isOat ¢+ =0, ¢ = 3. and ¢ = 5. and the graph has
horizontal tangents at ¢+ =1 and ¢ = 4. The areas of the regions bounded by the t-axis and the graph of v on
the intervals [0. 3]. [3.5]. and [5. 6] are 8. 3. and 2. respectively. At time ¢ = 0. the particle is at x = -2,

{a) For 0 £ < 6. find both the time and the position of the particle when the particle is farthest to the left.
Justify your answer.

i{b) For how many values of ¢. where 0 < < 6. is the particle at v = -8 ? Explain your reasoning.

ic) Onthe interval 2 < < 3. isthe speed of the particle increasing or decreasing? Give a reason for your
answer.

{d) During what time intervals. if any. is the acceleration of the particle negative? Justify your answer.




5. The dervative of a function f isgiven by f’(x)=(x =3)¢* for x > 0. and (1) = 7.

{a) The function f has a critical point at x = 3. At this point. does / have a relative minimum. a relative
maximum. or neither? Justify your answer.
{b) On what intervals. if any. is the graph of { both decreasing and concave up? Explain your reasoning.

ic) Find the value of {(3).

6. Consider the logistic differential equation dT; = %[6 ~ v). Let v= f(f) be the particular solution to the
<
differential equation with {(0) = &.
{a) A slope field for this differential equation is given below. Sketch possible solution curves through the points
(3.2) and (0. 8).

{Note: Use the axes provided in the exam booklet.)

v
\ | Y Y A W W W W W W O A
ANES T Y Y W O Y W O W W W
\ NN N NN NN NN NN
NN NN NN
/6 P Y
DYy YYYY
JaX s s S S S S S S S S SS
/% S S S S S S S S
SN S S S S SSSSS
S S S S S S S S S
SN S SIS
/] Pl

3 4 I
T

+ + t ; t t
ol 1.2 _3_4 35 T8
~ NN NN NN NN™NNNN

o N

{b) Use Euler’s method. starting at = 0 with two steps of equal size. to approximate f(1).
ic) Write the second-degree Taylor polynomial for / about ¢ = 0. and use it to approximate {(1).

{d) Whatisthe range of { for r 207




Question 1

o
|

2

=2

Let R be the regionbounded by the graphs of » ~ sin( 7x) and » Y 4, = shownin the figure

above.

(a) Fird the awa of R.

(b) The horizontal live p ~ -2 splits the region R into tero parts. White, but do not evahuate, an integral
expression for the area of the part of R thatis below this horzortal line.

() The region R is the base of asolid. For this solid, each c1oss section perperdionlar to the x-axis is a
square. Firnd the vohime of this solid.

(d) The region R models the surface of a small pond. At all poixts in R at a distance x fiom the p-acas,
the depthof the wateris givenby 2l x ) ~ 3 - x. Find the volame of water in the pond.

(&) sinimx)~ 5 ~dxatx -0 and x - 2 71 lints
Area f:iSMI,Txl (% — 4x))ds- 4 3:41: itegrand
Yo / | 1: answrer

() %~ 4x ~ -2 at» 05391889 and 5 - 1.6751309 2'[l:h'mits
The areaof the stated regionis | (-2 (x> — 4x)) & [ 1: integrand
.2 2 1 : itegrand

(c) Vohmme — | fsin(mx)— (5 — 4x)] & - 997 g, | 1t
Jo | 1: answrer

.2 ‘ s 1:int

(@) Vohme - [ -3 x)(sin(m) (% 4x)) ds - 8%Qors3m | 2. L iteermd
Jo | 1: answrer



Questicn 2

¢ (hours) 0 1 3 4 7 8 9

Lit) (people) | 120 | 156 | 176 | 126 | 150 20 0

Coneert tickets went onsale at noon (¢ ~ 0) and were sold out within @ hoars. The munber of people watting in

line to parchase tickets at tme ¢ 15 modeled by a twrice-differentiable fanction I for 0 <t < 9. Vahes of Zi2) at

vanous times ¢ are shownin the table above.

(a) Use the data inthe table to es timate the rate at wluch the munber of people waihing in line was changing at
530P.M. (¢t - 5.5). Show the campatations that lead to your answer. Indicate urits of measure.

(b) Use a trapeznid al sum with thiee subintervals to estimate the average rumber of people waiting in lire duning
the first 4 hours that tickets were onsale.

(c) For 0 <¢ =9, whatis the fowest rmumber of ines atwhich L'(#) nustequal 07 Give areason for your answrer.

(d) The rate at which tickets weresaold for 0 < ¢ = 9 is modeled by »i2) ~ S50te™ 1 fickets perhoar. Based on the
model, hoa many tickets wewr soldby 3P.M. (¢ ~ 3), to the neaestwhole mamber?

. ity Lidy 150126 [ 1: estimate
(a) I'i5.5) 73 3 2 people per hour 2: |1 nits
(b) The average roumber of people waiting in lire during the first 4 hoas is 5. [ 1: tapemidal sum
approximately "1 answrer
1/ Zi0)+ Lil) Lily+ Li3) Li3) + Li4) \
E‘_ 5 (1-0)+ 3 G-D+ 3 4 3l.‘
15525 people
(e) I isdifferertiableon |0, 2] so the Mean Vahie Theorem inplies " 1: comsiders change in
Z'it) = 0 for some ¢ in (1,3) and some ¢ in (4, 7). Sirularly, 5. ‘! signof I
I'(t) <0 forsome ¢ in (3, 4) and sore ¢in (7,8). Them,since L' is |~ 1:analysis
contimons on [0, 9], the Inermediate Vahie Thecrem inplies that L 1: conchision
L'it) - 0 for atleast three values of ¢ in |0, 2].
OR OR
The contirmity of £ on |L 4| inplies that I attains a maanmm vahie "1 : corsiders wlative extrema
there. Sinee Zi3) = Zil) and Li3) > L(4), this maxinumocoirs on 3. ! of I on (0,9)
(1, 4). Similarly, I attains amirinmm on (3, 7) and a maxdrumon "1 analysis
4,8). L is differentiable, so L'(¢) ~ 0 at each wlative exteme point | 1:conchsion
on (0, ). Therefore I'(z) ~ 0 forat least thee values of ¢ in |0,9).
[Mote: Thereis afimction L that satisfies the given conditions with
L'it) ~ 0 for exactly three values of t.]
o) (:m.a} 972.734 5. [ 1 integrand
Thewe wewe approximately 973 tickets sold by 3 P.IM. L1 limits and arswrer




Questicn 3

T Tro Tom Tro T v
1 | 11 | 30 42 99 18
488 448 s34
2 | 80 | 128 | = | & 5
753 | 1383 A3 1125
3|\ | F | T | 6 | %

Let /2 be afinction having denvatives of all ordess for x = 0. Selected vahies of 7 and its first four

denvatives are indicated inthe table above. The fanction » and these four derivatives are increasing on

theirterval 1 < x = 3.

(a) White the first-degwee Taylor polyronual for 2 aboat x ~ 2 and use it to approximate 2(1.9). Is thus
approximation greater thanorless than ki1 9 ? Explain your wasoning.

(b) White the third-degree Taylor polyronual for 2 about x ~ 2 anduse it to approxamate »(19).

() Use the Lagrange eworboand to show that the third-degree Taylor polynormial for » about x - 2
approximates (1.9} with emcr less than 3<107*,

(a) Rix)~80 +128(x —2), so kil = Ril9) - 8672 [2:Rix)
. L ) ) 4:/1: 819
1}{01.9! ;hllQn since k' is increasing on the interval | 1:R(19) < k(9 withreson
< % <3,
() Rix)- 80 +12Bix - 2) ‘%m 2/ .%ix 27| . [2:Bix
"'_l tR(1%)

h(191 =~ R(1.9) - 67.988

(c) The fourth derivative of & is incresing on the irterval 5. [1 :formof Lagrange exor estimate

- i+ . 384 11 : reasoning
1<x <=3 solﬁzh nxu| 5
+
Thenfore, [k19) - B19) < 32122
- 2737 <10t

=3x10°t




Questicn 4

vir

Graph of v

A4 particle moves along the x-axds so that its velocity at time ¢, for 0 < ¢ < &, is givenby a differerhiable

function v whose graphis shoan above. The velocityis Oat ¢ <0, ¢~ 3, and ¢ ~ 5, and the graph has

horizoxtal tangents at ¢ ~ 1 and ¢ ~ 4. The areas of the egions bounded by the f-axis and the graphof v on

the intervals [0, 3], |3, 5], and |5, 8] are 8 3, and 2, respectively. At time ¢ ~ 0, the particle is at x ~ 2.

(a) For 0 =t = &, findboth the time and the position of the particle when the particle is farthestto the left.
Jastify your answer.

(b) Forhow many vahes of t,where 0 <t <&, is the particle &t x ~ -8 ? Explain your reasoning.

(c) Ontheinterval 2 <¢ <3, 1s the speed of the particle increasing ordecieasing? Give a wason for your
arswer.

(d) During what time intervals, if any, is the acceleration of the particle regative? Jus tify your answer.

(a) Since vit) <0 for0D <t <3 and 5 <t <6, and viz) =0 [ 1:identifies ¢ ~ 3 as a candidate
forr3~::':5,we‘;.'oms1derz Jamd ¢ -6 3.1 1: considers [o'vmdz
(3 2~|ov'rnd 2-8 10

| 1: conchision
x(6) = -2 + |'°’v.z.a> 2.8:3.2-.9
Therefore, the particle is farthest left at ime ¢ ~ 3 when
its positon is x(3) 10.

(b) The particle moves contirmously and monctonically from "1:positoms att -3¢ -5,
%0y~ -2 to xi3) - -10. Similardy, the particle moves 3. ! andt -6
contirmonsly and monotoracally from 2(3) 10 to " 1: description of motion
x5y~ -7 and aso fiom x(5) -~ -7 to x6) - 9. | 1: conchision

By the Intermediate Vahie Theorm, thew are thiee vahies
of ¢ forwhich the particle is at x(¢) ~ -8.

(c) The speed is decreasing onthe interval 2 <¢ < 3 since on | 1 : answerwithweason
this irterval » <0 and v is increasing.

(d) The accelerationis negative om the irtervals 0 < ¢ <1 and [ 1: answrer
4 <t < & since velocity 1s decieasing on these intervals. ’ [ 1 : justification



Questicn &

The derivative of a function f is givenby fix) ~ (x - 3le forx >0, and £(1) - 7.
(a) The fanction § has a cntical poaintat x ~ 3. At this point, does § have a relative noninum, a welative

mazanoum, or neither? Justifyy your answrer.

(b) Onwhatintervals, if any, is the graph of f both decreasing and concave up? Explain your reasoning.

(c) Find the vahe of £i3).

(@ Fix) <0fw0-x<3and f(x) >0forx =3

Therefore, £ has a wlative mimirumat x ~ 3.

) Fix)~e +(x-3l ~(x-2e
Flixy =0 for x =2

Fix)y<0for0<x<3

Therefore, the graphof £ is both decresing and concave up on the
interval 2 < x <3,

.3 -3
(&) Fi3 fuln-[lf'nxud’x ?~|1|x 3e dx

u-x-3 dv-e dx
du ~ dx Ve

3 -7 Be| - e
Fi3 Lix - 3e |1 -'13
Tolin-3e —e)

7% &

[ L norumat x - 3
" 1: justification

5. [2:8700)

" 1:answerwithreason

[ 1 :uses initial condition
4: . 2:itegrationby pars
| '1: answrer



Questicn 6

Consider the logisticdiﬁ'ererﬂialequaﬁm? 26 »i. Lety ~ Fit} bethe particular solation to the

dr 8
differertial equation with 0} - &.

(a) A slope field for this differential equationis givenbeloa. Sketch possible

sohtion curves through the points (3, 2) and (0, 8.
{Note: Use the axes provided in the exambooldet.}

(b) Use Euler’s method, starting at ¢ ~ 0 with two steps of equal size, to

approximate £i1).

(c) Whnte the second-degree Taylor polynomial for fabout ¢
to approamate F(1).

(d) Whatis the rangeof f for ¢+ =07

(2)
\
\a
N
o7
/.'
/4
/l
/
/1
~
’_l
<
®) £(3) 827 ..
. (71, 105
Fily =7+ | §||§‘ 16
& v dy)
@ 3 16 522
£i0) -8 £10) %‘_o Bi6-8)- 2 an
F0 %,_o %I 23 2|~§|2i %
The second-degree Taylor polyronual for § aboat
t-0is Rit) -8 2t 3¢,
Fily= Rily - ?

0, and use it

[ L sohtion curve through (0,8 )
’ 1: soltion curve through (3,2

"1 1: spproximationof £il)

..2: d':,,:u
. -

S N L L

-

" 1 : Ealer’s method with tero steps

1 : second-degree Taylor polymonual

i_ 1 : approamationof £l

(d) The rangeof ffort =01s 6 < p =8. 1: answer



2009 AP® CALCULUS BC FREE-RESPONSE QUESTIONS (Form B)

CALCULUS BC
SECTION IL Part A
Time—45 minutes
Number of problems—3

A graphing calculator is required for some problems or parts of problems.

- - t + x
10 15 20 25 30

o+

o

. A baker is creating a birthday cake. The base of the cake is the region R in the first quadrant under the graph of

) A " n . . . Iax . . .
v=f(x) for 0= x =30, where f(x)= ZOsm(:—O). Both x and v are measured in centimeters. The region R
A
. . . . . 1 (X
is shown in the figure above. The derivative of {'is [’(x) = TCOSIT)
|\

{a) The region R iscutout of a 30-centimeter-by-20-centimeter rectangular sheet of cardboard. and the
remaining cardboard is discarded. Find the area of the discarded cardboard.

ib) The cake is a solid with base R. Cross sections of the cake perpendicular to the y-axis are semicircles. [ the
baker uses 0.05 gram of unsweetened chocolate for each cubic centimeter of cake. how many grams of
unsweetened chocolate will be in the cake?

ic) Find the perimeter of the base of the cake.

. A storm washed away sand from a beach. causing the edge of the water to get closer to a nearby road. The rate
at which the distance between the road and the edge of the water was changing during the storm is modeled by
f(t)= Vi +cost —3 meters perhour. ¢ hours after the storm began. The edge of the water was 35 meters from
the road when the storm began. and the storm lasted 5 hours. The derivative of f(f)1s f'(f) = ’L —sint.

24t
{a) What was the distance between the road and the edge of the water at the end of the storm?

{b) Using correct units. interpret the value f'(4)=1.007 in terms of the distance between the road and the edge
of the water.

{c) Atwhat time during the 5 hours of the storm was the distance between the road and the edge of the water
decreasing most rapidly? Justify your answer.

id) After the storm. a machine pumped sand back onto the beach so that the distance between the road and the
edge of the water was growing at a rate of g(p) meters per day. where p is the number of days since

pumping began. Write an equation involving an integral expression whose solution would give the number
ofdays that sand must be pumped to restore the original distance between the road and the edge of the water.
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Graph of f

3. Acontinuous function f is defined on the closed interval —4 = v = 6. The graph of / consists of a line segment

.

and a curve thatis tangent to the x-axis at v = 3. as shown in the figure above. On the interval 0 < v < 6, the

rad

function  1s twice differentiable. with ”{x) = 0.
{a) Is f differentiable at x = 0 ? Use the definition of the derivative with one-sided limits to justify your
answer.

{(b) For how many values of «. =4 < « < 6. is the average rate of change of f on the interval [«. 6] equalto 0 ?
Give a reason for your answer.

{c) Is there avalue of «. =4 = « < 6. for which the Mean Value Theorem. applied to the interval [c. 6].

N .
guarantees a value ¢, « < ¢ < 6, atwhich f'(¢) = 3 ? Justify your answer.

{d) The function ¢ is defined by g(x) = "[1‘ f(t)dt for =4 = x = 6. On what intervals contained in [—4. 6]

is the graph of g concave up? Explain your reasoning.




CALCULUS BC
SECTION IIL, Part B
Time—45 minutes
Number of problems—3

No calculator is allowed for these problems.
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4. The graph of the polarcurve » =1 —2cos@ for 0 = @ = 1 is shown above. Let § be the shaded region in
the third quadrant bounded by the curve and the x-axis.

{a) Write an integral expression for the area of S.

i(b) Write expressions for 224 and dy in terms of &.
de de

{c) Write an equation in terms of x and v for the line tangent to the graph of the polar curve at the point
T

where € = 5 Show the computations that lead to your answer.

Graph ol f*

5. Let { be a twice-differentiable function defined on the interval —1.2 < x < 3.2 with (1) = 2. The graph of /.

-

the derivative of /. is shown above. The graph of ” crosses the r-axisat x = =1 and x =3 and has

a horizontal tangent at x = 2. Let g be the function givenby g¢(x) = ¢/,

{a) Write an equation for the line tangent to the graphof ¢ at x = 1.

{b) For —1.2 < x <« 3.2, find all values of x at which ¢ has a local maximum. Justify your answer.

{c) The second derivative of ¢ 1s ¢”(x) = el I:( (x) ? + (x ‘)-l. Is ¢”(—1) positive. negative. or zero?
Justify your answer.

id) Find the average rate of change of g”. the derivative of g. over the interval [1. 3].




6. The function { isdefined by the power series

f)=1+(rsD)s(rs1Pss(xs 1) o= Y (v =1
n=()
for all real numbers v for which the series converges.

{a) Find the interval of convergence of the power series for . Justify your answer.

{b) The power series above is the Taylor series for { about x = —1. Find the sum of the series for f.
ic) Let g be the function defined by g(x) = |.'t| f(t)ds. Find the value of ‘q(—l;’.ifil exists. or explain why
o —%’ cannot be determined.

{d) Let / be the function defined by #(x)= f{x? =1 ) Find the first three nonzero terms and the general term

of'the Taylor series for # about x = 0. and find the value of /1(';’.




Question 1

Abaker is creating abirthday cake. Thebase of the cake is the
wegion R inthe fist uadrantunder the graph of 3 ~ £ix) for

204
0= x =30, wher §£ix) 235m|%| Both x and » are 164
neasued incentimeters. The region R is shoanin the fizue 121
above. The denvative of fis (%) %’Tcosl‘%). 8 R
(a) The region R is cut out of a S-centimeterb w20 .
certimeter rectangular sheet of cardbcard, and the ( S 1 15 2 25 A

wemairing cardbcard is discarded. Find the awa of the
discarded cardboard.

(b) The cake is asolid withbase R. Cross sectiors of the cake parpendicalar to the x-axis awe
serucicles. If the bakeruses 0.05 gram of unsweetened chocolate for each cubic centimeter of cake,

howr many grams of unswreetensd chocolate will be in the cake?
(c) Find the penmeter of the base of the cake.

30 )
(a) Awa -30.20 |o Fix)ds - 218.028 em”

Qof{f'x"l:
202 ]

() Vohime dx ~ 835619 an’

“0

Themrfore, the baker reeds 2356.1%4 x 0,05 ~ 117.809 or117.810 grams

of chocolate.

() Perimeter — 30 « |':°J1 C(Fin ) dx - 81808 or 81 804 cm

3:-l

N
3147

N
3:47

[ 2: irtegral

2 Irtegral

2: integral



Question 2

A storm washed avway sand from abeach, cansing the edge of the water to get closer to a nearb yad. The
rate atwhich the distance between the road and the edge of the waterwas changing during the stomm is
modeled by it} ~ V1 +cost — 3 metess perhouy, + hous after the stormbegan. The edze of the watey

was 35 meters fiom the road when the stotmbegan, and the storm lasted 5 hoars. The derivative of fi2)

is fit) 2%.':- sint.

(a) Whatwras the distance between the road and the edge of the water at the end of the storm?

(b) Using comectunits, irderpret the value §'i4) ~ 1007 interms of the distance betwreen the road and
the edge of the water.

(c) Atwhattme dunng the 5 hoars of the storm was the distance between the road and the edge of the
water decreasing mos trapidly? Justifyy your answer.

(d) Afterthe stormm, a machire panped sand back orto the beach so that the distance betoreen the wad
and the edge of the waterwas growing at a rate of g(p ) meters perday, where p is the mumber of
days since panping began. Whte an equation involving an integral expressionwhose sohtionwould
zive the rumber of days that sand rustbe panped to restore the onginal distance betwreen the wad
and the edge of the water.

(2) 35+ | Fit)dt - 26494 ox26.495 meters g |1:mterd
lo [1: arswrer
(b) Fourhours after the starmbegan, the rate of change of "1 : iterpretation of £ 4)

the distance between the road and the edge of the water 214 1 - units
is increasing at a rate of 1.007 meters /hoars® . ’

(e) fity~ 0whent ~ 085187 and ¢ ~ 224038 1:comsiders £i¢) -0

The mirinnam of f for 0 < ¢ = 5 mayocoarat(, 3:0 1: amswer
0.66187, 2.84058, ar 5. | 1: justification
Fioy - -2

Fi0.85187) - -1.39780
Fi2.84088) - 226983
Fi5) - 048027

The distance betwreen the 1wad and the edge of the
water was decreasing mostrapidly at ime ¢ ~ 2.840
hours after the stormbegan.

[ 1:itegralof g

@ ‘|°fmd !oglpadp 2'll:answer
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Craph o

A cortirmons function f'is defined onthe closed irderval —4 < x < &. The graph of f consists of a line
segment and acurve that is tangernt to the x-axds at x ~ 3, as shoanin the figure above. On the iterval

0 -

(2

®)

(@

@)

(@)

®)

)

@)

% < &, the fanction fis twice differentiable, with £ix) = 0.

I § differentiable at x ~ 07 Use the defirmition of the derivative with ore-sided hinuts to yus ifiy your
arswer.

For howr many vahies of @, -4 < a < 6, is the average rate of change of f on the interval |a, 6|
equalto 0?7 Give areason for your answer.

Is there a value of @, -4 < a < & for which the Mean Vahe Theorem, applied to the interval |a, 6|,

guarantees avahe ¢ a < ¢ < 6, atwhich fie) %? Jastifyy your arswrer.

The fanction g 1s defined by gix) |‘° Fit)dr for -4 < x <=6, Onwhat intervals contaired in
|4, 8] is the graph of g corcaveup? Explain your wasoring.

M_M % 5. [ 1:setsup differerce quotientat x ~ 0
0 oy FiDy "1 1 : arswrer with justification

Since the ore-sided linuts do not agree, § 1s not
differentiable at x ~ 0.

f'56' i'a' 0when fia)~ F(6). There are 5. [ 1: expression for average rate of change
toro values of @ forwhich this is tme. LS mmpwerwith e

Yes, @ = 3. The function § is differentiable on the 5. [1: arswers “yes”™ and identifies @ ~ 3
imterval 3 < x <& and contimous on 3 < x < 6. " 1: justification

Ffdy-Fi3 1-0 1
Abe, =53 63 3
By the Mean Vahie Theorem, there is a vahie ¢,
3 <6 suchthatfic) - &
gixy = Fixy, gx1= Fix) 1: gliz) = fix)
g'ix) =0 when fix) =0 3:.) 1:comsiders g7(x) =0
1

This is tue for -4 < x <0 and 3 < x <86, | 1: arswrer



Question 4

The graph of the polarcarve » <1 - 2eos ¢ for 0 = ¢ = 7T 15 v
shoan dove. Let 5 be the shaded regionin the third quadrart
bounded by the carve and the x-axas. k)

(a) White anirtegral expession for the areaof 5. F\
|

(b) White expressiors for % and % in texns of @,

—

(c) White an equationin terms of x and p forthe lire tangent to
the graph of the polar curve at the poixt where & r

3
Showr the conputatiors thatlead to your arswer. I

(a) »i0) 1, »i6) - 0 when & x [1 :limuts and corstant

g 2211 - integrand
vx/3 .\ :Integy.
Awact § %|o' 1 - 2¢0s 6)° do
() %~ roos¢ and p ~ rsine [1:uses x ~ rcos & and
dr

4:..1:5%
4 _ 2ing i de
des L2 arswrer
% %oos G- rsimé ~ 4sin Geos ¢ - sIn
% %sinu frecs 0 - 2sin’ @ + (1 - 2005 @ eas &

(c) When ¢ %,wehavex 0,»~1 1 : vahes for x and
dy| dy /du 3: | 1 :expcressiomﬁ:rg
x|,z " dxjdo | . 2 s

o=t J sl | 1: tangent line equation

The tangent line is givenby » = 1 — 2x.

rsind



Question 5

-2

Let £ be a twrice-differertiable fanction defired on the interval
12 < x <32 with £il) - 2. The graph of §, the derivative

of £, is shown above. The graph of § crosses the x-axis at

* 1l and x -~ 3 and has a horizontal tangent at % ~ 2. Let g

be the fanctiongivenby glx) ~ &',

(a) White an equation for the line tangent to the graphof g
at x - 1.

(b) For 12 < <32 find allvahies of x atwhich g has a Graph ot f
local maxarum Jus tifiy your arswer.

(c) The second derivative of gis g7(x) — &' '[(Fix))° + £7ix)1.Is g'(-1} positive, negative, ar
zero? Fustify your arswer.
(d) Find the average rate of change of g, the denvative of g, over the interval |L 3.

(a) gll)-e'® ¢’ [1:glix)
gixy—e'Vfin), gili- e Vi) - 48 3:41:gl) ad £11)
b b | tange 1 1
The tangentline is givenby p ~ e~ ~de” (x -1 L 13 m line quatica

) gixy—e ' Ifxy [ 1 answer
e L0 forall x " |1 justification
Sa, g changes from positive to negative onlywhen §’

changes from positive to negative. This ccours at x 1
only. This, g has a local maxinmm at x 1.

(@ g1 - Vi1 - e [1: answer
L 4 2:9 . :
eV 0 and £ 1) -0 1 : ustification
Since f is decreasing ona reighborhood of -1,
FUi-1) <0. Therefore, g"(-1) < 0.
g3 - gl s"3'f"3‘ s"l'f'lll 5 5. [ 1: difference quotient

@ 3-1 2 "1 answrer



Questicn 6
The fanction £ is defined by the power sexies
Flay=1oix+1)+ix PP b 1Y e i a1

-0
for all ieal mnbers x forwhich the series converges.

(a) Find the interval of convergence of the poarer senes for £ Justifyy your answrer.
(b) The powrer series above is the Taylor series for £ abaat x 1. Fird the sum of the sexies for £

(c) Let gbe the finctiondefiredby gix) J._lfm dt. Find the vahie of g‘ %l, if'it exists, or explain
why gl: %| cammot be determired.

(d) Let % be the fanctiondefined by 5(x) flx: 1). Fird the first thiee norzero terms and the general
term of the Taylor senies for k about x ~ 0, and find the vaheofhljlﬁ:l.

(a) The power senes is geametricwith ratio (x +1). [ 1:identifies as geometric
The series converges if and onlyif [x +1| <1. 3:01: x40 =1
Thewfore, the interval of convergenoe is -2 < x < 0. | 1: irterval of corvergence
OR OR

(% +1) . .
Lim ||~ |x +1| <1when -2 <x <0 [ 1: sets up linit of ratio
REUERRY 3: . 1:rdns of convergence
At x - 2 theseriesis (1), whichdiverges since the L 1: irderval of corwergence

terms do not corverge to 0. At x ~ 0, the series is gl,

which simuilarly diverges. Thewfow, the interval of

convergence is 2 < x < (.

(b) Since the series is geometrie, 1: answrer
S (5 4 1 1 <x <
Fix) ‘;_6'); 1y T xfor 2 < x <0.
1 1 Sy ey
f1 -3 1 ] [ 1: anfiderivative
@ g5l | L@ s Com2 2.
(d) hix) - Fix 1)-1 P LA [1: first three texms

R T 1 gereralterm
Ry (3] 3 3 9
' ' |l:va]ue0fh|‘2‘l
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CALCULUS BC
SECTION IL Part A
Time—45 minutes
Number of problems—3

A graphing calculator is required for some problems or parts of problems.
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1. Caren rides her bicycle along a straight road from home to school. starting at home at time ¢ = 0 minutes and

arriving at school at ime ¢ = 12 minutes. During the time interval O = ¢ = 12 minutes. her velocity v(f). in
miles per minute. is modeled by the piecewise-linear function whose graph is shown above.

{a) Find the acceleration of Caren’s bicycle at time ¢ = 7.5 minutes. Indicate units of measure.
. . . . #12 . -
{b) Using correct units. explain the meaning of |0 [v(#)| dt in terms of Caren’s trip. Find the value of
A2
| “|vie)|dt.
Jo :

{c) Shortly after leaving home. Caren realizes she left her calculus homework at home. and she retums to get it.
At what time does she turn around to go back home? Give a reason for your answer.

{d) Larry also rides his bicycle along a straight road from home to school in 12 minutes. His velocity is modeled

by the function w given by wit ) = 5 si |1i]—‘)t ) where w(f) is in miles per minute for 0 < ¢ = 12 minutes.

Who lives closer to school: Caren or Larry? Show the work that leads to your answer.

. The rate at which people enter an auditorium for a rock concert is modeled by the function R given by

\ - 2 - o . 2y i - L.
R(1)= 138017 — 675 for 0= ¢ < 2 hours: R(t) is measured in people per hour. No one is in the auditorium
attime ¢ = 0. when the doors open. The doors close and the concert begins attime ¢ = 2.
{a) How many people are in the auditorium when the concert begins?
{b) Find the time when the rate at which people enter the auditorium is a maximum. Justify your answer.

{c) The total wait time for all the people in the auditorium is found by adding the time each person waits,
starting at the time the person enters the auditorium and ending when the concert begins. The function w
models the total wait time for all the people who enter the auditorium be fore time ¢. The derivative of w is
given by w'(f) = (2—=1)R(¢). Find w(2)—w(l). the total wait time for those who enter the auditorium
after ime ¢ = 1.

id

On average. how long does a person wait in the auditorium for the concert to begin? Consider all people
who enter the auditorium afier the doors open. and use the model for total wait time from part (c).
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Noue: Figure not drawn 1o scale,

3. Adiverleaps from the edge of a diving platform into a pool below. The figure above shows the initial position of
the diver and her position at a later time. At time ¢ seconds after she leaps. the horizontal distance from the front

edge of the platform to the diver's shoulders is given by (¢ ). and the vertical distance from the water surface to
her shoulders is given by v(). where x(f) and v(f) are measured in meters. Suppose that the diver’s shoulders
are 11.4 meters above the water when she makes her leap and that

A _ 08 and D =3.6-98:
(lf (/f

for 0 <t < A, where A isthe time that the diver’s shoulders enter the water.
{a) Find the maximum vertical distance from the water surface to the diver’s shoulders.
{b) Find A. the time that the diver's shoulders enter the water.

ic) Find the total distance traveled by the diver’s shoulders from the time she leaps from the platform until the
time her shoulders enter the water.

id

. bre ~ . . . .
Find the angle 8. 0 < @ < =, between the path of the diver and the water at the instant the diver’s
shoulders enter the water.




4. Consider the differential equation d—‘\ =6
oL

CALCULUS BC
SECTION II, Part B
Time—45 minutes
Number of problems—3

No calculator is allowed for these problems.

2 2 N . . . . pp .
/ = — 7w Let v = {{x) beaparticular solution to this differential

equation with the initial condition f{-1) = 2.

{a) Use Euler's method with two steps of equal size. starting at x = —1. to approximate {(0). Show the work
that leads to your answer.
2
d v

i{b) At the point (=1.2). the value of —5 is —12. Find the second-degree Taylor polynomial for
R

{about x = —1.

ic) Find the particular solution v = {(x) to the given differential equation with the initial condition f(-1) = 2.

. Let { be a function that is twice di

X 2 3 5 8 13
i) |1 4 -2 3 6

ferentiable for all real numbers. The table above gives values of { for
12

f
selected points in the closed interval 2 = v = 13,

{a) Estimate {’(4). Show the work thatleads to your answer.

NE L
{b) Evaluate |7 (3 =51"(x)} dx. Show the work that leads to your answer.

L . . _— . . 13
ic) Use aleft Riemann sum with subintervals indicated by the data in the table to approximate |’

fx)dx
Show the work that leads to your answer.

P

id) Suppose (“(5)=3 and [”(x) < O forall x in the closed interval 5 = x = & Use the line tangent to the
graphof fat x =5 toshowthat /(7)< 4. Use the secant line for the graph of f on 5 £ v = 8 to show

that £(7) 2 3.
. . . 2 3 v . . .
6. The Maclaurin series for ¢* 1s ¢* =1+ x = 5+ F +---4 7 + ---. The continuous function { is defined by
t’l ‘_I-I: ] ~ ~ . . . ~
f(x)= for v=1 and f(1)=1. The function { has derivatives of all ordersat v =1.
(x—=1)
{a) Write the first four nonzero terms and the general term of the Taylor series for 707 about v =1,

{b) Use the Taylor series found in part (a) to write the first four nonzero terms and the general term of the
Taylor series for { about x = 1.

ic) Use the ratio test to find the interval of convergence for the Taylor series found in part (b).

id) Use the Taylor series for f about v =1 to determine whether the graph of / has any points of inflection.




Question 1

Caren ndes her bicyele along a straizht wad fiom home to school, staring athome at ime ¢ ~ 0 mimtes
and arriving at school at time ¢ ~ 12 numates . Dunng the time irterval 0 <¢ <12 numates, her velocity
vit), inniles per mimite, is modeled by the plecewise-lirear fanctionwhose graph is shoan above.

(a) Find the acceleration of Caren’s bicycle at time ¢ ~ 75 numtes . Indicateurits of measuze.

~12
(b) Using correcturits, explain the mearing of ‘o [vit)| dt interrs of Caren’s trip. Find the vahie
~12
of Iy [viz) dr.
(c) Shortly afterleaving home, Carenrealizes she left her caloulus honework at home, and she retarrs to
get it. Atwhat tire does she tam around to goback home? Give areason for your answrer.
(d) Larryalso ndes ks bicyele along a straightroad from home to school in 12 nurmates . His velocity is
modeled by the fancton w givenby wit) -z

15
0 =t <12 nwmtes. Who lives closer to school: Caren or Lary? § howr the work that leads to your

sinl‘%z), where wit) is innules per mimte for

amwrer.
’ ) . 3 1:
@ ails) - vi15) % 0.1 rles/ rirmate’ 2: {l'umam'ts“er
®) f:ﬂm. dt is the toal distarce, invailes, that Carenode | [ 1: reavig of ixtegaal
“11: value of irtegml

during the 12 mirates fom ¢ ~ 0 to ¢t - 12.
|.:.|v|t| & |'°.wt|d |.tvmd . f:.vmé

02 +02 +14 138 nules

(c) Carentums around to goback home attime ¢ ~ 2 mimtes. 5. ‘[ 1 : answrer
This is the time atwhich her velocity changes from positive " | 1:1weason
to negative.
12 . .
) |o witid ~ 1.6, Larry lives 1.6 nules from schoal. 2 :Lany’s distance fromschool
1 .1 :integral
|° vit) & ~1.4; Caen lives 1 4 nules fromschool. 3:0  1:vahe
Therefore, Caren lives closer to schocl. | 1:Camn’s distance fiom school

and conchision



Question 2

The rate atwhich people enter an anditormm for arock concert is modeled by the fanction R givenby
Rit) - 13807 — 875 for 0 <¢ = 2 hows; Rit) is measured inpeople per hour. No cne is in the
anditorpam atime ¢~ 0, when the doors open. The doos close and the concertbegins at ime ¢ ~ 2.

(a) How marny people awe in the aaditormmwhen the concert begins?

(b) Find the time when the rate atwhich people enter the mditormmis a maxirum Jastfy your answrer.
(c) The total wait time for all the people in the arditormam is found by adding the time each personwraits,

starting at the time the person erters the anditcemam ard ending when the concert begins. The function
w models the total wait time for all the people who enter the mditornmbefore time ¢. The derivative

of w is givenby w'it) ~ (2 ¢) Rt). Find wi2) - wil), the total wait time for those who enter the
aditornom aftertime ¢ ~ 1.

(d) On average, hor long does a personwrait in the anditormm for the concert to begin? Consider all people
who exter the anditormm after the dooxs open, and use the model for total wait time from part (c).

@ | " Rit)dt - 980 people 5. 1 fmtegra],
° [1: arswer

(b) Rit) -~ O0whenyt — 0and ¢ - 13629 [ 1:considers Rty -0
The maxanmm rate may cccur at0, @ ~ 1.36296, or2. 3:. 1:interiorcritical point
| 1: amswer and mstfication
R0y-0
Ria) - 854.527
R2)-120

The maxanoam rate cccus when t ~ 1.362 or 1,363,

© wi2)-wil) |’1‘w'.z.a |'1'.2 t)Rit)dt - WIS [ 1 integral

The total wait time for those who exter the anditoriam after 1: answer
time ¢ ~ 115 337.5 hous.

@) ﬁw.z. ﬁ‘[:.z tiRit) & - 077551 ,Jlfmegnl
On average, a personwaits 0.775 ar 0.776 hoar.



Question 3

A4 diverleaps from the edge of a diving platforminto a pool belox. The A -\*.
figure above shows the iritial position of the diver and her position at a later
time. &t time ¢ seconds after she leaps, the horizontal distance fiom the front \

edge of the platform to the diver’s shoulders is givenby x(2), and the
vertical distance from the water surface to her shaalders is givenby pit),
wherw x(#) and p(¢) are measured inmeters. Suppcse thatthe diver’s
shoulders are 11.4 meters above the water whenshe makes herleap and that

&0z ad & 35 98, o hT

for 0 =t < A where 4 is the time that the diver’s shoulder enter the water.

-

(a) Find the maximum vertical distance from the water surface to the diver’s
shoulders.

(b) Find A, the time that the diver’s shoulder enter the water.

(c) Fird the total distarce traveled by the diver’s shoulders from the time |'-"""-"'"‘-“"“"
she leaps from the platfoomurtil the time her shoulders enter the water.

(d) Firdtheangle &, 0 <¢ < %, between the path of the diver and the Neete: Figme wl dris o s,
water at the irstant the diver’s shoalders enter the water.

[ ——

@ @ -0 crdywhen t - 036735, Let 5 - 036735, |1 scosides 2 -0
The maxinum vertical dis tance from the water surface to the diver’s 3: 1 :integralox yit)
shoalders is [ 1:amwer
p&) 114+ [ D 12081 netes.

Jo gt
Altematively, pit) ~11.4 + 36 - 49%°, s0 pid) - 12061 metes.
) yid ~114- |° ‘g @& -114 364 494 - 0 when 5. [1 :equation
A~ 1936 seconds. L1 :answex
Ul @) 1 :integral
(c) J \”d‘:‘ ; 'dt. 4t ~ 1246 meters 2: 1. o
. d Qla (1.dy .
(d) Atte 4 & HE| ., 19.21913. 2: 1: h attime A
[ 1:armswer
The angle betereen the path of the diver and the wateris
tan (19.21913) - 1.518 or 1.519.




Question 4

Comsidert}ediifelenﬁalequation% B x:y. Let y = fix) be a particul ar sohtion to this

differential equation with the imitial condition fi-1) ~ 2.
(a) UseEuler’s method wath two steps of equal size, starting at x L to approximate £(0). Show the
work that leads to your answer.

3

(b) Atthe point (-1 2), the vahe of i‘{‘ 15 ~12. Find the second-degree Taylor polyronual for
fabout x 1.

(c) Find the particularsolation p ~ fix) to the givendifferential equationwith the iritial condition
Fily-2.

(a) fl' l|' Fi-1y+ i A% [1 :Euler’s method with twro steps
\ 2 L], 2:
1- =42, | 1 :answer
2 »4~§ 4
RTNE T
101030 oy
11 17
Y2z d
() Rix)-2+4ix+1) Bix 1) 1: answrer
(c)g % (6 > "1 : separation of vanables
" .. | 2 arbdenvatives
'6—},‘{}’ |7 dx &:. 1:constantof integration
1 1 :uses utal condiion
n§ -y 3% +C . 1:solves for p
1
Bk 3 o Note: max 3/6 [1-2-0-0-0]if no corstant of
C 1 nd irtegration
3 Note: 0/6 if no separation of variables
15 (1
In|é - »| 3 |‘3 Ind|
1 41
6y~ ae
1
y-6 48_3‘ 2



Question &

% 2 3 5 8 13
Fixy 1 4 -2 3 &

Let fbe afunction that is terice differertizble for all real ronmbers. The table dove gives vahies of § for
selected poirts inthe closed terval 2 < x <13,

(a) Estimate f'i4). Shoa thewonk that leads to your answrer.

() Evahate |. ?13 51 x 1) @x. Show thewoik that leads to your answer.

- 13
() Use aleft Riemam sumwith subintervals indicated by the data in the tble to approsamate | | £ix) ds.

Showr thewok that leads to your answer.
(d) Suppose £75) -3 and £(x) < 0 forall x inthe closed interval 5 < x < 8. Use the lire tangent to
the graphof f &t x ~ 5 toshow that £(7) < 4. Use the secant lire forthe graphof fon 5 = x <8 to

show that £i7) = %.

(@) fFlid)- EACIE AE) 3 1 : answrer
5-3
~13 . ~13 ~13 .
b) |, 3-5F(xids~ | 3dx-5| Fixidx [ 1 :uses Fund amental Theorem
313-2)-5(/03) - £(9)-8 | 27 ~ ofCaleubus
| 1: answer
~13
() |, fixydi= Fi2)i3-2)+ Fi35-3 2.‘[1:M1Rj.emammm
L F(5)B - S)+ £18)13-8) - 18 R i
(d) Anequationfor the tangent lineis p ~ -2 +3(x - 5. " 1:tangent ire
Since £ix) <0 forall x inthe interval 5 < x < &, the 1 1:ishows £i7) <4
line tangent to the graphof p ~ f(x) & x ~ 5 lies sbove 44 1:secant line
the graph for all x inthe interval 5 < x < 8. 1 shows f"”"";
Therefore, £17) < -2 +3.2 - 4. .
Anequation for the secart ineis p ~ -2 '%nx 5.
Since £"ix) <0 for all x intheinterval 5 < x < 8, the
secantline conrecting (5, £(5)) and (8, £i8)) lies below
the graphof p ~ fix) forall x in the irterval 5 < x < 8.
Therefore, £(7)> 2432~ 3.




The Maclansin sevies for ¢ is ¢~ 1ox + 2+ % o oo 20 The contimaons farction f£is defired
(= 8

by fix) %forx:lan:lfuln 1. The function § has denvatives of all crders at x ~ 1.
[ "

(a) Whte the first four norzero terms and the general term of the Taylor sexies for &' 15 dhaat x - 1.

(b) Use the Taylorseries foand in part (a) towrite the first four noreero terms and the gereral term of the
Taylorseries for § about x ~ 1.

(c) Use the ratio test to find the interval of convergence for the Taylor seres found in part (b).

(d) Use the Taylorseries for f about x ~ 1 to detenmire whether the graph of § has any poirts of
inflection

N R U (x-1y [ 1: first four terms
@ 1+ (x-dy T 2"llzgenera1term
® 1 ix-1° L 1t L 0 L 1’ . 5. ‘[I:ﬁ.rstf'o.lrhemts
ix-17 .
L2 1 ) -
() Lm .k . 2," im 1": 1/ - Lm 2 D] 0 " 1:setsup ratio
—oa 1 - —ca [N+ 2|| ——a N+ 2 |
"‘—l'l 3: . 1: conputes limit of ratio
v L) | '1: answer

Therefore, the interval of convergence is (oo, == .

(@ Fix 1~%|x 1) ~6Tfux 1o 2",'1:f"|x|
2n -1y L1: avswer

Since every term of this series is nommegative, f'(x) = 0 forall x.
Therefore, the graph of § has no poirts of inflection.




2010 AP® CALCULUS BC FREE-RESPONSE QUESTIONS (Form B)

CALCULUS BC
SECTION IL, Part A
Time—45 minutes
Number of problems—3

A graphing calculator is required for some problems or parts of problems.

), 6

-

o 2,0
1. In the figure above. R isthe shaded region in the first quadrant bounded by the graph of v = 4In(3 — x). the
horizontal line v = 6. and the vertical line x = 2.
{a) Find the area of R.
ib) Find the volume of the solid generated when R is revolved about the horizontal line v = 8.

{c) The region R isthe base of a solid. For this solid. each cross section perpendicular to the x-axis is a square.
Find the volume of the solid.

2. The velocity vector of a particle moving in the xy-plane has components given by

dx
dt

= l4cos i sin(¢’ ) and JT; =1=2sin(r?). for 021 <15
‘ . ) ‘

Attime ¢ = 0. the position of the particle is (=2. 3).

{a) For 0 < ¢ < 1.5, find all values of ¢ at which the line tangent to the path of the particle is vertical.
i{b) Write an equation for the line tangent to the path of the particle at r = 1.

ic) Find the speed of the particleat t =1,

id) Find the acceleration vector of the particle at ¢ = 1.



Pity| 0|46

N
»d
N
-]

60 | 62 | 63

3. The figure above shows an aboveground swimming pool in the shape of a cylinder with a radius of 12 feetand a
height of 4 feet. The pool contains 1000 cubic feet of water at time ¢ = 0. During the time interval 0 = ¢ =12
hours. water is pumped into the pool at the rate F(t) cubic feet per hour. The table above gives values of P(r)

for selected values of ¢. During the same time interval, water is leaking from the pool at the rate R(s) cubic feet

per hour, where R(f)= 25¢790% {Note: The volume V of a cylinder with radius » and height / is given by

; 2

Vi=ariin)

{a) Use a midpoint Riemann sum with three subintervals of equal length to approximate the total amount of
water that was pumped into the pool during the time interval 0 = ¢ = 12 hours. Show the computations that
lead to your answer.

{b) Calculate the total amount of water that leaked out of the pool during the time interval 0 = ¢ = 12 hours.

ic) Use the results from parts (a) and {b) to approximate the volume of water in the pool at time ¢ =12 hours.
Round your answer to the nearest cubic foot.

{d) Find the rate at which the valume of water in the pool is increasing at time ¢ = 8 hours. How fast is the
water level in the pool rising at ¢ = 8 hours? Indicate units of measure in both answers.




CALCULUS BC
SECTION II, Part B
Time—45 minutes
Number of problems—3

No calculator is allowed for these problems.

F

2. 20 L 200
20l & ) (7 X |}
10 {16, 1)

{18, 10)
() - - - 4 t t - + —- |
2 4 a 8 16 8
—11) . - .
(10, 140 (14, —1(»

Graph ot

4. A squirrel starts at building A attime ¢ = 0 and travels along a straight. horizontal wire connected to
building B. For 0 = ¢ < 18, the squirrel’s velocity is modeled by the piecewise-linear function defined
by the graph above.

{a) Atwhat imesin the interval 0 < ¢ < 18 if any. does the squirrel change direction? Give a reason
for your answer.

{b) At what time in the interval 0 = ¢ = 18 is the squirrel farthest from building A ? How far from
building A isthe squirrel at that ime?

ic) Find the total distance the squirrel travels during the time interval 0 < ¢ < |8,

{d) Write expressions for the squirrel’s acceleration «(f). velocity v(f ). and distance x(¢) from
building A that are valid for the time interval 7 < ¢ < 10.

5. Let fand g be the functions defined by f(x) =% and g(x) = I 4;: 5. forall x=0.
o - _\'_

{a) Find the absolute maximum value of ¢ on the open interval (0. =2 ) ifthe maximum exists. Find the
absolute minimum value of ¢ on the open interval (0. =2 ) if the minimum exists. Justify your answers.

ib) Find the area of the unbounded region in the first quadrant to the right of the vertical line x = 1. below
the graph of £, and above the graph of g.

. . L LS ey
6. The Maclaurin series for the function f is given by {(x)= Z L) MCL) N
n=2

o on its interval of convergence.
"—

{a) Find the interval of convergence for the Maclaurin senes of f. Justify your answer.

| =2x

i{b) Show that v = {(x) isa solution to the differential equation v’ — v = for | x| < R. where R isthe

radius of convergence from part (a).




Questicn 1

Inthe figure above, R is the shaded wegioninthe fisstquadrant bounded by the

graphof p - 4In(3 - x), the honzortal ine » ~ &, and the vertical line x ~ 2.

(a) Find the areaof R.

(b) Find the vohime of the solid gererated when R is revolved aboat the 3
horizontal lire p - 8.

(c) The region R is the base of a solid. For this solid, each cross section
perpendicular to the x-axis is asquare. Find the vohume of the solid.

w6

1 : Conect limits in anintegral in(a), (b)),
or(c)

@ [ 6 43 x))ds - 6816 or6817 g, [ 1:integrand

[ 1: answrex

(b) .,T|‘°:|l8 4In(3 Xl.z 8 6'3 ldx .. [2mgmld
168.172 or 168.1280 | 1: answrer

© [ 6 4G x) dx - 26266 or26267 5. | 2:itegrand

° | 1: answrer




Questicn 2

The velocity vector of a particle moving in the plare has conponernts given by

ax (20 s dy g2 -
¥y 14c0s(t” jsinfe | and s 1+ 2sint” ), for D =2 < 1.5

Attime ¢ - 0, the posiionof'the particle is (-2, 3).

(a) For 0 < ¢ < 1.5 fird all vahes of ¢ atwhich the line tangert to the pathof the particle is vertical.
(b) White anequation for the line tangent to the path of the particle at ¢ ~ 1.

(c) Find the speed of the particle at + ~ 1.

(d) Find the acceleration vector of the particle at ¢+ ~ 1.

(a) The tangert line is vertical when x'(¢) ~ Qand p'(2) # 0. 5. 1 :sets % 0
On0 <t <15, this happens at £ - 1253 and ¢ ~ 1.144 | 1: answrer
or1.145.

i Y1) ngeaa47 .
® dxl., ®ly ll'dx 1
1 4: . 1: a0l
1) - -2+ Jox'mdt 9314695 BEETY
| 1: equation

P13 [ ¥t & - 4620537

The line tangent to the path of the particle at ¢ ~ 1 has
equation p ~ 4621 + 0883 x - 9.315).

(e) Speed — J(x11))° + iy (1)) - 4.105 1 : answer

(d) Accelerationvectar: {x"(1), »"(1)} ~ (-28425,2.181} BRI

’ 171




Questicn 3

t |0 24|86 |8|10 12 an
An| 0 46| 53|57 |60 |62 &3

The fizure above shoars an aboveground swineming pool in the shape of a cylinder with a radms of 12 feet ard a
height of 4 feet. The pool cortains 1000 cubic feet of water attime ¢ ~ 0. Dunng the tme irterval 0 < ¢ <12
hours, water is pumped into the pool atthe rate Pit ) oabic feet per hoar. The table above gives vahies of Pit)

for selected vahies of ¢, During the same time irterval, water is lealang fiom the pool atthe rate Rit) oabic feet

per hour, where Rt~ 257", (Note: The vohime ¥ of a cylinderwith radins » and height & is givenby

V- k)

(a) Use a nudpoirt Riemarm sum with three subirtervals of equal length to approzamate the total amount ofwater
that was pumped into the pool dunng the ine irterval 0 <¢ < 12 hours. Show the campatations that lead to
YOUY answer.

(b) Calculate the total armount of water that leaked cut of the pool dunng the time irterval 0 <¢ <12 hours.

() Use the results from parts (a) ard (b) to approximate the vohime of water in the pool at time ¢ ~ 12 hours.
Round your arswer to the neawst cubic foot.

(d) Find the rate atwlich the vohume of water in the pool is increxsing at time ¢ ~ 8 hours . How fast is the water
level inthe pool rising at ¢ ~ 8 hous? Indicate units of measure inboth answrers.

" I
(a) | P\ -46.4 .57.4 6246508 2.1 mudpoint sum
o | 1: answrer
- 12 3 [ 1:integral
®) [, Rt - 25594 ft 20 1. amwer
(c) 1000 - f:zp-:-ax |'°“R-z-dz 1434.405 1: awwer
At time ¢ ~ 12 houxs, the volume of water in the pool is
approximately 1434 Y.
(d) ¥'it)~ At Rt “1:V8)
V'i8) - P8) - Ri8) - 60 2% - 43241 ar 43242 Y’ o | 1: equationelating % and %
4 4
a3 4: ‘,
¥ - r(27 k 1 %
‘i 144."@ | - 2 2
& “ar | 1:unitsof f/lr and # /by
dh 1 & ,
| o 1T dr| g 0085 or 00% &/l




Questicn 4

A squinel starts atbuilding A at time ¢ ~ 0 and bavels along a
straight wire commected tobuilding 5. For 0 <t <18, the ‘ y ,
squirrel’s velocity 1s modeled by the plecewise-linear function / \
defined by the graph dove. ' \ 7
(a) Atwhat times inthe interval 0 < ¢ < 18, if any, does the ‘ '
squirrel change direction? Give a wason for your answer. AN ' ‘
(b) Atwhat time in the irderval 0 <¢ <18 is the squirrel . ot
farthest frombuilding A ? How far frombulding 4 is the Cuage
squirrel at this time?
(c) Find the total distance the squirel travels during the time rterval 0 = ¢ = 18,
(d) White expressions for the squinel’s acceleration a(t), velocity vit), and distarce x(¢) from building A that
are valid for the time interval 7 < ¢ < 10.

(a) The squinel changes directionwherever its velocity changes sign. 5. [1:2-vahes
This ocours at ¢ ~ 9 and ¢ ~ 15, " | 1: explanation
() VelocityisOQate: -0, + -9, and ¢ -~ 15. 5. I 1 : identifies candidates
t position at tirme ¢ 1: answrers
0
9.5
5 .20 - 140
15| 10 2% 1050
18] 502 210-1s

The squirrel is farthest fiombuilding 4 at time ¢ - 9,
its greatest distance from the building 1s 140.

-1
(c) The total distance traveled is |° [viz)| & ~ 140 + 50 + 25 - 215. 1 : answrer

20 (-10 i
(d) For 7 <t <10, ait) # 10 T1:ait
4.0 1wy
ity =20 100 -7y~ 10 + 20 i2'
Rt
57 - 12220 - 120

Xt = 27 |'_,| 102 + 90 ) du

120 -5’ 90w~

5?90 - 265



Questicn &

Let £ and g be the farctions definedby £(x) % ad g(x)

4 gl x -0,
4

3
L ax

(a) Find the absohite maxanum vahie of g onthe openinterval (0, == | if the maxinmm exists. Find the
absohite mirinum vahie of g on the openinterval (0, == if the mirinoum exasts . Jastify your answers .
(b) Find the area of theurbounded region in the first quadrart to the right of the vertical lire x ~ 1, belowr

the graphof £, and above the graphof g

, 41+ 457 ) - 4xi8x)  4(1-4x°)
(a) g' x. . ‘ 5 b Y \‘
1+4x) 1 +4x° |
For x =0, glix) -0 for x é
glx) =0 for 0 < x < 12

gix) <0 for x ;

Therefore g has a masanoam vahie of' 1 at x é, and

£ has ro nunimam value on the open iterval (0, == ).

®) J.i“'flxc gix))dx ;l.i_!’!}'."lilflx’o gix))dx

lim (In(x) - 1inf1+ 422))
el 3 M
. 1 a1 ‘
lim (Inid) - SInfl « 467 )+ 115
| 2 13 )
-
e 1 ast ]
. \"5? A
e '_v'mr"
1 fmin |
2 1 —p OO ‘-1 " 46..'

In

b —
£l

-4E3

: cxitical point
: answels

: pastification

— = B

[ 1 :integral
4: ! 2:antdifferentiation
|1 :answer



Questicn 6

The Maclaann series for the fanction fis givenby %) Z% on its iterval of corvergence.
(a) Find the interval of corvergence for the Maclawin senes of f Jus ifiy your answrer.
(b) Shoa that y ~ £ix) is a sohation to the differertial equation xp" — » 14.)“2)‘ for x| < R, wher R is the
radms of corvergence fiom part (a).
i2x)"
(a) hm M Hn}’2x-nTl M’Zx-nnl |2 "1 :setsupratio
1 & ) - 1 : limit evah ation
n 5. | 1 :radms of convergence
23| ::lfor|x|':% "1 :comidexs both endpoirts
1 1 : analysis ard interval of
Therfor the radms of corvergence is 3 | comvergemce
When x l—,thesen'ﬁis VM \_'L
2 S on 1 S 1
This 1s the harmonic seres, which diverges.
When x l,thﬁ_sezisis vl V'l ?' 1 .
2 S on 1 S 1
This is the alternating haymonic sexes, which corverges.
The irterval of convergence for the Maclarrin sexies of £ is | % %J
®) (257 (2x) ) 2x} L 1y i2x) (1 amiss fry’
1 2 3 n-1 . .
|'1 :series for
2 3 16 4 (-1 (2x) 4:. . :
45 45’ P L Foaee 1 :sexiesfor p — »
3 n-1 .. . .
a | 1 :analysis with geometric sexies
) L I i1y ni2x) 2
> 8x —12x +—=x oo oo Crl——— e o e o
3 n-1
. ) 3 644 (11" ni2x)
» - 8x7 - 12x T R
» -y 45" 8% 16xt 1020
450 (1-2x + 45— 1) (20" )
The series 1 - 2x +dx® — v (-1 (260 4o = S (-2x) isa

Py

=0

geonetric seres that converges to ﬁ for | x| < 15 Thewrfore
2%

: 1 21
FIE I 31 1.2xfor|x| 5




2010 AP® CALCULUS BC FREE-RESPONSE QUESTIONS

CALCULUS BC
SECTION IL Part A
Time—45 minutes
Number of problems—3

A graphing calculator is required for some problems or parts of problems.

1. There is no snow on Janet's driveway when snow begins to fall at midnight. From midnight to 9 A.M.. snow

JQ0s!

accumulates on the driveway at arate modeled by (t) = Tt cubic feet per hour. where ¢ is measured

in hours since midnight. Janet starts emoving snow at 6 AM. (f = 6). The rate ¢(¢). in cubic feet per hour.,
at which Janet removes snow from the driveway at time ¢ hours after midnight is modeled by
[0 forO=s<6
g(t)=-<125 for 6=¢ <7
[108 for 7= 9.

{a) How many cubic feet of snow have accumulated on the driveway by 6 A.M.”?
ib) Find the rate of change of the volume of snow on the drveway at 8 AM.

ic) Let #(s) represent the total amount of snow. in cubic feet. that Janet has removed from the driveway
attime ¢ hours after midnight. Express /2 as a piecewise-defined function with domain 0 = ¢ = 9,

{d) How many cubic feet of snow are on the dnveway at 9 AM.?

t 5 -
{hours) 0 - a 7 8
Et)
{hundredsof | O 4 13 21 23
entries)

2. A zoo sponsored a one-day contest to name a new baby elephant. Zoo visitors deposited entries in a special box
between noon (¢ = 0) and 8 P.M. (f = 8). The number of entries in the box ¢ hours after noon is modeled by a

differentiable function £ for 0 ¢ = 8. Valuesof E(f). in hundreds of entries. at various times ¢ are shown in
the table above.

{a) Use the data in the table to approximate the rate. in hundreds of entries per hour. at which entries were being
deposited attime ¢ = 6. Show the computations that lead to your answer.
. . ; . . . A (L I
i{b) Use a trapezoidal sum with the four subintervals given by the table to approximate the value of é '0 EQt)de.

. . . . I . . . .
Using correct units, explain the meaning of 3 'n EXt)dt 1n terms of the number of entries.

{c) At 8 .M., volunteers began o process the entries. They processed the entries at a rate modeled by the
function . where P(t) = 3 =30 = 298 — 976 hundreds of entries per hour for 8 < ¢ < 12. According
to the model. how many entries had not yet been processed by midnight (f =12)7?

{d) According to the model from part ic). at what time were the entries being processed most quickly? Justify
your answer.




3. A particle i1s moving along a curve so thatits position at time ¢ 1s (x(f). v(# )). where x(t)=¢" -4/ =8 and
v(t) is not explicitly given. Both x and v are measured in meters. and ¢ is measured in seconds. It is known

Iv )=
that <= = ¢’ ™ = 1.
dt

{a) Find the speed of the particle at time ¢ = 3 seconds.
{b) Find the total distance traveled by the particle for 0 £ ¢ = 4 seconds.

ic) Find the time ¢, 0 = ¢ = 4. when the line tangent to the path of the particle is horizontal. Is the direction of
motion of the particle toward the left or toward the right at that time? Give a reason for your answer.

{d) There is a point with x-coordinate 5 through which the particle passes twice. Find each of the following.
{1) The two values of 1 when thatoccurs

{i1) The slopes ofthe linestangent to the particle’s path at that point

{1ii) The y-coordinate of that point. given W{2)=3 = 1
v

CALCULUS BC
SECTION II, Part B
Time—45 minutes
Number of problems—3

No calculator is allowed for these problems.

-
4
(9. 6)
R
5 -

4. Let R be the region in the first quadrant bounded by the graph of v = 2vx, the horizontal line v = 6, and
the y-axis. as shown in the figure above.

{a) Find the area of R.

i{b) Write. butdo not evaluate. an integral expression that gives the volume of the solid generated when R is
rotated about the horizontal line v = 7.

ic) Region R isthe base of a sdlid. For each v. where 0 = v = 6. the cross section of the solid taken

perpendicul ar to the v-axis is a rectangle whose height is 3 times the length of its base in region R. Write.
but do notevaluate. an integral expression that gives the volume of the solid.




- . . pp . . v PR . . . . pp .
5. Consider the differential equation # =1-— v Let v= {(x) be the particular solution to this differential
dr v
equation with the initial condition {(1)= 0. For this particular solution. {(x) < | for all valuesof x.

{a) Use Euler’s method. starting at x = 1 with two steps of equal size. to approximate (0 ). Show the work
that leads to your answer.

(x)
.l . Show the work that leads to your answer.

§
]

.\'3

{b) Find liml
A=

= . . oy . . v . C .
{c) Find the particular solution v = {(x) to the differential equation ‘—\ = | — v with the initial condition
oL

{
f(1)=0.

6. The function f. defined above. has dervatives of all orders. Let g be the function defined by
a(x)=1+ | f(t)de.
. Jo T
{a) Write the first three nonzero terms and the general term of the Taylor series for cos v about v = 0. Use this
series to write the first three nonzero terms and the general term of the Taylor series for { about x = 0.

{b) Use the Taylor series for { about x =0 found in part (a) to determine whether / has a relative maximum,
relative minimum. or neither at x = 0. Give a reason for your answer.

{c) Write the fifth-degree Taylor polynomial for g about v =0.

{d) The Taylor series for g about x = 0. evaluated at v = 1. is an altemating series with individual terms that
decrease in absolute value to 0. Use the third-degree Taylor polynomial for ¢ about x =0 to estimate the

value of g(1). Explain why this estimate differs from the actual value of ¢(1) by less than #




Question 1

There is no snoar on Janet’s dnveway when snow begins to fall at rudnight. From midnight to 9 A1, snowr
acoanmalates on the driveway ata rate modeled by £(2) ~ 72 cubic feet per hour, where ¢ is measued in
hours since midright. Jaret starts removing snoar at 6 &M, ¢ ~ 6). The rate git), incubic feet per hour, at
which Jaret emoves snoa from the driveway attime ¢ hoars after midnight is modeled by

0 for0=t-p

git) =125 ford =t <7

108 for 7 =t =9.
(a) How marny cubic feet of snow have acoanulated on the driveway by & ANM.?
(b) Find the rate of change of the volume of snoa on the drivewray at8 A M.

(c) Let k2t represent the total amount of snowr, in cabic feet, that Janet has removed from the drivewray at ime
t hours after nudright. Expiess k as a piecewise-defined functionwith domain 0 < ¢ = 9.
(d) How many cubic feet of snow are onthe dnveway at 9 ANM.?

@ [ '£()dr-14227 or 142275 cubic fet 2. [1interd
Jo | 1: amswrer
(b) Rate of change is (8- gi8) ~ 59582 or -59.583 cubic feet per hour. 1 :answer
(e) Ri0y-0 [1:hit)for0 =zt <

é
3:0 1kt foré <t =7
9

ForO <t <& hit)~ hi0) (og.s.as 0- |'oods 0. | 1. s 8ox 7
¢ ¢ C At 34 <<

Foré <t =7, hity~ ki) + [ gis)ds -0+ [ 125ds - 12512 - 6).

For7 -t <9 hity~hi?)+ | _gis)ds ~ 125+ [_108ds - 125 + 108z - 7).

0 for0<t =<8
Thas, hit) ~ 1125t - &) ford <=7
1254108 - 7) for 72 =9

o [ 1: ntegral
(d) Amount of snowr is |o'fmd hi9) ~ 25.5334 or 26335 cubic feet. 3:01: 9
) | 1: answrer




Question 2

(m’m) o |2 |s |7 |s
Fit)
(fndreds of | O 4 13 21 pc)
extries)

A zoo sponsored a one-day contest to name anew baby elephant. Zoo visitors deposited endries ina specialbox
betwreenroon (¢ ~ 0) and 8P.M. it ~ 8). The mamber cf entries in the bax ¢ hours after roon i1s modeled by a

differertizble fanction F for 0 < ¢ = 8. Vahies of Fit), in lundeds of entries, at various times ¢ are shownin
the table above.

(a) Use the data inthe table to approximate the rate, in lundreds of entres per hour, at which ertries werebeing
deposited at time ¢ ~ 6. Showr the conputations that lead to your answer.

-8
(b) Use atrapezoidal sumwith the four subirtervals given by the table to approximate the vahie of % |° Eit)dr.
-8
Using correct uruts, explain the mearning of% lo Eit) & mterms of the rmumber of entries.

(c) At8P.M, vohinteers began to process the enries. They processed the entres at a rate nmodeled by the fanction
Powhere Pit) - £ 308 + 298 — 976 hundreds of entries perhoarfor 8 < ¢ < 12. Accoring to the model,
how many entries had mot yetbeen processed by nudnight (¢ - 1237

(d) According to the model from part (¢), at what ime were the entries being processed most quickly? hastfy

your ansrer.
(@) Fig) - E'?,.’: ?5' 4 lundred enties per haur 1 : answer
1:8 . .
®) 5| Eitya& [ 1: hapezoidal sum
gl 3.0, R
1"2.E|Uc~El2a 3.E|2c~E|5a 2.E|5c~E|‘?a 1.3170 B8y "] .apptro'xnnahon
g 3 y 3 t 3 t 3 ) 1 meaning
10587 cr 10,638
%f:ﬁn jc 1s the average runber of lnindreds of extries in the box
betwreennoonand 8 P.IM.
© B- [V Pity@ - 2316 -7 lundrd enties g | 1:integnl
8 [ 1: answrer
(d) Pty -0 when ¢ -~ 2183303 and ¢ - 10.816497. [1:comsiders Pty -0
H A 3: . 1:identifies candidates
8 0 | 1: answerwith justification
9.183303 | 5088562
10316497 | 2911338
12 8
Entries are being processed mostquickly at time ¢ ~ 12,




Question 3

A4 particle is moving along a curve so that its positionat time £ 1s (x(2 ), pi2 1), where xi2) £ 48 ad
»it) s rot explicitly ziven Both x and p are measured in neters, and ¢ is measured in seconds . Itis kmoan

L
that a2 te 1.

(a) Find the speed of the particle at time ¢ ~ 3 seconds.

(b) Find the total distance traveled by the particle for 0 < ¢ = 4 seconds.

(e) Fird the ime &, 0 < ¢ = 4, when the line tangent to the path of'the particle is horizontal. Is the direction of
motion of the particle toward the leftor toward the nght at that tme? Give a reason for your answrer.

(d) Thew is a poirt with x-coordinate 5 thranghwhich the particle passes twice. Find each of the following.
(1) The two vahies of ¢ when that cccurs
(i1) The slopes of the lires tangent to the particle’s path at that paint

(111) The y-coordinate of that poirt, given pi2) - 3+ i

PR BTN B
(a) Speed — ix'i3)° +(»3)7 - 2.828 meters per second 1: arswer
) x'it)-2 -4 2.'[l:imegn.l
¢ | 3 2 1:
Distare ~ [ 1247 + {2 ~1]" dr ~ 11587 or 11 583 neters SEwex
& _dy/dr 3 _ [ 1+ it 22
(c) & b 0 when te 1-0and 2t 4+0 ‘ 1 : comsiders dx 0
This cocurs at ¢ ~ 2.2074. 3:01:0 - 2207 ar 2208
Sirce x'(2.20794) - 0, the particle is moving toward the right at | 4 ¢ cimectioof motion weati
time ¢+ - 2207 or 2.208. L e
(d) xit)-Satz-landt-3 fl:t-lamdt-3
. . Q’ @/ 3: . 1:slopes
Attime ¢ ~ L the slope is &y FrY N 0432, | 1: pcoondinate
. . Q’ &/
Attine ¢t - 3, the slope is &l &z S 1.
“3
yil) - »3) 3~%-‘|:%a} 4



Question 4

P

N0

0

Let R be the region in the first quadrart bounded by the graphof » ~ 2Vx, the horizontalline p - 6, and the

y-axis, as shownin the fizure above.

(a) Find the areaof R.

(b) White, but do not evahiate, an integral expression that gives the vohune of the solid generated when R is
rotated s oat the horizontal line p - 7.

(c) Region R is thebase of a solid. Foreach p, where 0 < » < &, the cross sectionof the solid taken
perperdicular to the y-axis is a wetangle whose height is 3 times the length of'its base inregion R. White,
but do not evaluate, an integral expression thatgives the vohume of the solid.

o [ 1 :integrand
N = 6x 400 . N
(a) Area |°t6 2Jx ) dx ~ |6 §x' | 18 3: . 1: mbdenvative
’ ‘ - |'1:answer
.9 —3 ) [ 2: integrand
Vohmme ~ 7| |(7 -2/ T8y & 3
®) Ve o =&y —id=6y) | 1: Hwvits and comstant
(e) Solving y ~ 2Jx for x yields x ‘% 3. .[2:imegran'1
TP T 1 answer
Each rectangular cross section has aea | 3‘% I ‘yT _ %y’.
Vohime |.‘3y’dy
Jo 16




Question 5

Corsider the differential equation % 1 -y Let p = £(x) be the particular soltion to this differential

equation with the initial condition §(1) ~ 0. For this paricularsohation, £ x) <1 forall vahes of x.

(a) Use Euler’s method, starting at x ~ 1 with two steps of equal size, to approximate (0. S how the work
thatleads to your answer.

(¥) Find lin ";""1. Showr the vork that leads to your ansvrer.
A

(c) Find the partimlarsohation p ~ fix) to the differential equation @ 1 - » writh the initial condition

dx
Fily = 0.
(a) f|‘—l-| Fily + Q - Ax [ 1: Euler’s method with twro steps
\2) @0, 2
- 1 ' '1 [ 1: arswer
1L 1
. ' 2. 2
1 @
- 1(3) | Fy 5y
1,3 (1 .5
2 2\ 2 4
() Since f 15 differentiable at x ~ L £ is contiruoas at x ~ 1. So, 5. [ 1:useof L’Has pital’s Fuk
H_!Slfl xi=0 li:_:nipc3 1) ard we may apply L Hospital’s 1 answrer
Rule. '
RE IR ATC N A
Ay -1 Sl 3x° lim3x® 3
-l
(e) ;,Q 1-» 1 : separation of variables
‘x 1 . 1 : anhidenvatives
lﬁdy 14 5 1:constant of integration
: . 1 :uses iitial condition
Il -pl-xC 1 : solves for p
Inl-1+C=C- -1
- 1 Note: max 2/5 [1-1-0-0-0] if no
g * constant of integration
1- p & HNote: 0/5 if no separaion of vanables

Fixr=1 &



Questicn 6

_cosx: ! for x = 0
Flay - 1"

3 for x -0

The fanction f, defined above, has derivatives ofail orders. Let g be the fainctiondefined by
gixy=1+ '.0 Fit) dr.

(a) White the first three nomzeo terms arnd the gereral texm of the Taylor series for cos x about x ~ 0. Use this
series towrite the first three nonzero terms and the gereral term of the Taylor seres for Fabaut x ~ 0.

(b) Use the Taylorsenes for faboat x ~ 0 fourd in part (a) to determune whether f has arelative maximam,
relative mirinoam, or neither at x ~ 0. Give a wason for your arswer.

(c) White the fifthdegee Taylor polyronual for g shaat x - 0.

(d) The Taylorseries for gabout x ~ 0, evaluated at x ~ 1, is an alternating sexies with individual terms that
decrase inabsohute vahie to 0. Use the third-degiee Taylor polyronual for g abaut x ~ 0 to estimate the

vahe of gil). Explainwhy this estimate differs from the actual vahe of gil} by less than é
(a) eosixi~1 ii e laL.... "1 :terms forcos x
2 4 (2n)! |+
N . N 3. | 2:tems for §
1 X XA i1 x° H .
fl)(l 5+ @ R i1 e, TYERREE 1 :fist theee terms
2 4 &l (2n +2) | 1 :zemaliom
(b) F'(0) is the coefficient of x in the Taylor sexies for £ daut x - 0, 5. [1: detenmires (0
so £i0) - 0. "1 1: answrerwrith 1eason
Froyoo1 . . ). .
30 41 % the coefficiert of x~ inthe Taylorseries for §f about
x=0,s50 £7(0) 112.
Therefore, by the Second Derivative Test, # has arelative nuninmam at
x =0,
3 5 1 : two conect texms
Bixy-1 %, % & |
(@) Rix) 2 34 5.8 2'[1:1emainirg'oexms
@ gly-1-+..1 3 [1: estinate
2 34 72 2: I1: .
Since the Taylor series for g sbout x ~ 0 evahated at x - 1 is + explanation
alternating ard the terms decrease inabsaohite vahie to 0, we knowr
‘ oo 1
SR 71 BT




2011 AP® CALCULUS BC FREE-RESPONSE QUESTIONS (Form B)

CALCULUS BC
SECTION IL, Part A
Time—230 minutes
Number of problems—2

A graphing calculator is required for these problems.

1. A cylindrical can of radius 10 millimeters is used to measure rainfall in Stormville. The can is initially empty.
and rain enters the can during a 60-day period. The height of water in the can is modeled by the function S.
where S(f) is measured in millimeters and ¢ is measured in days for 0 = ¢ < 60. The rate at which the height

ofthe wateris rising in the can isgiven by S°(f) = 2sin(0.03t ) = 1 5.
{a) According to the model. what is the height of the water in the can at the end of the 60-day period?

{b) According to the model. what is the average rate of change in the height of water in the can over the
60-day period? Show the computations that lead to your answer. Indicate units of measure.

{c) Assuming no evaporation occurs. at what rate is the volume of water in the can changing at time ¢ = 7 ?
Indicate units of measure.

{d) During the same 60-day period. rain on Monscon Mountain accumulates in a can identical to the one in
Stormwville. The height of the water in the can on Monsoon Mountain is modeled by the function M. where

. |
M -
M) 400

for 0 = ¢ = 60. Let D(r)=M"(t)—5"(t). Apply the Intermediate Value Theorem to the function D on
the interval 0 < ¢ = 60 to justify that there exists a time £, 0 < ¢ < 60. at which the heights of water in the
two cans are changing at the same rate.

O T, . S . . . .
(3t7 = 30r= = 330 ). The height M(f) is measured in millimeters, and ¢ is measured in days

2. The polar curve r is given by #(8) =38 = sin & where 0= € = 21,

{a) Find the area in the second quadrant enclosed by the coordinate axes and the graph of

T

ib) For = = @ = x. there is one point £ on the polar curve » with x-coordinate —3. Find the angle € that

corresponds to point 7. Find the y-coordinate of point 7. Show the work that leads to your answers.
{c) A particle is traveling along the polar curve r so thatits position attime ¢ is (x(¢ ). v(t)} and such that

de
dt
the problem.

T
s

e dv . . . " . -
=2. Find 7 at the instant that € = 3 and interpret the meaning of your answer in the contextof
( <

o




‘sl

CALCULUS BC
SECTION II, Part B
Time—60 minutes
Number of problems—4

No calculator is allowed for these problems.

trd

) ¥= /1) (4.2

- g

+ +—t Lot
ol 1 2 3 4 5 a\

. The functions { and ¢ are givenby f(x)= Jx and g¢(x)=6— . Let R be the region bounded by the x-axis
and the graphs of / and g. as shown in the figure above.

{a) Find the area of R.

{b) The region R is the base of asolid. Foreach v, where 0 = v = 2, the cross section of the solid taken

perpendicular to the v-axis is a rectangle whose base liesin R and whose heightis 2v. Write. but do not
evaluate. an integral expression that gives the volume of the solid.

{c) There is a point 7 on the graph of { at which the line tangent to the graph of { is perpendicular to the graph
of g. Find the coordinates of point P,




0 5 10

Graph of f

4. The graph of the differentiable function v = () with domain 0 £ x = 10 is shown in the figure above. The

area of the region enclosed between the graph of / and the raxis for 0 = x = 5 is 10. and the area of the region

Lmlosed between the graph of / and the waxis for 5= x = 10 is27. The arc length for the portion of the graph
f between x =0 and v =5 is 11, and the arc length for the portion of the gmph of { between x =35 and

x =10 is 18. The function { hasexactly two critical points that are located at x =3 and x = 8.

{a) Find the average value of { on the interval 0 = x = 5.
o . .
{b) Evaluate |U (3f(x) =2} dx. Show the computations that lead to your answer.
s \ rY IR . . . - . .
{c) Let g(x) = |q f(t) dr. On what intervals. if any. is the graph of g both concave up and decreasing? Explain
your reasoning.

{d) The function / is defined by #(x) = l:,l) The derivative of # is &'(x) = '(:7\) Find the arc length of

the graph of v = #{x) from x =0 to x = 20.




! 0 | 10|40 60
{seconds)
Bt) 100 | 136 | 9 | 49
imeters)
vir) 2023|2546
(me[ers per St"('ond )

5. Ben ndes a unicycle back and forth along a straight east-west track. The twice-differentiable function B models
Ben's position on the track. measured in meters from the western end of the track. at ime f. measured in
seconds from the start of the ride. The table above gives values for B(f ) and Ben's velocity. v(f). measured in

meters per second. at selected times 1.

{a) Use the data in the table to approximate Ben's acceleration attime ¢ = 5 seconds. Indicate units of measure.

. L . .60 . L .
{b) Using correct units. interpret the meaning of [u [v(£)|dt in the context of this problem. Approximate

p0 . Lo . . - .

|() [v(£)| df using a left Riemann sum with the subintervals indicated by the data in the table.

ic) For 40 < ¢ = 60. must there be a time ¢ when Ben's velocity is 2 meters per second? Justify your answer.
id) Alightis directly above the western end of the track. Ben rides so that at time ¢. the distance L(f) between

Ben and the light satisfies (£(¢) )2 =12 = (B( ) ')2. Atwhat rate is the distance between Ben and the light
changing at time ¢ = 407

6. Let f{x)=In(l °»"3)~

3 4 ]
. .. , . : X X =l X . .
{a) The Maclaurin series for In(l = x) 1s x— TrTR oY -1y L. L. Use the series to write
’ 2 3 ’ n

the first four nonzero terms and the general term of the Maclaurin series for /.

-
(%]

{(b) The radius of convergence of the Maclaurin series for  is 1. Determine the interval of convergence. Show
the work that leads to your answer.

g . . . . ) - 20 " £ 7.2 ~
{c) Write the first four nonzero terms of the Maclaurin series for (¢~ ). If glx)= |0 (¢ } dt. use the first
two nonzero terms of the Maclaurin series for g to approximate g(1).

{d) The Maclaurin series for ¢. evaluated at x = 1. is a convergent alternating senies with individual terms
that decrease in absolute valve to 0. Show that your approximation in part ic) must differ from g(1) by

less than l_
d




Questicn 1

A cvlindrical can of mdivs 10 millimstars is vs2d to maasurs rainfall in Stormwillz. The can is initially empty,
and min anters the can during a 60-day penod. The haizht of watsr in the can i3 modzlzd by the function S,
whare §(1) is measueed in millimeters and 1 is measuezd indays for 0 £ 1 £ 60, The ratz at which the heizhe
of the water iz rising in the can is givenby §(1) = 25in(0.03) - L5

(@)

(b)
(©

@

According to the modsl, what i3 the haizht of the water in the can at the 2nd of the 60-dayv penod?
According to the modsl, what is the avemzzratz of chanzz in the haizht of watsrin ths can ovarths
60-day pericd” Show ths computations that l=ad to vour answer. Indicats units of measurs

Azsuming no svapor@tion occue, at what ratz is the volume of watsrin the canchanzinz attime 1 = 77
Indicatzunits of measurz.

Dunng thes sams 60<ay pariod, min on Moenzoon Mountain accumulatss inz canidentical to thzonz in
Stormwillz. The haizht of the watsr in the can on Monsoon Mountain i3 modzslzd by the function M, whars
M= _ﬁ;‘ 37 -30° - 330:?!. The haizht M (1) 13 measured inmillimetars, and 1 13 measurad indayvs
for 0%: £60. Lat Dir) = M'(z) = 57z Apply the Intzrmadiatz Valuz Theoram to the Snction D on
theintzrval 0 €1 £ 60 tojustify that thers exists a time 1, 0 <1 < 60, at which ths haizhts of water inths
two cans ar= chanzing at the samsrats,

(2)

@

@

o [ 1:1imits
S(60) = | "S'(t) dr = 171813 mm 3:0 l:iintszmnd
I 1:answer
% = 2.863 or 2.864 mm/day 1: aswer
V(1) =100x S(1) 5[ 1:rdationshipbatween]” and §
I7(7) = 100 §77) = 602.218 1 amswer

Ths volums of water inthe can s incraasing at 2 @tz of
2218 mat [day.

[ 1:considers D(0) and D(60)
"1 1:justification

D0y = —0.675 < 0and D{60) =65.37730 >0
Bacavsz D iz continuous, the Intermadiatz Valuz Theoram
imgplizs that therzisatime 1, 0 <1 < 60, atwhich Dz = 0.

At this time, ths haizhts of watsrin the two cans ars chanzing
at the sameratz,

1 :vnitsin(b) or &)



Questicn 2

The polarcurve » s givenby (8] =35 —sin &, whars 0 £ 5 € 21,

(@)
(&)

Fing the arza in the s2cond quadmnt snclos=d by ths coordinats anss and the zmphof .

For ; £ £ % 1, thars is onz point P on the polarcurve » withx-coordinate —3. Find the anslz & that
comrzsponds to point P. Find the v-coordinats of point P. Show the work that lzads to vouranswars.

(c) A particle is travaling along the polarcurve r so that its position at time ¢ is (x(1), 3(1]) and such that
o b
%? = 2. Finé % atths instant that & = ‘T’T, ang interprat the meaning of vour answar in the contaxt of
the problem.
Ler [ 1:intszrand
(a) Ar=a= —.,-‘:/_ (r(&)r dé=47313 3: 1:limits and constant
e | 1:answar
(b) -3=r(flcos&=(35-sinflcos & [ 1:=quation
= 201652 3:4 l:valuzof &
¥=r(6)sin(6) = 6272 | 1: y-coordinate
(©) y=r(€)siné=(36=+s5inf)siné [ 1:vseschainmule
v _[dv d&T - 2818 3:0 lianswer
dlgazeps LdE dt laazys ) | 1:intarprztation
Ths v-coordinate of thes particls is dacraasing ata ratz 072818,




Question 3

Ths functions f and g ars zivenby f(x) = Vx and g(x) = 6-x.
Lzt X bz ths razion boundzd by the x-axis and the zmphs of fand
£. 33 shown in ths fizues above,
(z2) Findths arza of K.
(b) Thsrzzion R iz thebaszofz s0lié. Forzach 3, whars

0 £ v £2, ths cross saction of the solid takan perpendicularto

the v-axis i3 arectanzlawhoszbase lizs in X and whoszhaizht s v Writs, but do notavalvatz, an intzz sl
sxprassion that zivas the volumsz ofthesolid.

(c) Tharz iz a point P onths zraph of f at which ths lins tanzent to the zrapgh of f is perpendicular to the zraph
of g.Find the coordinates of point P.

4 [ 1:intszral
\ o 1 2 32T 422 | .
(a) .l.tea=|l:’&a&——.,-2-2=§r =5 3:4 1:antidenvative
’ - =0 | 1:answar
) v=vx = x=» | 2:intszrand
3:
yv=6-x = x=6-y | 1:answar
Width = (6 - v) — »°
Volums = ‘3. w(6-y -3 )d
() gix)=-1 [1:f(x)
3.0 1:zquat
Thos a line perpendicular to the zragh of 2 has sleps 1. I Fqpanen
| 1:answer
wos_ 1
T3
1 _ _1
N =1 = x=7
The point P has coordinates ;%%'




The zraph of the éiffzrentiabls Snction v = f(x] with domain

0 £ x £ 10 iz shownin the fizues above. The arzz of the rzzion =ncloszd
batwzenthz zraghof fand thex-axizs for 0 £ x £ 35 i3 10, and thearzaof
therzzion enclosed betwean the zragh of fand thexaxiz or 352 x 2 10
7. The arc lenzth for the potion of the zmphof fbetwzen x = ( and
x =3 13 11, and thz arc length for the portion of ths zragh

of fbetwzen x = 3 and x = 10 i3 18. Tha function f has sxactly two
critical points that arzlocatzdat x = 3and x = &

=
15 £

(@)

)

(©

)

@

(©

)

Questicn 4

- A
Find the averaze value of fon theinteral 0 € x €3, a # L
p10, . . . .
Evzluats ‘3 (3f(x) = 2) dk. Show the computations thatl=ad to
Grphoof f

vour answar,

’ oL . .. . ~ M - - -
Let g(x) = |, f(1) dr. Onwhat intervals, ifany, is the graph of g both concaveup and decrsasing? Exglain
VOUr rzazoning.

The function h is defined by h(x) = 2| 5. The derivative of h is h(x) = f' 5. Finé the arc length of

the zragh of v = Hx| from x =0 to x = 20.

-10 _

Fy
2

=2 1:amwar

Avzrazz value = —1‘3 f(x)dx=

210 a2 210 1

‘0 (37(x) = 2)dx =3 ‘0 flxyde= |, flx)de =20 2:amswer
=3(-10-27)=20=71

gix) = f(x) [1:¢g (x) = flx)

gix)«0onlex<s 3:4 1:analysis

g£'(x) isincraasinzon 3< x < 8. L 1: answer and reason

Thzzraghof g isconcaveup and dacrasinzon 3 < x < 3.

20 T
1-(H(x)y dx= l Jl +| f';%ll'l e [ 1:intzzeal
L) <! \

- 3:/ 1:substitution
I.etu=%". 'Dlendx=—3;:&a.nd | 1:answer

~20 x 10
x|\ i3

| Jl'ifﬁ.ll d =2,

Jo 2 J

Arc lensth = |3J

1= (f(u)) du=211-18) =58




Questicn &

I k
Csacnds) 0 | 104060
Ba) 100 [ 136] 9 |45
(maters)
vir] 2 ) 254

neten porsscondy | 20 | 23| 25|46

Banridzs avnicyelz back and forth alonz astmizht zast-wast track. The twics-diffarentizbls Sinction B modals
Ban's position on the tack, maasurad in matees from the wastzrn 2nd of the tack at tims 1, maasurad inszconds
from the start of the ride. The table above zivas valuas for B(1) and Ban's velocity, v(r), measured in maters

per szcond, at sslected timss 1

(a) Usz thzdatain the tabls to approximats Ben's accsleration at tims 1 = 3 szconds. Indicatz units of measues.

. == . - 050 i - .
(b) Usinz comsct units, intzrprat the meaning of ‘ |[w(2)| & inthe context of this problem. Approximats

J0

+ 80
.0 |[vr)| & vsinz aleft Rizmann sumwith the subintervals indicatzd by the data in the table.

(c¢) For 40 £ £ 60, must thars bz 2 time 1 whanBan's valocity i3 2 matars per second? Justify vour answar,

(é) Alightis éirsctly zbovs thewastzm 2nd of the track Banrides so that at tims 1, the distancs L) batwaan
Ben and the lightsatisfies (L(1))° = 12° = (B(r) )*. Atwhat rate s the distance between Ben and the lizht

chanzinz attims 1 =407

@ a(3)= % = % = 0.03 meters [52c°

A0 . . . .
(b) ‘0 |[v(z)| & is thetotal distancs, in maters, Banndas ovarthe

60-3zcond interval 1 =0 to r = 60.

[ v de = 2010+ 240 - 10) = 2.5(60- 40) = 133 metens

B(60) - B(40) _ 49-9
60 - 40 T2
implizs thers s a time 1 40 < 1 < 60, such thatv(r) = 2.

(c¢) Becavss

(@) 2L(1)L'(z) = 2B(z)B(z)
540w 4 8.23

(40) = = =§ s/
L'(40) I(20) N sial: matars [32c

= 2, the Mazan Value Theoram

l1ramswer
o | 1:msaninz of intzzsal
| 1: approximation
o | 1:éiffzrance quotient
- . . - - .
| 1: conclusion with justification
[ 1:denvatives
3:0 livses BUr) =vin)
|1 anzwer
1:unitsin (3) or(b)



Questicn 6

Lat f(x)=1n(1=x").

(@)

(&)

S -
The Maclavanserizss for Inf1-x) 13 x _xT + % - xT Foeed {-1}"’1 % = ---. Usz ths serizs towrits
-

the first four nonzaro temms and the zanzl tzrm of the Maclavrin sarizs for f

The radivs of convargancs of the Maclavan serizs for f i3 1. Datarmine the intarval of convarzancs. Show
the work that 12ads to vour answar,

. - - - . . - of 213\ P % o2y ~
(c) Writs ths fist four nonzaro temms of the Maclavrinseriss for /17 L If glx) = .3 Flro ) gk, vezthe fest
two nonzero terms of the Maclauan sarizs for g to approximatzs z(1).
(6) Thz Maclavnn serizs for g zvalvatzd at x = L is 2 converzant altemating s2n2s with individual teams
that d=crzase in absolutz value to 0. § how that vour approximation in part (¢) must differ fom g(1) by
1233 than —{.—
S el T o | 1:drstfourtemms
(;) x'—T—_—_—...—;—l‘l‘ s - 2:
23 4 : n | 1:zenzralterm
(b) Ths intzrval of convarzancsis centerzd at x = 0. 2: answarwith analysis

©

@)

Atx=-1, ﬂEsexia_r.is-l-l-—-—---~-%----,v.~hich

Givarzas bacauss the harmonic seriss divarzas,
.-\tx=1_thesezi=_sisl-%-%-% ----- .(-lj."’]-'lz
zltzrnating harmonic serizs, which convarges.

Therzfors theinterval of convargancs iz =1l < x5 1.

The Maclavdin serizs for f(x), 7 ), and =ix) aes [ 1:two tzmms :'{M‘f",?f:

£l z;{—l)"" R i o 4: ) Loether s e S0
- 1: Arst two tzrms for g(x)

| 1: approximation

(23 gl el 4 _ 200 216 o2

fle 1:2'_—1,- 3 =3 = =T -3 -

=(x) i.j;-l."l.ﬁ_ﬁ-h_n-i-h_"-...
-l

The Maclavnin serizs for g svalvated at x = 1 i3 altzrnating, and the 1:analvsis

tzrms ¢2crzass inabsolutz value to 0.
s

Tres 18] 3.1 3 1

f-Hl<FT=17<3




2011 AP® CALCULUS BC FREE-RESPONSE QUESTIONS

CALCULUS BC
SECTION IL Part A
Time—30 minutes
Number of problems—2

A graphing calculator is required for these problems.

1. Attime ¢, a particle moving in the xv-plane is at position (x(f). v(f )}. where {f) and v(¢) are not explicitly

given. For t = 0. ‘IT!\ =4t =1 and dl—; = sin [12'), Attime t = 0. x(0)=0 and v(0)= —4.
4 4 .

{a) Find the speed of the particle at time ¢ = 3. and find the acceleration vector of the particle at time ¢ = 3.
ib) Find the slope of the line tangent to the path of the particle attime ¢ = 3.
{c) Find the position of the particle at time ¢ = 3.

{d) Find the total distance traveled by the particle over the time interval 0 = ¢ = 3.

! o259 10

{minutes)

HUE) 66| 60|52 4443
idegrees Celsius)

2. Asa pot of tea cools. the temperature of the tea is modeled by a differentiable function H for 0 < ¢ < 10. where
time ¢ is measured in minutes and temperature H(f) is measured in degrees Celsius. Values of H(f) at selected
values of time ¢ are shown in the table above.

{a) Use the data in the table to approximate the rate at which the temperature of the tea is changing at time
f = 3.5. Show the computations that lead to your answer.

. . . . " o .. A .
{b) Using correct units. explain the meaning of H(t)dt in the context of this problem. Use a trapezoidal

| ¢l
EJU
| el

] £a N
0 _|U Ht)dr.

sum with the four subintervals indicated by the table to estimate
A0 . . . o _ L
ic) Evaluate '0 H'(#)dt. Using correct units, explain the meaning of the expression in the context of this
problem.

id) Attime ¢ = 0. biscuits with temperature 100°C were removed from an oven. The temperature of the
biscuits at time ¢ is modeled by a differentiable function B for which it is known that
Br) = -1384717 Ui ng the given models. at time ¢ = 10. how much cooler are the biscuits than
the tea?




(]

CALCULUS BC
SECTION II, Part B
Time—60 minutes
Number of problems—4

No calculator is allowed for these problems.

=

i R

0 k *

. \ 2 . . ~ ~ . .
. Let f{x) =¢™". Let R be the region in the first quadrant bounded by the graph of /. the coordinate axes. and

the vertical line x = k. where & = 0. The region R is shown in the figure above.
{a) Write. but do not evaluate. an expression involving an integral that gives the perimeter of R in termsof &.

{b) The region R isrotated about the y-axis to form a solid. Find the volume. V. of the solid in terms of £.

{c) The volume V. found in part (b). changes as & changes. [ dli\ =

. dotemmine 2V whea k=1,
dt 2

|-




(—4,-1)

{3,-3)

Graph of f

4. The continuous function [ is defined on the interval —4 = v = 3. The graph of { consists of two quarter circles

. . -~ y \ X . s \
and one line segment. as shown in the figure above. Let g(x) = 2x + | f(t)dt.

{a) Find ¢(=3). Find 2’(x) and evaluate 2’(-3).

{b) Determine the v-coordinate of the point at which ¢ has an absolute maximum on the interval —4 < v < 3.
Justify your answer.

(=)

Find all values of x on the interval —4 < x < 3 for which the graph of g has a pointofinflection. Give a
reason for your answer.

id

Find the average rate of change of { on the interval =4 < x = 3. There isno point ¢. =4 < ¢ < 3, for

which /“(¢) 1sequal to thataverage rate of change. Explain why this statement does not contradict the
Mean Value Theorem.

N

. At the beginning of 2010. a land fill contained 1400 tons of solid waste. The increasing function W models
the total amount of solid waste stored at the landfill. Planners estimate that W will satisfy the differential
equation JT = %(W —300) for the next 20 years. W is measured in tons. and ¢ is measured in years from

4 pam

the start of 2010.

{a) Use the line tangent to the graph of W at 1 = 0 to approximate the amount of solid waste that the landfill
contains at the end of the first 3 months of 2010 {time ¢ = % ).
4 d*w

{b) Find ==~ intermsof W. Use ==~ to determine whether your answer in part (a)is an underestimate or
dt= dt=

an overestimate of the amount of solid waste that the landfill contains attime ¢ =

R

{c) Find the particular solution W = W) to the differential equation LA T (W —=300) with initial
¢ F/n

condition W(0) = 1400.




et~
: bt
M=t

80

N0 TN

) S0 1

Graph ol v = |_f [5](1')|

6. Let f(x) = sin| ¥ )+ cos x. The graphof v = l"ﬂ 2 ('.\")| is shown above.
{a) Write the first four nonzero terms of the Taylor series for sin x about x = 0. and write the first four
~ . - . 2
nonzero terms of the Taylor series for sin{x~ | about x = 0.

i{b) Write the first four nonzero terms of the Taylor series for cos x about x = 0. Use this series and the seres

for sin(.\'2 } found in part (a). to write the first four nonzero terms of the Taylor series for f about x = 0.

{¢) Find the value of '®(0).

id) Let Py(x) be the fourth-degree Taylor polynomial for { about x = 0. Using information from the graph of
4 2 ylor p

3)- 1) < 505

v =| i (.\')| shown above. show that




Questicn 1

Attims 1,2 particls moving in the xu-plan= i3 atposition (x(r ), ¥ 1)), whare x(r] and v(r] arznot sxplicitly

given Forr 2 0, %=4t—lm %=sin{lt:t\. Attimer =0, x(0) =0 and {0) =-4.

(a) Find thespezd oftheparticlz at time ¢ = 3, and find the acczlzmtion vactorof theparticlz at time ¢ = 3.
(b) Find thzslops ofthzlins tanzant to the path of the particlz attime 1 = 3.

(c) Find thz position of the particlzat time 1 = 3.

(&) Find th=total distance travalzd by the particlzover the time intermval 0 £ 1 £ 3

(a) Spe=d = (¥(3)) = (¥(3))” =13.006 or 13.007 L [ 1l:ispex
. . “7 | 1: acesleration
Accalemtion = (x"(3),7(3))

= (4,-3.466) or (4,-3.467)

® Stope = ¥ = 0031 er 0.032 1 : anawer
(c) x(3)=0- ‘:—dx=21 [ 2: x-coordinatz
(3) &
.Jo I 1:intzzel
. o . | 1:answer
X =-4- — ==—d.i& 4
#3 .Jo a & . | 2: y-coordinatz

1:intezeal

Attims r = 3, the particls is at position (21 -3226). | 1: answer
L . o

| 1:integral

]

M T
©® Dlatanc-—Jo ‘f"?: (2 & =209

11 amswar




Questicn 2

! 0|2 10

(mimstas)
H)

(dazrass Calsivs)

L
O

66 60 32 44 43

Az z potoftza cools, the tempamtuee of the tza is modalzd by a diffzrentiabls function H for 021 £ 10, whars
tims 1 i3 measurad in minstss and temperaturs (1) s measursd in degrass Calsivs. Valves of Hir) atsdctzd
valvzs of tims 1 arz shown in the tabls zbovs.
(a) Us= ths datz in ths tablz to approximats the @tz at which the temparaturs of the tza i3 chanzinz attims

t = 3.3. Show ths computations that 12ad to vouranswer.

r10
(b) Usingz corract units, explain the maaning of l% ‘0 Hi(r) dr inths contaxt of this problem. Usz a tmpezoidal
10
sumwith the four subintzrals indicatzd by tha tablz to 2stimats -l—lc- ‘0 H(s) dr

P10, .. . . . - L P
(c) Evzluats ‘3 E'(1) dr. Usinz corract units, explain the meaning of the sxprassion in the contaxt of this

problem.

(é) Attms ¢ = 0, biscuits with tamperaturs 100°C werz ramovad Fomanoven The temparatues of the
biscuits at time 1 i3 modzlzd by a differentiable Sinction B for which it is known that
Bir)= —13.8457 07 Using the ziven modals, at time ¢ = 10, how nwch coolar ars the biscuits than
ths tza”

( 5\ - (2)
(@) H'(33) = B Z {i = 1:amwar
- T &
52-6 . .
=== —2.666 or —2.667 dzzreas Calsivs par minuts
s L e is . . < Celsins 1 -
(b) ﬁ.‘o (1) dr iz the averazs tempectues of the t2a, indezreas Calsivs, [1: meamng of =prassion
3: ! 1: tmpszoidal sum
1

ovar the 10 mimstas.

1 1 66 = 60 60=32 3 Lt
S0 1y 6660 ., 6052, 52-44_, 44-4
ﬁ.‘o H(r)dt = 512 3 3 3 4 3 1 o
=328

© [} By de= HQ0) - H(0) = 43- 66 = -23 . {1: valve of integsal

Ths tempaatues of the tza drops 23 dezrass Calsivs fromtimz 1 =0 to | 1: meaning of snprzssion

tims 1= 10 minutss.
@ B(10)=100+ [ B(r)dr = 3418275 H(10)- B(10) = 8317 [ 1: integrand

Ths biscuits arz 8.817 dzzreas Calsius cooler than tha tza. 3: 4 1:uses B(0) =100

| 1:answer




Questicn 3

Lat fix)= &% Lat R be the rzzion in the first quadrant boundzd by the

zmphof /. the coordinats axzs, and the vanical line x = &, whars

£ » 0. The ezzion R i3 shownin ths Szurs zbova.

(a) Writz, but do notavalvats, an expression involving an intzzsal that
zivas the perimsterof X intzmms of &

(b) Ths razion X is rotated aboutths x-axis to form a solid. Find the
volume V. of the solid in temms of L.

(c) Theveolums I, found in part (b), chanzss as & chanzss I % =

[P

,

[

dztzrmine % when k=

\~
=

/(k. &

@ fi(x)=2"

Puiw =1+ 5= [ 2]

T Lo V- S LI WS W ¥ il ST VRY 4
(b) Volume XJOCs _fcbc ons a ¢ » 7€ Y

E

B

[}
[

[}

"

0
Lol her

1: fix)
< 1:intzzeal
1:answar

:intszrand

: limits

: antidenvative
: answer

_ . A.
P

~ | 1:appliss chainrule

Sl amswar



Questicn 4

Ths contimsous function f is é2finsd entheinteral —4 £ x £ 3.
The zragh of f consists of two quartsr circles and onzline
szzment, a3 shown in the fizues above.

Lat g(x)=2x = .';f{r_‘. dt.

(a) Find z(-3). Find g'(x) and svalvats g'(-3).

(b) Daztzrmin= the x-cooréinats of the point atwhich g has an f 0 |
zbsolutz maxinumon theinterval =4 2 x £ 3
Justify vour answer. {
(¢) Find all valves of x onths interval =4 < x < 3 for which
the zrapgh of g has apoint of inflection. Givea rzason for
Vouranswar,
(¢) Find the avaraze ratz of chanzz of f on the interval Guephof £
—42 x2 3 Therzisnopoint ¢, =4 < ¢ < 3, orwhich f7(c) iz =qualto that averazs ratz ofchanzs.
Explain why this statzment dozs notcontradict the Mzan Valuz Theorzm.

S

@ £-3)=2-3)=| fl)di=-6- . ( i 5(-3)
g.u':le =2- l';x;.l s B4 0]
S 11: (=3

-3 =2=F-31=2

() g'(x)=0when f({x)=-2. Thisoccursat x = 3. [ l:considers gix) =10
& ) - . . .
o A < o 5 3.0 1:identifizs interior candidats
gix)>0fr-4cxx 3 and g'(x) < 0 for Fex <3. | 1:answer with justification
. . 3
Tharefors g has an zbsolutz mamimum at x = 5.
(e) g'(x)=f(x) changss siznonly at x = 0. Thus the zraph 1:answer withraason
of g has a pointofinflectionat x = .
(é) Ths averazs ratzofchanzzof fontheintzmal —4 S x £ 3 iz o | 1:averazes mtz ofchanze

Si3-F4%) _ T 1: explanation
-y "

Tozpply the Mzan Valuz Theorem, f nwst bz difzrantiabls
at zach point in the interval —4 < x < 3. Howsever, f iz not

difzrentiablzat x = =3 and x =0.

2
-
’,T.



Questicn 5

At the bezinning of 2010, 2 land All containzd 1400 tons of solid waste. The incrzasing function 77 modals

ths total amount of solid wastz storzd at the landAll. Plannas sstimats that 7 will satisfy the diffzrantial

zquation % = %{W —300) forths next 20 wveas. 7 iz measurad intons, and 1 i3 maasurad in vaas from

the start of 2010. -

(a) Uszthzlinz tanzanttothzzmphof 7 at 1 = 0 to approximats the amount of so0lié wasts that ths landfill
contains atths 2nd of the first I months 0f 2010 (time ¢ = % )

dw

(8) Find ‘;’f in teems of 7. Use

to datzrminz whathar vour answar in part () i3 an underastimatz or

an overastimatz of the amount of solid wastz that the landfill contains at timz ¢ = 1 .

=1

(c) Fingd the patticularsolution 7 = W(x'; to ths éiffzrential zquation % 3

condition (0 = 1400.

(W —300) withinitial

=

@ %. 0=2—15(!!’(0)—300)=%(1400—300}=44 NUREE SPYRY
Ths tangent line s ¥ = 1400~ 4 | 1:answer
1) - 1400 < a4/ 1) = 1.
g x 1400 - 44 5 = 1410 o
AW _1dv _ 1 ., . , CLdw
(b) ?=§T=EIW—3OCIMW2NOC 2:‘: 1?

, | 1: answerwith reas
ﬂ&tef«ei{?)Cmd&htm’ﬂCSrS L 4 = aumar writh cazace

1
T
The answear inpart (2) i3 anundarzstimats,

@ % = %S{W - 300) [ 1:zzparation of variables
. . 1:antiderivativas
(2 —ar=(La . | e
J W =300 J23 5:4 1:constant of intezration
1 1: uses initial condition
W ==l
la| 300 =° ¢ 1:solves for 77
10(1400 - 300) = —=(0) + C = 1n/1100) = C . ) - ,
’ =2 Notz max 2/3 [1-1-0-0-0] ifno constant of
1 . .
_ _ - intzz@tion
=300 = 1100 . Notz 0/3 ifnoszpamtion of variables

wrt

W (r) = 300+1100e™ ,




Questicn 6

Let fix)= sin(‘x: j‘l-cos x. Thzzmphof v = |f'35:'(x} i3 ¥
shown sbova. 1207
(a) Writs the first four nonzero tzrms of the Tavlor senas for 80}
sinx about x = 0. and wats the first four nonzero tzrms
of the Tayler serias for sinx" ) about x = 0. - NG 40+
(b) Writz the fist our nonzero tzams of the Tavior sarizs & + + e
cos x about x = 0. Uss this sen=s and theserizs for -1 o 1
sin (x: ), found inpart (3), to waits the first four nonzero Graph of y = |,fm( x’l

tzrms of the Tavlor serizs for f about x = (.
(¢) Find the valvzof £7(0).
(é) Lzt Bx bzthe fourth-dezrae Tavlor polynomial for f about x = 0. Using information Fom thes zmphof

_| #0530y (1) 1) 1
¥ =[x .z.‘f&z.|<3—om~

shown above, show that | B

3 < T
(@) ﬁnx:x-%-%_’é_’-... ;. [ 1:sedes forsinx
L S 40 "] 2:sedes forsin|x7)
sm(x'i=x'—?°7—?‘--- ’ .
2 4 §
b wsx=l-§—%—%'--- P [ 1:s2dzs forcos x
] Tg! A arn
. s s2ies for fx)
R A A dacns S

() g is ths cozfficiznt of x° inths Tavior serizs for f about 1:amwar

x = 0. Thersfore £9(0)=-121.

(é) Thezraghof v = |f':::'(x::-| indicatss that ma.x_|f':5:'{x_'l| < 40. 4. | 1:fomofthz zrrorbound
et “ 01 analis
Therzforz
1 1 ) 1° 40 1 1
\ \ 0Lz24 \-
— - — < 3 o | — = ——
Az f‘41' 3 7] “T3.£ =307 < 3000




2012 AP® CALCULUS BC FREE-RESPONSE QUESTIONS

CALCULUS BC
SECTION IL, Part A
Time—230 minutes
Number of problems—2

A graphing calculator is required for these problems.

f (minutes) 0 4 9 15 20

W(t) (degrees Fahrenheit) | 550 | 57.1 | 61.8 | 67.9 | 71.0

. The temperature of waterin a tubat time ¢ is modeled by a strictly increasing. twice-differentiable function W,
where W(r) is measured in degrees Fahrenheit and ¢ is measured in minutes. At time ¢ = 0. the temperature of
the wateris 55°F. The water is heated for 30 minutes. beginning at time ¢ = 0. Values of W(t) at selected
times ¢ for the first 20 minutes are given in the table above.

{a) Use the datain the table to estimate W’(12). Show the computations that lead to your answer. Using correct
units. interpret the meaning of your answer in the context of this problem.

. LR . . . .V
i{b) Use the data in the table to evaluate |0 W7(#)dt. Using correct units, interpret the meaning of |U W) di

in the contextof this problem.

- . . . LR Lo
ic) For 0= ¢ = 20. the average temperature of the water in the tub is ’]—0 .0 W(t)di. Use aleft Riemann sum

. . . L . . . I
with the four subintervals indicated by the data in the table to approximate )]—0 N W
approximation overestimate or underestimate the average temperature of the water over these 20 minutes?

Explain your reasoning.

(t)dt. Does this

id) For 20 = ¢ = 25, the function W that models the water temperature has first derivative given by
W’(t ) = 0447 cos(006¢ ). Based on the model. whatis the temperature of the water at time ¢ = 257

. For t = 0. a particle is moving along a curve so that its position at time ¢ is (x(f). v{#)). Attime ¢ = 2. the

. . .. P . - Mt 2 Iv .
particle 1s at position (1. 5). Itis known that ‘IT; =Y — and iT = sin’t.
L4 "‘ 4

{a) Is the horizontal movementof the particle to the left or to the right at time ¢ = 2 ? Explain your answer.
Find the slope of the path of the particle attime ¢ = 2.

ib) Find the x-coordinate of the particle’s position at time ¢ = 4.

ic) Find the speed of the particle attime ¢ = 4. Find the acceleration vector of the particle at ime ¢ = 4.

id) Find the distance traveled by the particle from time t =2 to t = 4.




]

CALCULUS BC
SECTION II, Part B
Time—60 minutes
Number of problems—4

No calculator is allowed for these problems.

Graph of f

Let { be the continuous function defined on [—4. 3] whose graph. consisting of three line segments and a

.. . . . . ~ . . p \ rr RS
semicircle centered at the origin. is given above. Let g be the function given by g(x) = |l fF(t)dt.

{a) Find the valuesof ¢(2) and g(=2).
{b) Foreachof ¢’(=3) and g”(=3). find the value or state that it does not exist.

ic) Find the x-coordinate of each point at which the graph of ¢ has a horizontal tangent line. For each of these
points. determine whether g has a relative minimum. relative maximum. or neither a minimum nor a
maximum at the point. Justify your answers.

{d) For —4 < x < 3, find all values of x for which the graph of g has a point of inflection. Explain your
reasoning.

X 1 11213 1.4
fix)y | 8 10 | 12 ] 13 | 145

. The function [ is twice differentiable for x = 0 with f(1)=15 and ”(1)=20. Values of {”. the derivative of

f.are given for selected values of x in the table above.
{a) Write an equation for the line tangent to the graph of { at x = 1. Use this line to approximate {(1.4).

{b) Use a midpoint Riemann sum with two subintervals of equal length and values from the table to

. Pld T . C e
approximate || #7(x) dx. Use the approximation for .l () dx to estimate the value of f{1.4). Show

the computations that lead to your answer.

ic) Use Euler’s method. starting at x =1 with two steps of equal size. to approximate f(1.4). Show the
computations that lead to your answer.

{d) Write the second-degree Taylor polynomial for / about x = 1. Use the Taylor polynomial to approximate
f(1.4).




5. The rate at which a baby bird gains weight is proportional to the difference between its adult weight and its
current weight. Attime ¢ = 0. when the bird is first weighed. its weightis 20 grams. [f B(¢) is the weight of the
bird. in grams. at ime ¢ days after it is first weighed. then

dB _

s _(l(D—B)

Let v = B(t) be the solution to the differential equation above with initial condition B(0) = 20.

{a) Is the bird gaining weight faser when it weighs 40 grams or when it weighs 70 grams? Explain your

reasoning.
B ’B
i{b) Find ‘/ 5 intermsof B. U ‘I 5~ toexplain why the graph of B cannot resemble the following graph.
dir- at”
1001
g
&~
&
=
Lo
=
201
(@]

Time (days)

{c) Use separation of variables to find v = B(¢). the particular solution to the differential equation with initial
condition B(0) = 20.

. The function ¢ has derivatives of all orders. and the Maclaurin series for ¢ is
2= 3 5
DO} CE S S N SO
J ‘) L - a2 3 .
= 2n+3 3 5 7

{a) Using the ratio test. determine the interval of convergence of the Maclaurin senes for g.
(b) The Maclaurin series for ¢ evaluated at x = % is an altemating series whose terms decrease in absolute

L f 7
value to 0. The approximation for [ ) using the first two nonzero terms of this series is YA Show that

120°

l».al

this approximation differs from U(] ) by less than ﬁ

{c) Write the first three nonzero terms and the general term of the Maclaurin series for ¢"(x).




Question 1

t (minutas) 0 < e 1
Tir) (ézzrzes Faheenhatt)

A=

20
0| 371 | 618 | 679 ( 710

=
h

Ths tempemturz of watsr in a twb at time 1 13 modzled by astaatly incraasing, twice-diffzrentizble function 77,
whars i) i3 measueed indagrees Faheenhait and 1 13 magsured inmimstes, Attime 1 ~ 0, ths tampemtoe of
thewateris 33'F Thawatsris hzatzd for 30 minutss, bezinninz attime ¢ ~ 0. Valuzs of 1) atszlzctzd
timas ¢ for the Arst 20 minutss ars ziven in the tablz above.

(2) Us=zths data in the tablz to sstimatz 77(12). Show ths computations that 12ad to vour answer. Using corract
vnits, interprat the meaning of vour answar in the context of this problem.
220 220
(b) Uss thzdatain the tabls to evalvats jo T'(z) ak. Using corezct units, intsrprat the maaning of jo Fliz)dt
in ths contaxt of this problem.

-0
(e¢) For 0 =1 = 20, the averazz tamparatues of the watsrinths whis "_1010 Tir)d. Usz aleft Rizmannsum

. - . - . . S0 .
with the four subintervals indicated by the data in the tablz to approximats ,—1050 T iz)dr Doszs this
Fpproximation overss timats or undarastimats the avaraz 2 tampsratues of the watsr over these 20 munutes?
Explain vour rzasoning.
(é) For 20 =1 = 23, the function 7 that modals the water temparaturs has first derivative ziven by
(1) = 0447 co3(0.061). Bas=d on the modsl, what is the temperaturs of the water attime ¢ - 257

() Fil2y= W"lf: - 2’59) I Z 6.8 . { 1: sstimats
_ 1017-((01' 1016) - 1: mtezpﬁmnonntmumts
Ths water tempsraturs i3 incraasing at a ratz of approximatzly
1017 F perminutzat time t - 12 minutss.
(b) "D:DIP'(:] & -W(20)-W(0)-71.0-550~16 . { 1:value
Ths watzr has warmad by 16 °F over the interval from 1 = 0 to 1 inteprtation withunits
t = 20 minutes.
-0 - - - ’ .
(@ 2_10‘3 Wit)ck = 2_10.-4.W|'C', +3. W4 +6. WS +3.W (3 [ 1:1zft Rismannsum
1., ccn.s < < fma 3:/ 1:approximation
- ﬁn.“.c +5.57.1+6-61.8+5.67.9) | 1: underestimate with rezson
- 5512158 - 60.79
Thiz approximation i3 an vnderastimats, bacavsz a left Rizmann
sumis v32d and the function 77 i3 strictly incraasing.
@ W(25)-T00+ [ W)k { 1: integeal
N Sl e

= 71.0 + 2.043155 - 73.043



Questicn 2

For r 2 0. 2 particlz iz moving alonz a curve so that its positionat time ris (x(z), ¥(z)). Attime ¢ — 2, ths
particls iz at position (L 3). It is known that % - & ané % ~ sin‘r.
&

(a) Is thz horizontal movement of the particls to thel=ft or to the rizht at timz ¢ — 27 Explain vouranswar.
Find the slop= of the path of ths particlz attime ¢ ~ 2.

(b) Find thex-coordinate of the particle’s positionat time 1 ~ 4.

(c) Find ths spe=d oftheparticlzat tims 1 ~ 4. Find the acczlzmtion vactor of the particlzat time 1 ~ 4,

(é) Find thadistance travalzd by the particle fomtimar~ 2 to 1 ~ 4.

() i‘| - i " 1: moving to the nzght with rzason
H | 1 consigen &/
. 3:. l:cmstdezsm
Bzcavss Gl 0. tha particlz is moving to the rizht l lislopsats = 2
attims 1~ 2.
v dvfd|, <z o
ZE{_,_: - s - 3055 (e 3039
ad inbe
® xid) -1+ | FEZ g 1253 (er 1252 2: { 1: integl
J & 1:amswer
(x'(4))° + (3'(4))° = 0.575 (or 0.574) o [1:spesd
“ 11 zccdaration

Accslemtion - (x"i4), ¥7(4))

- (-0.041,0989)

[ 1:intzzeal
| 1:answar

L]

.s oy 0
(é) Distancz~ | (211" + (7)) dr

= 0631 (or 0.630)



Questicn 3

Lzt f be the continvous function é2finzd on |4, 3]

whosz zragh, consisting of threzlinz sezments and 2
samicirclz centered at the orizin, s zivenabove. Lat g

az
bz ths function givenby glx) - .l HHES

(=)

(&)

Q)

©

Fingd the values of g(2) and g(-2).

Forzachof g'(-3) and g"(-3), find the waluzor
statz that it doss not exist.

Find the x-coordinatz of zach pointat which the
zmphof g has 2 honzontal tangzant lins. For zach

(3,-1

Graph ol

of thesz points, datermine whether g has 2 rlative mininmm, rzlative maximum, or nzither a mininum nor

2 maxinwm at the point. Jostifv vour answas.

For -4 < x <3, 4nd all values of x for which the zraph of g has a pointofinflaction. Explain vour

rzazoning.

(@)

()

@

g2~ fff':r,ndr -

1) 1
3l
a2 a1
gF:"'.‘; fl‘t)&—*“__fl'r)d
(3 ;r'| T 3

gix)y=- fixy = gi-3)-fi-3)-2
gixy-flixy = -3~ Fi-3H-1

Ths zmphof g has 2 honzontal tanzent linzwhaes
g(x)= f(x)= 0. Thisoccursat x = —1 and x ~ 1.

£'ix) chanzss sizn from positive tonsgativeat x — —1.
Therzforz, g has z rzlative nmaxinmmat x - 1.

£'(x) do=z not chanz= siznat x ~ 1. Tharfors, g has

nzither a rzlative maxinum nor aralative minimuom at x - 1

Ths zmphof g has 2 point ofindectionat sach of
x=-2 x=0, and x -1 bzcavsz g"(x) -~ f'(x) chanzas
sizn at zach of thesz values,

]

=)

P
1 g8(=2)

1 £i-3)

1 £-3)

considars gix) -~ 0
tx=-landx~1
: answers with justifications

L answear

: explanation



x 1 |11 (1213 14
fixy | 8 10| 12| 13 | 143

Ths function f is twics differantiable for x > 0 with f(1) =135 and f"(1) = 20. Values of f', the dedvative of
J arz ziven for szlzctzd valves of x inthetablzzbova,
(a) Writz an zquation for the lins tanzent to the zraph of / at x ~ 1. Usz this linz to approximats f(14).
(b) Usz a midpoint Rismann sum with two subintzrials of squal lanzth and valves from the table to
14 14
approximats ‘1 F(x) de. Usz the approximation for ‘1 F(x)dx tozstimate the waluzof f(14). Show
ths computations that l=ad to yvour answar.
(c) UszEuler's method, starting at x ~ 1 with two steps of zqual siz2, to approximatz f(1.4). Show the
computations thatl=ad to vour answar,

(é) Writs ths second €2zr22 Tavler polynomial for fabout x ~ 1. Usz the Tavler polynomial to approximats
Fild)

@ fi)y=15 71 -8 _‘.llztargemline
“ xmath
Anzquation for the tanzent linz is . o
¥y =15 +8(x-1).
Fil4)=15+8(14-1)~-182
.14
() j] Filxdde = (020100 +(0.2)(13) - 4.8 [ 1: midpoint Rismann sum
3:.! 1:Fundamental Theoram of Calculus
Fl4) = £l + (:4,/”(::) & [ 1:answer
fild)=~154+46-196
(e) F(12)= fi1) +(0.2)(8) ~ 166 . { 1: Euler's method with two steps
T e
FUl4) =166 +10.20112) - 180
@ Taix) =15 +8(x-1) +2(x - 1)° N { 1 : Taylor polynamial
<15+ 8- 1) +10x - 1f +approximation
F14) =15 4+8(14-1) +101.4-1)° - 19.8




Questicn 5

The ratz at which a baby bird zains waightis proportional to the difzrencz batwaan its adult waizhtand its
current waizht Attime ¢ ~ 0, when the bied {5 Srstwaizhsd, it waight 13 20 zrams. I7 Biz) i3 the waizht of the

bird, in grams, at tims 1 dayvs afteritis fistwaizghad, then

& 1
a&

= = (100 -5B).

Lzt v~ Biz) bzthzsolution to the difzrential zquation zbove with initial condition 510) ~ 20,

(a) Is thabird zaininz waizht faster whan it waizhs 40 zrams orwhen it

waizhs 70 zrams 7 Explain vour rzasoning.

(b) Find %B in tzrms of 5. Ussz %B to explainwhy the zmphof B é.
; ; )
cannot resembls the following zraph 3

(c) Uszszparationofvanablas tofind v ~ Biz), theparticularsolution to N

the diffzrantial squation with initial condition 5(0) -~ 20.

11N

‘Time {(days)

dB 1 0 14
(3) ? e - 3[600 -12

dB! 1,

g -=(30)-6

|z 3

Bzcavses —1 > —| . ths bird i3 zaininz
dtlzesg &lzam
waight fastzr when itwazhs 40 zams.

45

- 18 1 10005 - _L00-5
(&) e T 3 5|,100 B 25[1% B)

Therzfors, the zmph of B is concavs down for
20 < B < 100. Aportionof the zivenzmphis
concave up.

© % - %(10043;.

B - |

[P

Joos
~1n|100- B| -
Because 20 < B <100, [100 - 5| - 100 5.
~1a(100-20)- 3(0)+ € = 1n(80) - C
100- B - 80s™/°

B(1)-100 - 80/, t 20

a
c

I+

[P

dB
REEE

2. v g
i_ 1:answer withrzason
s 1128 eems of B
&4 d"
| 1:explanation
" 1:szparation of variablas
1 antidarivativas
5: /0 1:constant of intezration
| 1:uvsas initial condition
L lisolvs for 5
Notz max 2/3 [1-1-0-0-0] ifno constant of
intszration
Notz 0/3if no szparation of vanablas



Questicn 6

Ths function g has derivatives of all orgzz, and the Maclasrinserizs or g iz

i3

oa . x:-.u] x ¥ -
ZI'—IJ'-.—' -zt -
= 2n+3 3 3 ]

(a) Usinz ths mtio tast, datzmmins the intzrval of convarzancs of the Madasrin serizs for 2.

(b) Ths Maclasrin serizs for g zvalvated at x ~ —l— iz an alternating s2n2: whoss tzems dacrzass inzbscoluts
-

(©

\ 7
valuz to 0. The approximation for g| —};' vsing the fist two nonzaro terms of this sariss i3 llTC Show that
- -

this approximation éiffars from gl%l by lzss than 00

Writs the first thres nonzaro terms and the zenam! tzrm of the Maclanrin serizs for glix).

(@)

(&)

©

el = lex<l
Ths zerizs converzzs whan 1< x < 1.

|

5]
o B 0
S\2/ 1200 7 224 200
a.._l 32 54 , pef2n+1) 2.
glxi- g 3x o5y +(-1%|= +3'|x +

]

[

: 323 Up @O
: computes limit of ratio
: identifizs intedor of

intzrval of comverzancs

1:considzrs both endpoints
1:analvsis and interval of convarzancs

1u32s the thid term a3 an 2vor bound
rerrorbound

s first thres teems
zanzral teem



