Stuff you must know. Cold.
Curve Sketching and Analysis

y=f (x) must be continuous at each:

* Critical Point: j—y = 0 or undefined. Don’t forget endpoints.
X

d2

*  TLocal Minimum: a goes (—,O,+) ot (—,undeﬁned,+) ot )2} >0
dx dx
d2

*  TLocal Maximum: Z—y goes (+,O,—) ot (+,undeﬁned,—) or y )2} <0
by X

* Point of Inflection: ~ Concavity Changes:

2
Z]{ goes from (+,0,-), (-,0,+), (+,undefined,~), or (-, undefined, +)
A

Derivatives
()= D, [k-/(x)]=k-D./ (x)

D, [f(x)+g(x)]=D.f(x)+Dg(x)  D.[f(x)-g(x)]=D.f(x)-Dsg(x)

b (f(x))= g(x)D./(x)-f(x)D.g(x)

lodhi minus hidlo over lo squared

"\ g(x) g (x)
d du
Df(g(x)=r"(g(x)g'(x)  or - f(u)=r ()7
—x(sinx) =Cos X E(cosx)= —sin x %(tanx)=sec2x

Dx(cotx)=—csc2x Dx(secx)=secxtanx Dx(cscx)=—cscxcotx



i(lnu) _ldu i(e“)= e"D.u iax =a"lnaD x
dx u dx dx dx
1
—log, x = D x
dx xlna
- 1 o 1
D _sin™ x = , —l<x<l D_cos™ x=- , —l<x<l
1-x° 1-x°
1 1 | 1
D, tan™ x = —— D, sec” x = , x| >1
+X |x| x> -1
d _ 1 d _ 1
E(cotl)c)=—1+x2 E(CSCIX)=_|X| ——
Integrals PLUS A CONSTANT!
n+l
fx”dx=x +C n=-1 AND fx”dx=1n|x|+C n=-1
n+l
fl dx =x+C fkf(x) dx=kff(x)dx OR fkdu=ku+C
[T/ (x)+g(x)] dx=[f(x)ex+ [g(x)dx
[/ (x) =g (x)] dx=[f(x)dx~ [g(x)dx
r+l
oy [8(3)]
f[f(x)] f'(x)dx = o +C
@ +C

fe"du =e" +C
fldu=ln|u|+C
u

fsinu du=-cosu+C

fseczu du =tanu +C

fa“du =

flnu du=ulnu-u+C

Ina

fcosu du =sinu+C

fcsczu du=-cotu+C



fsecutanu du=secu+C fcscucotu du=-cscu+C

ftanu du=—1n|cosu|+C fcotu du =1n|sinu|+C

1

du )
f\/i—sm ( )+C fa2+u2—atan (a)+C

a+C

f ——sec M +C=Loos 4
w/u _a a a |1/l|

Transcendentals
elnx =X ln(ey)=y ax — exlna
Inx
In(a*)=In(e™)=xIna log x=—=
()-1n(e) e
De' =e'Du -> Da =a"lna-D x
fe”du=e“+C > fa“du= ¢ iC
Ina
y=1log, x > x=a’

Fundamental Theorem of Calculus

The distance s travelled from time £ =0 to time # = X is s(x) = f f (t)dt. The derivative
0

of this position (velocity) is s'(x) =v= f(x) ..ot
—S(x) =— f f (l)dl =f (x), so the integral is an accumulation function and leads us to:

f f or the FTC II

If F'=f, then:



}f(x)dx =F (b)-F(a) ot the FIC L

a

Riemann Sums
R, =Ax[f(a+Ax)+f(a+2Ax)+...+f(a+nAx)]
L =Ax[f(a)+f(a+Ax)+f(a+2Ax)+...+f(a+(n—1)Ax)]

n

Mn=m[f(a+§m)+f(a+gm)+...+ f(“(n_%)mﬂ

b
1
T, Offf(x) dx=EAx(y0+2y1+...+2yn_1+yn)

By of [0 de= 0 (5021 (5) .2 (5, 5

Intermediate Value Theorem

If the function f (x) is continuous on [a,b], and y is a number between f (a) and

f (b) , then there exists at least one number x = ¢ in the open interval (a,b) such that
f(e)=y
%)

S —— 1

fi®)




Mean Value Theorem
If the function f (x) is continuous on [a,b], AND the first derivative exists on the interval

/(b)-1(a)

(a,b), then there is at least one number x = ¢ in (a,b) such that f'(c) = )
-da

i)

fad

f®)

|
}
Q ~ b

Rolle’s Theorem

If the function f (x) is continuous on [a,b], AND the first derivative exists on the interval
(a,b), AND f(a) = f(b), then there is at least one number x = ¢ in (a,b) such that

f'(e)=0



P

)=o)

X

[« e\

Theorem of the Mean Value i.e. Average Value

If the function f (x) is continuous on [a,b], AND the first derivative exists on the interval
b

ff(x)dx
(a,b), then there is at least one number x = ¢ in (a,b) such that f(c) =4

ey

This value f (c) is the average value (height) of the function on [a,b].

Solids of Revolution (Disks, Washers)

x=b
Disks: V= f r’dx where r is the function height on [a,b].

X=a

x=b
Washers: V=n f (r22 -7’ )dx where r, is the height of the upper function above

X=a

the axis of revolution and 7 is the height of the lower function above the axis of revolution.

Distance, Velocity and Acceleration

Velocity = di(position)
t



Acceleration = di(velocity)
t

final position - initial position ~ Ax

Average Velocity = - or —

total time At
Displacement (directed distance from a starting point) f v(l)dt =
Distance (total distance covered) f ‘v(t)‘ dt

L’Hoépital’s Rule

=% or =2, then i 8) _ i )

f(x)
If 1
m % g (x) v g'(x)

x—u g(x)

Integration by Parts

LIPET (Log, Inverse, Polynomial, Exponential, Trigonometric)

fudv=uv—fvdu fudv uv fvdu



Values of Trig Functions for Common Angles

(-1\3)  (0,1) (} V31 (cos 0, sin 0)

Trig Identities

Odd-Even Identities Cofunction Identities
) ) (T
sin(-x) = -sinx s1n(5—x)=cosx
T )
cos(—x)=cosx cos(E—x)=smx
T
tan(—x)=—tanx tan(z—x)=cotx
Pvthagorean Identities Addition Identites
sin’ x +cos’ x =1 sin(x +y)=sinxcos y +cosxsin y

2 2 . .
l+tan” x =sec” x cos(x+y)=cosxcosy—sinxsiny



1+cot® x =csc’ x

Double-Angle Identities

sin2x = 2sin xcos x

2 + 2
cos2x =cos" x—sin” x
cos2x =2cos’ x—1
cos2x =1-2sin’x

Sum Identities

sinx+siny=ZSin(x;y)cos(x;y)

Product Identities

sin xsin y = —% [cos(x+y)—cos(x—y)]

COS X COS =%[cos(x+y)+cos(x—Y)]
sin xcos y =%[sm(x+y)+sin(x—y)]
Other Useful Identities

. — 2
sm(cos 1x)= 1-x

sec(tam'1 x) =1+x

tan(x+ )_ tan x +tan y
4 l-tanxtan y

Half-Angle Identities

. (x l1-cosx
sin| — | ==+
(2 2




Thoughts

Do not simplify arithmetic (even in Riemann sums)

Do not cross out your work (unless you have done it better)

Label your answers

If you think your answer to part a is wrong, use it anyway to continue the problem
Notate your calculator work on the page

Round to three decimal places

Name the function in question: “the slope of f is” not “the function’s slope is”

When writing integrals, make sure that at least the limits and the constant are correct
Know the difference between local (relative) and global (absolute) extrema

Know the difference between the extreme value and the location of the extreme value
Know the difference between a point in time and an interval of time

Be sure that you have answered (not just solved for x) the problem with appropriate units
If you can eliminate some wrong answers in the multiple choice section, it is advantageous to
guess. If you can not eliminate answers, do not guess. Wrong answers can often be
eliminated by estimation or by thinking graphically.

If you are asked to justify your answer, think about what needs justification.

10



Calculus AB Subscore for the Calculus BC Exam

A Calculus AB subscore is reported based on performance on the portion of the exam
devoted to Calculus AB topics (approximately 60 percent of the exam). The Calculus

AB subscore is designed to give colleges and universities more information about the
student. Although each college and university sets its own policy for awarding credit
and/or placement for AP Exam scores, it is recommended that institutions apply the same
policy to the Calculus AB subscore that they apply to the Calculus AB score. Use of the
subscore in this manner is consistent with the philosophy of the courses, since common
topics are tested at the same conceptual level in both Calculus AB and Calculus BC.

Calculus AB: Section I

Section I consists of 45 multiplechoice questions. Part A contains 28 questions and
does not allow the use of a calculator. Part B contains 17 questions and requires a
graphing calculator for some questions. Twenty-four sample multiple-choice questions
for Calculus AB are included in the following sections. Answers to the sample
questions are given on page 27.

Part A Sample Multiple-Choice Questions

A calculator may not be used on this part of the exam.

Part A consists of 28 questions. Following are the directions for Section I, Part A, and
a representative set of 14 questions.

Directions: Solve each of the following problems, using the available space for scratch
work. After examining the form of the choices, decide which is the best of the choices
given and fill in the corresponding circle on the answer sheet. No credit will be given
for anything written in the exam book. Do not spend too much time on any one
problem.

In this exam:

(1) Unless otherwise spectlied. the domain of a function / 1s assumed to be the set of

all real numbers x forwhich /(x) 15 a real number.

(2) Themverse ol a tngonometric function / may be indicated using the inverse
function notation /=" orwith the prefix “arc™ (e.g.. sin'' v = acsin v).

11



Sample Ouestions for Calculus AB: Section I

12

‘aa

cos(;B—f - h) - cos(‘3—,:,ﬂ ’
= /! L= /9

What 1s lim
h—=0

h
(a) 1
2
(c) O
(D) -1

(£) The lmit does not exist.

At which of the five points

on the graph in the ligure
2

dj d')'

and —5

at the nght are
= dy de~

both negative?
(a) A
() B
cr C
(D) D
(E) E

(a) 2
B
() —1
(C) 3
14
D) —=
14
(g) O

O

- 2 2 \ e
Ihe slope of the tangent to the curve }'33: <Vvx =6 at(2,1)1s

-~

12
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0.

Let .S be the region enclosed by the graphs of y =2x and v = =2x*for0xsL
What s the volume of the sohd Lukl ated when S 1s evolved about the liney =37

(A) 7((;1((3 - 2x2}2 -(3- -x)r) e

(B) f(m- B-’rb)m

(€ [

(D) [[3--—£-[3-J;T]@.
o "’f

| |- (-] )

Which of the following statements about the function given by flx) = x" - 2x
true?

4% — 4 )dx

(E)

3

Is

(A) The function has no relative extremum.

(8) The graph of the function has one point of nflection and the function has two
relative extrema.

(C) The graph of the function has two points of inflection and the function has one
relative extremum.

(D) The graph of the function has two points of inflection and the function has two
relative extrema.

(e) The graph of the function has two points of inflection and the function has
three relative extrema.

If f(x)=sin?(3-x), then /7(0) =

(D) 2 sn
(E) ©sn

‘es 'ua

. . . . . . . . . dv 4x
Which of the following 1s the solution to the diflerental equation Pl where

y(2)=-27

(A) y=2xlorx>0

(B) y=2x-6lorx#3

(€) y=—V4x* =12 for x >3
(D) ¥ Vax® =12 forx >3
(E) y=—Vdx2 —6 for x> 15



\)_

10

What is the average rate of change of the function f given by f(x) = x* - 5x

on the closed interval [0, 3] ?

(A) 83
(B) 87
(c) 22
(D) 33
(E) 00

The position of a particle moving along a line 1s given by
5\ 2 ~ - - . -
s(t) = 203 =24 = 90t + 7 for 7 2 0. For what values of 71s the speed ol the

particle increasing”

(A) 3<<r<donly

(B) ¢ =4 only

(C) ¢z 5only

D) O<<¢<<3andr =35
(E) 3<<s<<4and¢ =5

[(x=1)Vx dc =
3 1
(A) 2VXx———+C
R
2 32 .1 32
(B) EYS/ —EI = C

(C) —xz—x—C

What 1s lim Y—-'*,”
x==2 +x—4x°

(a) -2
1

B -_—

(B) 14

() 5

(o) 1

(£) The limit does not exist.

14



(B)
()

(D)

(E)

(A)

(B)

(C)

(D)

(E)

]

x ;2 . . . .
5+ I e " dt, which of the following is true?

¢ and y(0) =5

-

e and v(1)=5

e and y(1)=5

= 2¢* and y(0) =35

=2 and y(1)=5

15



Which of the following is a slope field for the differential equation

14,
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Part B Sample Multiple-Choice Questions

A graphing calculator is required for some questions on this part of the exam.

Part B consists of 17 questons Following are the directions for Section [ Part B. and a
representative set of 10 questions

Directions: Solve each of the following problems. using the available space for scratch
work. Afterexamining the form ol the choices. decide which is the best of the choices
given and fill in the corresponding circle on the answer sheet. No credit will be given for
anvthing wntten in the exam book. Do not spend too much tme on anv one problem.

In thisexam:

(1) The exact numerical value of the correct answer does not always appear among the
choices given. When this happens. select from among the choices the number that
bestapproximates the exact numencal value.

(2) Unless otherwise specitied. the domain of a function /15 assumed to be the set of
all eal numbers v for which /(x) 1s a real number.

(3) The inverse ol a tngonometne function / may be indicated using the inverse
function notation /~' orwith the prefix "arc™ (eg.. sin”' x = arcsin x).

N . . . . . . . (e ) . .

15 A particle travels along a straight line with a velocity of v(r) = 3¢ ‘/'f‘sm(Zt)
meters per second. What is the total distance. in meters. traveled by the particle
during the tme interval 0 £ 7 = 2 seconds?

(p) 1.830
(C) 2.055
(p) 2.261
() 7.025

(A) 0.835

16, A city s built around a circular lake that has a radius of 1 mile. The population
density of the cityis f(r) people per square mile. where ris the distance from the
center of the lake. in miles. Which of the following ex pressions gives the number of
people who live within 1 mile of the lake?

1
(A) lﬂfc;;'f('_r) ar

1 )
(B) 27:_[ 1+ f(r) @
() 27{.[0‘ r(1+ f(r) &

[

(D) 2x| rf(r)ar

a2 v

(®) 27[ 71+ f(r) &

t

17



2
41
t + + + -\
-1 Y I 2 3 4

- - - -l - - - - - - - - - - - - - - - - -

17 The graph ol a function / 1s shown above. [f limb Slx) exists and /15 not
continuous at b, then b= =

(a) —1
() O
() 1
(D) 2
(E) 3

X 1.1 1.2 1.3 1.4
0 408 | 438 | 456 | 473

18, Let / be afunction such that f”(x)< 0 forall xin the closed interval [1, 2].
Selected values of / are shown in the table above. Which of the following must be
true about (12)?

(a) f(1.2)<0
(B) 0< f(12)<16
) 16< f(12)<138
(D) 18« f(12)<20
() f(12)=20
19, Two particles start at the ongin and move along the x-axis For 0 =1 £10, their
respective postion functions are given by x; =sint and x, = ¢ ¥ —1. For how
many values of ¢ do the partcles have the same velocity?

(A) None
() One
(C) Two
(D) Three
(e) Four



0.2)

i—1.0) i2.0)

Graph of f

200, The graph of the function / shown above consists of two line segments. [ g1s the

- . - X

function defined by g(x) = [c f(t)at, then g(-1)=
(a) -2

(B) —I

(c) 0

()1

12

(E)



21. The graphs of five functions are shown below: Which function has a nonzero
average value over the closed interval [-x, x] ?

y
; . B )
(A) y (B) p
1 3
2
1
0
- " - Ql e
\/l -2
_l _3
-4
y y
(C) (D)

(E)

220 A differentiable function f has the property that f(5) =3 and f(5) = 4. What
15 the estimate for f(4.8) using the local linear approximation for f atx =357

(A)
(B)
(C) 3.4
(D) 3.8
(E) 4.0

s 12 12

I T

-d

20
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v

Oil is leaking from a tanker at the rate of R(r) = 2,000e™%% gallons per hour.
where ¢ 1s measured in hours. How much o1l leaks out of the tanker from time
r=0tor=107?

(A) 3 gallons

(B) 271 gallons

(C) 865 gallons

(D) 8647 gallons

(e} 14.778 gallons

x
I f’(‘x‘) = sin (% I and f(O) =1, then f(2)=

(A) —1.819
(p) —0.843
(c) =819
(n) ©.157
() 1.157

Answers to Calculus AB Multiple-Choice Questions

Part A Part B
1. A 15.* D
2. B 16. D
3. ¢ 17. B
4. A 18 D
5. C 19* D
6. B 20, B
7. C 21, &
8 ¢ 22, A
9. E 23.* D
10. D 24*
11. B

12. B

13. 1

14, 1

21



1969 AP Calculus AB: Section I

90 Minutes—No Calculator
Note: In this examination. In x denotes the natural logarithm of x (that is. logarithm to the base e).

1. Which of the following defines a function f for which f(—x)=—f(x)?

A) fx)= X2 (B) f(x)=sinx (C) f(x)=cosx
(D) f(x)=logx EB) fx)=e
2. In(x-2)<0 ifand only if
(A) x<3 (B) 0<x<3 (C) 2<x<3
(D) x>2 (E) x>3
V2x+5-x+7 ,
3. If fe)= x—2 , for x#2, and if f is continuous at x =2, then k=
f2)=k
1 7
A o (B) p © < D) 1 ®
8 dx
4 =
IO J1+x
@ 1 ® © 2 ©) 4 ® 6
~ 2 2 dy .
5. If 3x+2xy+y~ =2. then the value of — at x=1 1is
dx
(A) -2 (B) 0 c) 2 (D) 4 (E) not defined

22



6. Whatis lim
h—0 h
(A) 0 (B) % c) 1 (D) The limit does not exist.
(E) It cannot be determined from the information given.
. k . .
7. For what value of k will x+— have a relative maximum at x=-27?
X
(A) —4 (B) -2 (c) 2 (D) 4 (E) None of these
8. If p(x)=(x+2)(x+k) and if the remainder is 12 when p(x) is divided by x—1. then k =
(A) 2 (B) 3 © 6 (D) 11 (E) 13
9. When the area in square units of an expanding circle is increasing twice as fast as its radius in
linear units, the radius is
1 1 1
A — ®) — © - D) 1 E) =
4n 4 T
10. The set of all points (&'.7) . where 7is a real number, is the graph of y =

1 1
@) L (B) e (€) xer D) (E) Inx
et Inx

. 2 . . 1 .
11. The point on the curve x~ +2y =0 that is nearest the point (0 .- 7) occurs where y is

B) 0 (©) —% (D) -1 (E) none of the above

(4)

o | —

23



12. If f(x)= il and g(x)=2x. then the solution set of f(g(x))=g(f(x)) is
X’—
1 1
N {:} ® {2 © 3 O {12} @ {3. z}

13.  The region bounded by the x-axis and the part of the graph of y =cosx between x= —% and
x= % is separated into two regions by the line x =k . If the area of the region for —g <x<k is
three times the area of the region for k< x < % then k=
(A) arcsin(l] (B) arcsin(l) (©) I

4 3 6
T
O - ® <
3
14. If the function f is defined by f(x)= x> —1. then f 1 the inverse function of f. 1s defined by
=
1 1 5
(A) < B) < ©) Yx-1
Px+1 Yx+1
D) Yx-1 (E) Px+1
15. If f'(x) and g'(x) existand f'(x)> g'(x) for all real x. then the graph of y = f(x) and the grapl

of y=g(x)

(A) intersect exactly once.

(B) intersect no more than once.
(C) do not intersect.

(D) could intersect more than once.

(E) have a common tangent at each point of intersection.

24



16. If yisa function of x such that y' >0 for all x and y”" <0 for all x, which of the following could
be part of the graph of y = f(x)?

* (B)

ey d

’

C)

(
x \*\
X

Y
»>X /O' Lt O, \ »X

(D) Y (E) Y
/Oi/<x o

17. The graph of y = 5x* —x° hasa point of inflection at

(A) (0.0) only (B) (3.162) only (C) (4.256) only
(D) (0.0) and (3.162) (E) (0.0) and (4.256)

18. If f(x)=2 +| x-3 | for all x. then the value of the derivative f'(x) at x=3 is

(A) -1 (B) 0 < 1 (D) 2 (E) nonexistent

. .. . . . . Inz
19. A point moves on the x-axis in such a way that its velocity at time ¢ (7> 0) is given by v=—o.
t

At what value of ¢ does v attain its maximum?

1o | =
o | w

(A) 1 (B) e (C) e (D) e

(E) There 1s no maximum value for v.

25



20. An equation for a tangent to the graph of y = arcsin% at the origin is

(A) x-2y=0 B) x-y=0 (C) x=0 (D) y=0 (E) mx-2y=0
21. At x=0. which of the following is true of the function f defined by f(x)= XX+e X0

(A) f isincreasing.

(B) f is decreasing.

(C) f 1is discontinuous.

(D) f has arelative minimum.

(E) f has a relative maximum.

d 2
»n L 2\
2. — (lne )
1 2
A) ¢ B) =5 © 2x D) 1 (E) 2
e e

23. The area of the region bounded by the curve y = ¢** . the x-axis, the y-axis, and the line x=2 is

equal to

4 4 4
e e e 1
(A) 5 (B) 51 © =3
(D) 2e*-e (E) 2¢*-2
~ . y . dv . -
24, Ifsmmx=e .0<x<m whatis d_ m terms of x ?
X
(A) —tanx (B) —cotx (C) cotx (D) tanx (E) csex
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(]
N

A region in the plane is bounded by the graph of y = l the x-axis, the line x =m. and the line
x

x=2m. m>0. The area of this region

(A) is independent of m .
(B) increases as m increases.

(C) decreases as m increases.

. 1. .
(D) decreases as m increases when m < < : Inereases as m increases when m > 5

. . 1 . 1
(E) increases as m increases when m < T : decreases as m increases when m > ?

- -

1 .
.[0 x> —2x+1dxis

(a) -1
® -3
© 3
O 1

(E) none of the above

dy

27. If —=tanx. then y=
dx
(A) %ta112x+C (B) sec’x+C (©) l11|secx|+C
(D) 1n|cosx|+C (E) seextanx+C
28. The function defined by f(x)= V3 cosx+3sinx hasan amplitude of

(A) 3-43 (B) 3 ©) 243 (D) 3+43 (E) 33
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/2 cosx

29. dx=

J. /4 sinx

(A) Inv2 (B) m% (©) I3 (D) mﬁ (E) Ine
30. If afunction f is continuous for all x and if f has a relative maximum at (—1.4) and a relative

minimum at (3,—2). which of the following statements must be true?

(A) The graph of f has a point of inflection somewhere between x=-1 and x=3.

®) f(-D=0

(C) The graph of f has a horizontal asymptote.

(D) The graph of f has a horizontal tangent line at x=3.

(E) The graph of f intersects both axes.
31. If f'(x)=—f(x) and f(1)=1. then f(x)=

1 . . . .

(A) 7e—21+2 (B) e—l—l (C) el—x (D) e—}l (E) _el
32. If a.b.c.d. and e are real numbers and a # 0. then the polynomial equation

ax’ +bx> +ex’ +dx+e=0 has

(A) only one real root.

(B) at least one real root.

(C) an odd number of nonreal roots.

(D) no real roots.

(E) no positive real roots.
33. What is the average (mean) value of 312 —* over the interval —1<7<2?

11 7 33
(A) 1 ® = € s (D) Y (E) 16
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34.

Which of the following is an equation of a curve that intersects at right angles every curve of the

- 1
family y =—+k (where k takes all real values)?
.

1 1

(A) y=-x (B) y=-x’ () y= —;xz (D) y= ;xs (E) y=Ix
35. At =0 a particle starts at rest and moves along a line in such a way that at time 7 its acceleration

is 241 feet per second per second. Through how many feet does the particle move during the first

2 seconds?

(A) 32 (B) 48 (C) 64 (D) 96 (E) 192
36. The approximate value of y=+/4+sinx at x=0.12. obtained from the tangent to the graph at

x=0. 1s

(A) 2.00 (B) 2.03 (C) 2.06 (D) 2.12 (E) 224
37. Which is the best of the following polynomial approximations to cos2x near x=07?

x X2
@A) 1+= (B) 1+x © 1-=— (D) 1-2x  (E) 1-2x+x°
x.’l
38, [—=dv=
.
e
b
1 2
(A) —met +C ®) -_ic © -—t_ic
3 3 3e"
1 8 ¥
(D) —lne* +C (E) ~+C
3 3e”
- 1 ) . dy
39. If y=tanu.u=v——. and v=Inx. what is the value of — at x=¢?
v X
1 2 5
(A) 0O B) - (C) 1 (D) = (E) sec”e
e e
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40.

1 1
If » is a non-negative integer. then j x"dx = j (1- x)n dx for
= = 0 0
(A) non (B) neven. only (C) nodd. only
(D) nonzero n. only (E) alln

f(x)=8—x2 for —2<x<2, 3 .
41. If N then I f(x)dx is a number between
f(x)=x" elsewhere. -1
(A) Oand8 (B) 8and16 (C) 16 and24 (D) 24and32 (E) 32and40
42. What are all values of k for which the graph of y = x> =3x? + k will have three distinct
x-intercepts?
(A) Allk=0 (B) All k<4 (C) k=0.4 (D) 0<k<4 (E) Allk
43, I sin(2x+3)dx =
(A) %cos(2x+3)+C (B) cos(2x+3)+C (C)  —cos(2x+3)+C
(D) —lcos(’x+3)+C (E) —lcos(7x+3)+C
2 5
44, The fundamental period of the function defined by f(x)=3-2 cos? % is
A 1 B) 2 © 3 D) 5 E) 6
2
45, If %(f(x)) =g(x) and %(g(x)) = f(x?). then %(f(x%) =

@ f(=°) ®) g(x) © 3g(x’)

(D) 91'4f(x6)+ 6xg(x3) (E) f(X6)+g(x3)
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1969 AB

1. B 24.
2. C 25.
3. B 26.
4. D 27.
5. E 28.
6. B 29.
7. D 30.
8. B 31.
9. C 32.
10. E 33.
11.B 34.
12. A 35.
13.C 36.
14.E 37.
15.B 38.
16.B 39.
17.B 40.
18. E 41.
19.C 42.
20.A 43.
21.B 44
22.E 45.
23.C
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1973 AP Calculus AB: Section I

90 Minutes—No Calculator

Note: In this examination. In x denotes the natural logarithm of x (that is. logarithm to the base e).

1. I(x3—3x)dx=
2 4 ) 1‘4 2
(A) 3x%-3+C B) 4x*-6x2+cC © F-3’+C
¥t woax?
(D) T-3x+C € T-T-+C
2. If f(x)=x"+3x"+4x+5 and g(x)=5. then g(f(x)=
(A) 5x?+15x+25 (B) 5x+15x%+20x+25 (C) 1125
(D) 225 (E) 5
3. The slope of the line tangent to the graph of y = hl(xz) at x=e’ is
1 2 4 1
@A) = B) — © = D) = E) —
e e e e e
4. If f(x)=x+sinx, then f'(x)=
(A) 1l+cosx (B) 1l-cosx (C) cosx
(D) sinx—xcosx (E) sinx+xcosx
5. If f(x)=¢". which of the following lines is an asymptote to the graph of f?
(A) y=0 B) x=0 € y=x D) y=-x E) y=1
6. If f(x)= x— forall x# —1. then f'(1)=
x+1
1 1
(&) -1 ®) - © o ©® 3 ® 1
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7. Which of the following equations has a graph that is symmetric with respect to the origin?

(A) y=x+1 (B) y=—x5+3x (©) y=x4—2x2+6

x
3 2 2

(D) y=(x-1)+1 (E) y=(x'+l) -1
8. A particle moves in a straight line with velocity v(f) = t*. How far does the particle move between

times t=1and r=27

1 7
A) 3 ®) 3 <© 3 D) 7 E) 8
. dy
9. Ify= cos? 3x. then 2 =
dx
(A) —6sin3xcos3x (B) —2cos3x (C) 2cos3x
(D) 6cos3x (E) 2sin3xcos3x
1‘4 YS
10. The derivative of f(x)= 5 T attains its maximum value at x =
- 4 5

@A -1 ®) o © 1 ®) 3 E) 3

11. If the line 3x—4y =0 is tangent in the first quadrant to the curve y = x> +k. thenkis
1 1 1 1

A) 3 (B) r © o D) 3 (E) -3

12. If f(x)= 2% + Ax> + Bx—5 and if f(2)=3 and f(-2)=-37. what is the value of 4+ B?

(A) -6 B -3 © -1 D) 2

(E) It cannot be determined from the information given.
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13. The acceleration o of a body moving in a straight line is given in terms of time 1 by o =8—67. If
the velocity of the body is 25 at r =1 and if s(7) is the distance of the body from the origin at time
t. what is s(4)—s(2)?
(A) 20 (B) 24 ) 28 (D) 32 (E) 42
1 2
14. If f(x)=x>(x—2)3 forall x, then the domain of f" is
(A) {x|x¢0} (B) {x|x>0} (C) {xlOﬁxSZ}
(D) {x| x#0 and x# 2} (E) {xl X is a real number}
1
15. The area of the region bounded by the lines x=0. x=2. and y =0 and the curve y = e is
(A) "%1 (B) e-1 (©  2(e-1) (D) 2e-1 (E) 2e
2t
16. The number of bacteria in a culture is growing at a rate of 3000e > per unit of time 7. At t=0. the
number of bacteria present was 7.500. Find the number present at r=5.
5 15.000
(A) 12008  (B) 3.000¢> (C) 7.500¢> (D) 7.5008°  (E) TJ
17. What is the area of the region completely bounded by the curve y = —x? +x+6 and the line
y=4?
3 7 9 31 33
A) 2 (B) 3 © 3 D) 3 (E) 2
18. —(aresin2x)=
X
(A) _ 1 (B) _=2 (©) 1
2V1-4x7 Vax? -1 21— 452
2 2
(D) ® =
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19. Suppose that f is a function that 1s defined for all real numbers. Which of the following conditions

assures that f has an inverse function?

(A) The function f is periodic.

(B) The graph of f is symmetric with respect to the y-axis.
(C) The graph of f is concave up.

(D) The function f is a strictly increasing function.

(E) The function f is continuous.

b
If F and f are continuous functions such that F'(x) = f(x) for all x. then ja f(x)dx 1s

20.

(A) F'(a)-F'(b)

(B) F'(b)-F'(a)

(C) F(a)-F(d)

(D) F(b)-F(a)

(E) none of the above

1 C42x g _
21 jo (x+1)e dx =
3 3_ 4_

@ = ® < © == D) -1 (E) e'-e

22. Given the function defined by f(x)= 3x° —20x°. find all values of x for which the graph of f is

concave up.

(A) x>0

(B) 2 <x<0 or x>2
(C) 2<x<0orx>2
(D) x>2

(E) —2<x<2
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2+h) .
23, lm l111( i ] 15
h—0 h 2
1 .
(A) e’ (B) 1 (©) 5 (D) 0 (E) nonexistent
24. Let f(x)=cos(arctanx). What is the range of f?
a) {x|-Z<x<Z B) {x]o<x<1} © {xlosx<1}
2 2 o o
D) {x|-1<x<1} (E) {x|-1=x<1}
/4
25. J‘ i tan” xdx =
0
s s 1 b
A) —-1 B) 1-— o = D) 2-1 E) —+1
(A) p (B) p © B (D) (E) ,
26. The radius r of a sphere is increasing at the uniform rate of 0.3 inches per second. At the instant
when the surface area S becomes 100 square inches. what is the rate of increase. in cubic inches
. 4
per second. in the volume V' ? [S =4nr? and V =§7U'3 ]
(A) 10m (B) 121 (C) 225= (D) 25n (E) 30m
172 2
27, G
0 B
1—x~
w1 @ i o = © X1 ® 243
2 2 4 6 6 o
28. A point moves in a straight line so that its distance at time 7 from a fixed point of the line is

2 . . .
8t —3t". What is the foral distance covered by the point between 7 =1 and t=27?

@ 1 ®) § ©

w | W

(D) 2 (E) 5
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29. Let f(x)=|sin x—% ‘ The maximum value attained by f is
1 3 s 3n
(A) 3 (B) (© 3 D) 3 (E) 5
2 x—4
30. [, 3 dx =
(A) -5 (B) In2-2 (C) In2 (D) 2 (E) In2+2
31, If loga(la)=%. thena =
(A) 2 (B) 4 (C) 8 (D) 16 (E) 32
c 5
32. | ——adx=
Y l+x”
. 5
a 2% ¢ B) ln(1+x*)+C (€) Sx—2+C
2\* 2x x
(1 +x° )
(D) Sarctanx+C (E) 5].11(1+,\'2)+C
33. Suppose that f is an odd function: i.e.. f(—x)=—f(x) for all x. Suppose that f'(xg) exists.

Which of the following must necessarily be equal to f'(—xp)?

A) f'(x)

B) -f'(x)
1

C

©) 7 (%)
-1

D

®) f'(x0)

(E) None of the above
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34,

The average value of Jx over the interval 0<x<2 is

@A) %ﬁ ®) =2

© ;f D)

(E)

)
3

35.

. - n .
The region in the first quadrant bounded by the graph of y =secx. x= 1 and the axes is rotated

about the x-axis. What is the volume of the solid generated?

2
@ = ®) -1 © = (@) 2n ® =
. n g
36. If y=€™. then ——=
ax”
(A) n"e™ (B) nle™ (C©) ne™ (D) n"ée (E) nle*
- dy -
37. If —=4y andify=4 whenx=0. theny=
X
(a) 4e¥ ®B) ¥ (©) 3+e¥ D) 4+e¥  (B) 2x’+4
2 2—¢
38. If Il f(x—c)dx=5 where cis a constant. then L_C f(x)dx=
A) S+e¢ B) 5 C) 5-¢ D) e-5 E) -5
(
39. The point on the curve 2y = x? nearest to (4.1) is
(a) (0.0) (B) (2.2) (©) (ﬁ.l) (D) (3\/5.4) (E) (4.8)
~ N Y
40. If tan(xy)=x. then —=
dx
2
A) 1— ytan(xy)sec(xy) B) sec”(xy)—y ©) cos? )
x tan(xy)sec(xy) x ’
cosz(n’) cosz(n’) -y
D) ——= E) —————
(D) . ® .
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x+1 for x<0, 1
41. Given f(x)= x)dx =
iven f(x) {cosnx for x=0. -[-lf( )
1 1 1 1 1 1 1
(A) 3t (B) 5 © 3 x (D) 3 (E) St
M
» X
42. Calculate the approximate area of the shaded region in the figure by the trapezoidal rule. using
;
divisions at x = hd and x==.
3 3
50 251 7 127 77
A) — B) — ) — D) — E) —
()27 ()108 ()3 ()54 ®) 27
43. If the solutions of f(x)=0 are -1 and 2. then the solutions of f (%J =0 are
(A) —1and2 ®) -Land2 (€ -2 and3
B 2 2 2 2
1
(D) -5 and 1 (E) —2and4
.4 . . . . .
44. For small values of h. the function +/16+h is best approximated by which of the following?

h h h
h h
(D) 4—5 (E) 2—5
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45. 1If f is a continuous function on [a.b]. which of the following is necessarily true?

(A) f' existson (a.b).
(B) If f(xp) is amaximum of f then f'(xp)=0.
(C) lm f(x) =f( lim xJ for xp €(a.b)

)
(D) f'(x)=0 forsome xe& [a .b]

(E) The graph of f' is a straight line.

1973 AB

1. E 24.B
2. E 25.B
3. B 26.E
4. A 27.E
5 A 28.C
6. D 20.C
7. B 30.B
8. B 31.D
9. A 32.D
10.C 33.A
11.B 34.C
12.C 35.C
13.D 36. A
14.D 37.A
15.C 38.B
16. C 39.B
17.C 40. E
18.D 41.D
19.D 42.D
20.D 43.E
21.B 44.B
22.B 45.C
23.C
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1985 AP Calculus AB: Section I

90 Minutes—No Calculator
Notes: (1) In this examination. In x denotes the natural logarithm of x (that 1s. logarithm to the base e).

(2) Unless otherwise specified. the domain of a function f is assumed to be the set of all real
numbers x for which f(x) is a real number.

2
< 3 o
1. L X dx=
7 3 15 3 15
A) —— B) —— c — D) - E) —
A) -3 ® -7 © 4 D) 3 € ¢
2. I f (x)=(2x+l)4. then the 4th derivative of f(x) at x=0 is

(A) 0 (B) 24 (C) 48 (D) 240 (E) 384

H

3. Ify= 3 . then Y _

4+ x” dx
—6x 3x 6x -3 3
@ 2 e 25 0 25 0 =5 e
(4+x‘) (4+x‘) (4+x") (4+x‘) =X
4. Ifﬂ=cos(2x). then y=
X
1 1 2 1.
(A) —:cos(lx)+C (B) —7cos'(2x)+C (© 75111(21‘)+C
1.9 1.
(D) Ssin (2x)+C (E) —:su1(2x)+C
2
5. liqu is
n-% p= +10.000n
1 .
A) 0 B C) 1 D) 4 E xistent
(A) (B) 3500 (©) (D) (E) nonexisten
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6. If f(x)=x. then f'(5)=
1 , 25

A) 0 B 3 © 1 D) s B

7. Which of the following is equal to In4?
In8 4, 4 41

(A) In3+lnl (B) o (©) jl ddt (D) jl lnxde (E) | ;dr
8.  The slope of the line tangent to the graph of y = ln[%) at x=4 1s

@ - ®) + © = @) 1 ®) 4

o8 4 2
9. If jl e_xzdx =k, then Io e_xzdx =

' -1 o -1 -
k k

(A) -2k ®B) -k © -3 @) = (E) 2k

10. 1 y=10"Y then ¥ =
dx
(A) (hllO)lO(x--l) (B) (2x)1o(x'"l) © (v —1)10(‘*-'2)
(¥*-1) 2 (1)

(D) 2x(In10)10 (E) x°(In10)10
11. The position of a particle moving along a straight line at any time 7 is given by

s(t)= t% + 4+ 4. What is the acceleration of the particle when t=47?

(A) 0 (B) 2 ) 4 (D) 8 (E) 12
12. If f(g(x)= hl(.x‘2 + 4). f(x)= hl(xz). and g(x) >0 for all real x. then g(x)=

@A) — B) — © Jxl+4 (D) P2+4  (E) x+2

X244 x“+4
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13. Ifx*+ Xy + y3 =0. then. in terms of x and y. d—v =
X
2
2x+y xX+3y° -2x -2x 2x+y
A - 5 (B) ——C © 3 (D) 5 B ———
x+3y° =Xty 1+3y~ x+3y” x+3y -1
1 3

14. The velocity of a particle moving on a line at time #is v =3t2 + 5¢2 meters per second. How many

meters did the particle travel from r=0 to r=47?

(A) 32 (B) 40 (C) o4 (D) 80 (E) 184
15. The domain of the function defined by f(x)=1In (x2 - 4) 1s the set of all real numbers x such that

(A) |x|<2 (B) |x|£2 (©) |x|>2 (D) |x|22 (E) x 1s areal number
16. The function defined by f(x)= x> —3x? for all real numbers x has a relative maximum at x =

Ay -2 ®) 0 © 1 D) 2 E) 4

Iy
17. I xe “dx=
0
(A) 1-2e B) -1 (€) 1-2¢7 D) 1 (E) 2e-1
2 .2

18. If y=cos” x—sin” x. then y'=

(A) -1 (B) 0 (©) —2sin(2x) (D) —l(cosx+sin x) (E) 2(cosx—sinx)
19. If f(x;)+f(xy)=f(x+x,) for all real numbers x; and x;. which of the following could

define f?

A) f=x+1  (B) f(¥=2x (O) f(l’)=% D) flx)=¢€" ® flx)=x
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. dy
It y=arctan(cosx). then —_=
) (cosx) p

-— 1 ’)
(a) —=2X (B) —(arcsec(cosx)) sinx
I+cos™x
(D) ;, E) ) 1 3
(arccosx)” +1 +eosTx

(C) (aresec(cosx) )2

21. If the domain of the function f given by f (x)=1 ! 5 15 {x:|x| >1}. what is the range of f?
_x“
(A) {x:—o<x<-1} (B) {x:—0<x<0} (€) {x:—o<x<l}
(D) {x:-l<x<x} (E) {x:0<x<}
2
22. sz L
I x+1
1 5
@ = ®) 1 © 2 ® 2 (E) In3
23. i(L—l+x2} at x=-1 1s
dx\ ¥ x v
A) -6 B) -4 © o D) 2 (E) 6
2
24, If j:,) (x7 +k)dx=16. then k=
(A) -12 (B) -4 © 0 (D) 4 (E) 12
25. If f(x)=e". which of the following is equal to f"(e)?

x+h x+h e

A) limZ B) lim< —¢
@) hl—l:}) h ® hl—l::) h

x+h _ e+h _ e

(D) lim< (E) Lm<——¢
=0 h h—0 h

e+h

C li e
© 3%
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26. The graph of y?' =x>+9is symmetric to which of the following?
I.  The x-axis
II. The y-axis
III.  The origin
(A) Ionly (B) II only (C) WIonly (D) IandIIonly (E) LI andIII
3
27. Io |x—1 |dx=
3 S 5
@ o ® > © 2 @ 2 ® 6
28. If the position of a particle on the x-axis at time 7 is —5¢” , then the average velocity of the particle
for 0<1<3 1s
(A) -45 (B) -30 (C) -15 (D) -10 (E) -5
29. Which of the following functions are continuous for all real numbers x ?
2
L y=x3
II. y=é&"
III. y=tanx
(A) None (B) Ionly (C) Monly (D) TandII (E) TandIII
30. .[ tan (2x)dx =
1 1
(A) -2 1n| cos(2x) |+C (B) —7h1| cos(2x) |+C (O :h1| cos(2x) |+C
(D) 2 lnl cos(2x) | +C (E) %sec(lx) tan(2x)+ C
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31. The volume of a cone of radius r and height & is given by V' = %n r*h . If the radius and the height
both increase at a constant rate of % centimeter per second. at what rate, in cubic centimeters per
second. is the volume increasing when the height is 9 centimeters and the radius is 6 centimeters?

1
@A) -« (B) 107 (C) 24x (D) 54n (E) 108~
I
‘3 . N
32 | o sin(3x)dx =
2 . 2
A) -2 B) -< © o O - E 2
3 3
Y
\ / y =f(x)
/4
0 > x
- 1
33. The graph of the derivative of f is shown in the figure above. Which of the following could be the

graph of f?

(A) y (B) y (©) ¥
X X X
-1 1 ; -1 ‘E . ; |
(D) y (E) y
X X
-1 | -1 |
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34. The area of the region in the first quadrant that is enclosed by the graphs of y = x> +8 and
y=x+8 is

(4)

~~
(o]
S
1o | =

© D) 1 (E

R

4

| w
I B

35. The figure above shows the graph of a sine function for one complete period. Which of the
following is an equation for the graph?

(A) y=2sin(%x} (B) y=sin(nx) (C) y=2sin(2x)

(D) y=2sin(nx) (E) y=sin(2x)

36. If f is a continuous function defined for all real numbers x and if the maximum value of f(x) 155

and the minimum value of f(x) is —7. then which of the following must be true?

I. The maximum value of f(|x|) is 5.
II. The maximum value of | f (x)l is 7.

III.  The minimum value of f(|x|) is 0.

(A) TIonly (B) Monly  (C) IandIIonly (D) II and IIT only (E) LI and III

37. lim(xcse x) 1s
x—=0

(A) —=» (B) -1 © 0 D) 1 (E) =
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38. Let f and g have continuous first and second derivatives everywhere. If f(x) < g(x) for all real

x. which of the following must be true?

I. f'(x)<g'(x) forallreal x
I f"(x)<g"(x) forallreal x

III. I; f(x)dx < j; g(x)dx

(A) None (B) Ionly (C) 1III only (D) TIandIIonly

(E) LII andIII

39.

If f(x)= Inx . for all x> 0. which of the following is true?
x

(A) f isincreasing for all x greater than 0.
(B) f is increasing for all x greater than 1.
(C) f 1s decreasing for all x between 0 and 1.
(D) f 1s decreasing for all x between 1 and e.

(E) f 1s decreasing for all x greater than e.

40.

Let f be a continuous function on the closed interval [0. 2] JIf 2< f(x) < 4. then the greatest

2
possible value of j(; f(x)dx 1s

(A) 0 (B) 2 € 4 (D) 8

(E) 16

41.

If lim f(x)=L. where L is a real number. which of the following must be true?

X—=a

(A)  f'(a) exists.
(B) f(x) is continuous at x =a.

(C) f(x) is defined at x=a.

D) fla)=L
(E) None of the above
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pn 4 [ N1+
dx 72
4) — (B) V1+x’ -5 (©) Vi+x?
Vi+x°
x 1 1 1
D) — E) ——-—r
V1+x? NG 21+x° Ng
43.  An equation of the line tangent to y = X +3x7+2 atits point of inflection is
(A) y=-6x-6 (B) y=-3x+1 (C) y=2x+10
(D) y=3x-1 (E) y=4x+1
44. The average value of f(x)= x>vx> +1 on the closed interval [O. 2] 1s
26 13 26
@A — ®) — © — D) 13 (E) 26
9 3 3
45. The region enclosed by the graph of y = x°. the line x = 2. and the x-axis is revolved about the

y-axis. The volume of the solid generated is

(A) sn (B)

(9]
[§]

.J.|

16

© ?“

(D) 4n

® 3n
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1988 AP Calculus AB: Section I

90 Minutes—No Calculator

Notes: (1) In this examination. In x denotes the natural logarithm of x (that is, logarithm to the base e).

(2) Unless otherwise specified. the domain of a function f is assumed to be the set of all real
numbers x for which f(x) is a real number.

?

If y= x2e" | then ﬂ =

1.
X
(A) 2xe* (B) x(x+2ex) (C) xe"(x+2)
(D) 2x+eé" (E) 2x+e
x> -4
2. What is the domain of the function f given by f(x)= 3 ?
x f—
(A) {x:x=3} (B) {x:|x|$2} (©) {x:|x|22}
(D) {x:lxlz?. and x¢3} (E) {x:xZZ and x¢3}
3. A particle with velocity at any time 7 given by v(r) = ¢’ moves in a straight line. How far does the
particle move from t=0 to r=27?
2 2 83
(A) e -1 (B) e-1 (C) 2e (D) e (E) Y
4.  The graph of y=—o S is concave downward for all values of x such that
x=2
(A) x<0 (B) x<2 (C) x<5 (D) x>0 (E) x>2
0
5. | sec”xdx=
(A) tanx+C (B) cse’x+C (©) cos’x+C
sec” x 2
(D) 3 +C (E) 2sec”xtanx+C
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Ify =E. then Y _
d

X X
1 1 Inx-1 1-lnx 1+Inx
A = B) — ©) 5 (D) 5 (E) 5
X X~ x“ x~ X~
I xdx _
V3xZ+5
1 3 1 3 1 1
2 ) 12,2 2 = 2 2
(A) 5(31 +5) +C (B) 4(3; +5) +C (©) 2(3)( +5.) +C
1 ! 3 :
2, :\2 (342 .5)2
(D) 5(3,’( +5) +C (E) 2(31 +5) +C
y
f
0 X

The graph of y = f(x) is shown in the figure above. On which of the following intervals are
2

d! v
Y 0 and $Y <02
x dx”

I. a<x<b
II. b<x<e
. c<x<d

(A) Tonly (B) II only (C) III only (D) ITand II (E) Il and I
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dy .

9. If x+2.xy—y2 = 2. then at the point (1.1). o 1s
3 1 3 .
(A) 35 (B) 5 © o (D) -5 (E) nonexistent
10. If jg (?.kvc—x2 )dx =18, then k=
(A) -9 B) -3 (C) 3 (D) 9 (E) 18
11. An equation of the line tangent to the graph of f(x)=x(1— 2x)3 at the point (1.-1) is
(A) y=-Tx+6 (B) y=-6x+5 (C) y=-2x+1
(D) y=2x-3 (E) y=7x-8
12. If f(x)=sinx. then f'(g] =
@ - ® - © & o £ ® 3
13. If the function f has a continuous derivative on [O.c] . then J OC f'(x)dx=
A) flO-f©0) ®) |fo-10) © fl@ @) f)+e (B f-f(0)
14, [2-°%° 4o
j 0 J1+sin6
(A) -2 (JE -1) (B) -242 ©) 242
(D) z(Jf—l) ® 2(v2+1)
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15. If f(x)= \2x . then f'2)=
1 1 V2
@ (B) © — (D) 1 B V2
16. A particle moves along the x-axis so that at any time 7> 0 its position is given by

x(t) = t> —3t2 =9t +1. For what values of £ is the particle at rest?

(A) No values (B) 1only (C) 3only (D) Sonly (E) land3
1 . 2,
17. '[0 (3x=2)"dx=
7 7 1

A) —— B) —— C) — D)1 E) 3
&) -3 ®) -3 © 3 (D) E)

. x d-y

18. If y=2cos| —|. then —5=
g [ 2 J dx’
b X . x X 1 X
(A) —Scos[z) (B) _ECOS(E) (©) —sm(z) (D) —cos(;] (E) —ECOS[EJ
-3 x
19. dx =
" - .7(2 +1
1. 3 1 1
(A) :111: (B) :ln?. (C) In2 (D) 2In2 (E) :1115
20. Let f be a polynomial function with degree greater than 2. If a#b and f(a)= f(b)=1. which

of the following must be true for at least one value of x between a and b?

IL. f(x)=0
. f'(x)=0
o f"(x)=0
(A) None

(B) Ionly

(C) IIonly

(D) IandIIonly

(E) I.IL and III
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21. The area of the region enclosed by the graphs of y=x and y= x?—3x+3 is
2 4 14
A) — B) 1 C) — D) 2 E) —
A 3 ®) © 3 D) E) 3
1
22. Iflnx-ln(—)=2 thenx =
x
1 1 N 2
A —= (B) ; € e (D) 2e (E) e
e
. xy =1 freall v andi P . f(x) .
23. If f'(x)=cosx and g'(x)=1 forall x. and if f(0)=g(0)=0. then lim is
=0 g(x)
(A) % (B) 1 (c) o (D) -1 (E) nonexistent
d Inx)\ _
24. g(x )=

Inx X 2 . Inx Inx-1 Inx
(A) x (B) (lnx) (©) ;(hu)(x ) (D) (lnx)(x ) (E) 2(lnx)(x )

25. Forall x>1. if f(x)=jlx %dt‘ then f'(x)=
(A) 1 (B) 1 (C) Inx-1 (D) Inx (E) €*
.
I
26. Iozxcosxdx=
@ -=  ® -1 © 1-= @ 1 E) -1
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2

27. At x=3. the function given by f(x)= x . %<3 1s
6x-9. x=3

(A) undefined.

(B) continuous but not differentiable.

(C) differentiable but not continuous.

(D) neither continuous nor differentiable.

(E) Dboth continuous and differentiable.

4
28 [ |x=3]dx=
3 3 5 9
A) —3 (B) 3 © 3 D) 5 B 5
. tan3(x+h)—tan3x
29. The lim is
h—=0 h

(A) 0O (B) 3S¢C2(3x) (©) sec2(3x) (D) 3cot(3x) (E) nonexistent

30. A region in the first quadrant is enclosed by the graphs of y = ¢ . x=1. and the coordinate axes.

If the region is rotated about the y-axis. the volume of the solid that is generated is represented by

which of the following integrals?

(A)

(®)

©

D)

®)
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31. If f(x)= ﬁ then the inverse function, f s given by f _l(x) =
@ = ® = © = o = €) x
b X I-x
32. Which of the following does NOT have a period of 7 ?
(A) f(x)=sin (%x} (B) f(x) =| sin x| © f(x)= sin’ x
(D) f(x)=tanx (E) f(x)= tan” x
33. The absolute maximum value of f(x)= x> —3x% +12 on the closed interval [—2. 4] occurs at x =
(A) 4 (B) 2 © 1 (D) 0 (E) -2
¥y
34. The area of the shaded region in the figure above is represented by which of the following

integrals?

@ [(r@]-lge])ax
®) [, fdx=[ g(x)ds
© [ (g00)-f())dx
@) [ (f()-g(x)dx

® [ (g0~ F))de+[(f()-g()dx
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35. 4cos[x+£]=
3
(A) 24/3cosx—2sinx (B) 2cosx—24/3sinx (©) 2cosx+2+f3sinx
(D) 2+/3cosx+2sinx (E) 4cosx+2
36. What is the average value of y for the part of the curve y =3x— x” which is in the first quadrant?
3 9 9
(A) -6 B) -2 © = (0 ® 3
37. If f(x)=e"sinx, then the number of zeros of f on the closed interval [0. 21t] is
(A) 0 ®B) 1 © 2 ®) 3 (E) 4
38. For x>0. I (l Xﬂ] dx=
x*1
1 8§ 2
(A) F'*C (B) x_4_r_2+c (©) In(lnx)+C
In(x? It 2
(D) (7 )+c ® | lf) +C
39. If 0 dx=4 and ’ dx=7. ’ dx =
39. .[1 f(x)dx=4 an Lof(x) x=7. then jl f(x)dx=
(A) -3 (B) 0 ©) 3 (D) 10 (E) 11
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40.

X
dz dx

The sides of the rectangle above increase in such a way that d__ =1and —=3
t t

. d
when x=4 and y =3. what is the value of d_x ?

@ 5 ®) 1 © 2 ©) 5

dy

—— . At the instant
dt

(E) 5

41.

It liné f(x)=7.which of the following must be true?
X—

I.  f iscontinuous at x=3.
II.  f isdifferentiable at x=3.

oL f(3)=7
(A) None (B) IIonly
(D) IandIII only (E) IL.IL and III

(C) IIIonly

The graph of which of the following equations has y =1 as an asymptote?

2

(A) y=lx (B) y=sinx () y=—— (D) y=—
x+1 x—1

E) y=e*

43.

The volume of the solid obtained by revolving the region enclosed by the ellipse x> +9 y2 =9

about the x-axis 1s

(A) 2m (B) 4n (C) omn (D) 9m
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44, Let f and g be odd functions. If p, r, and s are nonzero functions defined as follows. which must
be odd?

L px)=f(gk)
I r(x)=f(x)+g(x)
oI s(x)= f(x)g(x)

(A) TIonly (B) I only (C) IandIIonly

(D) 1II and III only (E) L II andIII

45. The volume of a cylindrical tin can with a top and a bottom is to be 167 cubic inches. If a
minimum amount of tin is to be used to construct the can. what must be the height. in inches. of the

can?
a) 232 ®) 242 © 24 (D) 4 (E) 8
1988 AB
1. C 24.C
2. D 25.B
3. A 26.E
4. E 27.E
5. A 28.C
6. D 29.B
7. D 30. A
8. B 31.C
9. E 32.A
10.C 33.A
11. A 34.D
12.B 35.B
13. A 36.C
14.D 37.D
15.B 38.E
16.C 39.E
17.D 40.B
18. E 41. A
19.B 42.C
20.C 43.B
21.C 44.C
22.C 45.D
23.B
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1993 AP Calculus AB: Section I

90 Minutes—Scientific Calculator

Notes: (1) The exact numerical value of the correct answer does not always appear among the choices
given. When this happens, select from among the choices the number that best approximates
the exact numerical value.

(2) Unless otherwise specified. the domain of a function f is assumed to be the set of all real
numbers x for which f(x) is a real number.

3
1. If f(x)= x2 . then f'4)=
A) -6 ®) -3 <© 3 (D) 6 E) 8
y
dl -
>y =f(x)
|
| |
l |
O a b "
2. Which of the following represents the area of the shaded region in the figure above?
d b , ,
@ [, fod ® [, (d-f)dr © f®-f(
D) (b-a)[fB)-f(a)] (E) d-9[f®)-f(a)]
3
3. Im S =3 is

)

n—epn —2n~ +1

(A) -5 B) -2 () 1 (D) 3 (E) nonexistent
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If ¥ + 3xy+2 y3 =17. then in terms of x and y. ? =

-
s y
(A) - >
x+2y°
X2+
® -—=
X+ y~
x>+ y
© -——
x+2y
x>+ y
(D) - )
2y
2
__x‘
® 5
1+2y

9

. . . . x° -
If the function f is continuous for all real numbers and if f(x)=

then f(-2)= )

when x#-2.

(A) 4 B -2 © -1 D) 0 (E) 2

. 1 . . .
The area of the region enclosed by the curve y =——. the x-axis. and the lines x=3 and x=4 is
x —

5 2 4 3
@ ®) W © I (©) I (E) In6

. . 3 . .
An equation of the line tangent to the graph of y = at the point (1.5) is

3x—2
(A) 13x—y=8 (B) 13x+y=18 (C) x-13y=64
(D) x+13y=66 (E) —-2x+3y=13
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dy

8. If y=tanx—cotx, then —=
dx
(A) secxesex (B) secx—csex (C) secx+csex (D) sec? x—cse? x (E) sec? x+ese’x
9. If his the function given by h(x) = f(g(x)). where f(x)= 3x2-1 and glx)= | X | then h(x)=
@ ¥-|x|  ® ‘3x2—1| © 33 |x|-1 @ 3x[-1 ® 3#-1
10. If f(x)=(x -1)2 sinx. then f'(0)=
A -2 B) -1 € o D) 1 (E) 2
11. The acceleration of a particle moving along the x-axis at time 7 is given by a(t)=6r—2 . If the
velocity is 25 when £ =3 and the position 1s 10 when ¢ =1. then the position x(t) =
(A) 9% +1
(B) 3t2-2t+4
(©) £ —t>+4t+6
(D) £ —1>+9-20
(E) 366 —4t> —77t+55
12. If fand g are continuous functions. and if f(x) =0 for all real numbers x . which of the
following must be true?
~b b b
L | , fe(x)dx = ('fa f(x)dx)('f . g(x)dx)
I I b(f(x)+g(x))dx = j bf(x)dx+j bg(x)dx
' a a a
b b
111 Ia f(x)dx= ‘“a f(x)dx
(A) Tonly (B) II only (C) III only (D) II and III only (E) L1II. and IIT
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13. The fundamental period of 2cos(3x) 1s
2w
(A) - (B) 2= (C) o6n (D) (E) 3
3 2
14, [———adx=
41
(A) 2Wx*+1+C
3
(B) 35 X +1+C
©) ¥ +1+C
(D) InVx +1+C
(E) Wh(x’+D)+C
15. For what value of x does the function f(x)=(x-2)(x— 3)2 have a relative maximum?

&) -3 ® - © -2

D)

(E)

1o |

16. The slope of the line normal to the graph of y =2In(secx) at x =§ 1s

@ -2
® -3
© =
(D) 2

(E) nonexistent
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17. [ (J(2 +1)2dx=
2 3
2 3
®) (x=+1) .C
6x
3 )2
(©) [i x| +C
3 4
vor 2 3
D) 2x(x~+1) iC
3
5 4.3
(E) "T +22 ix+cC
18. If f(x)= sm(%). then there exists a number ¢ in the interval %< X< Tn that satisfies the
conclusion of the Mean Value Theorem. Which of the following could be ¢ ?
2n 3n 5w 3n
A) — B) — c) — D) =« E) —
(A) B ®) 1 © p D) (E) 3
X forx<0. . .
19. ~ 7 Which of the following statements

Let f be the function defined by f(x)=
x forx>0.

about f is true?

(A) f isan odd function.

(B) f isdiscontinuous at x=0.
(C) f has arelative maximum.
D) =0

(E) f'(x)>0 for x#0
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20. Let R be the region in the first quadrant enclosed by the graph of y =(x+1)3 . the line x=7.
the x-axis. and the y-axis. The volume of the solid generated when R is revolved about the y-axis
is given by

7 2 7 1 5 2
2 1)3 > 3dx “(x+1)3
(A) ﬂjo(x+1) dx (B) -njo x(x+1)3dx (©) njo(;+1) dx
2nf 3 703 1)
D) 2xf S X(x+D3dx (E) njo (3> -1)%dy

21. At what value of x does the graph of y = Lﬁ, - % have a point of inflection?

(A) 0 B) 1 () 2 (D) 3 (E) Atno value of x

22. An antiderivative for ,; is

xT=2x+2
(A) —(x?-2x+2)7
(B) In(x?-2x+2)
)
(C) In|E==
x+1
(D) arcsee(x—1)
(E) arctan(x—1)
23. How many critical points does the function f(x)=(x+ 2)5 (x— 3)4 have?
(A) One (B) Two (C) Three (D) Five (E) Nine
2
24, If f(x)= (x?‘ —2x-1)3. then £7(0) is
4 2 4 .
@) 3 ®B) 0 © -3 D) 3 (E) -2
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d (4x
25, L(2%)=

=)

" . . . P
@) 2+ ® @  © @Ym2 @ @Hk2 ® 5
n2
26. A particle moves along a line so that at time £, where 0 <7 < xt. its position is given by
2

s(t)=—4cost— rT +10. What is the velocity of the particle when its acceleration is zero?

(A) -5.19 (B) 0.74 (C) 132 (D) 255 (E) 8.13
27. The function f given by f(x)= X +12x-24 is

(A) increasing for x <—2. decreasing for —2 < x < 2. increasing for x > 2

(B) decreasing for x < 0. increasing for x >0

(C) increasing for all x

(D) decreasing for all x

(E) decreasing for x < -2, increasing for —2 < x < 2. decreasing for x > 2

5000+ x 500/ x _

28 [ (137 -117)dxs [ (117137 ) dx =

(A) 0.000 (B) 14.946 (C) 34.415 (D) 46.000  (E) 136.364
29. lm - co: o 1s

80 2sin~ 0

1 1 .

(A) 0O (B) 3 (©) ” (D) 1 (E) nonexistent

30. The region enclosed by the x-axis. the line x =3. and the curve y = Jx is rotated about the

x-axis. What 1s the volume of the solid generated?

3643
T

(A) 3m ®) 23 ©) % st

n (D) 9= (E)
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31, If f(x)= S hen f'(x)=
2 3 2 2
a) B8 B) =™ (©) 6lxe™) (D) s’ (E) 6x°
2
3
3. I 3oodx _
0 [1_2
T m s
A) — B) — ) — D) —In2 E) -In2
@) 3 ®) 7 © - D) 3 (E)
. dy 2 .
33, If —=2y~ andif y=-1 whenx=1.then whenx=2.y=
X
A 2 B ! ) 0 D E 2
@ -3 ®) -3 © O 3 ® 3
34, The top of a 25-foot ladder is sliding down a vertical wall at a constant rate of 3 feet per minute.
When the top of the ladder is 7 feet from the ground. what is the rate of change of the distance
between the bottom of the ladder and the wall?
7 .
(A) -3 feet per minute
(B) = feet per minut
) —, fectper minute
C ! fi " mi
(C) o eet per minute
7 .
(D) 3 feet per minute
21
(E) — feet per minute
25
. - ax+b . .
35. Ifthe graphof y= has a horizontal asymptote y =2 and a vertical asymptote x =-3.
x+e
then a+c=
A) -5 ®) -1 <€ o D) 1 (E)
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36.

2 2 . . . . .
If the definite integral .[0 e* dx is first approximated by using two inscribed rectangles of equal

width and then approximated by using the trapezoidal rule with n=2. the difference between the

two approximations is

(A) 53.60 (B) 30.51 (C) 27.80 (D) 26.80 (E) 12.78
37. If f is a differentiable function. then f'(a) is given by which of the following?
L pmf@th-f@
h—0 h
1L lim M
X—=a X—a
. h)y— f(
II1. lim M
X—a h
(A) TIonly (B) IIonly (C) TIandIIonly (D) I and I1I only (E) LII and III
38. If the second derivative of fis given by f"(x) =2x—cosx. which of the following could be f(x)?
X3
(A) ?+cosx—x+l
3
(B) %—cosx—x+l
(©) x> +cosx—x+1
(D) x? —sinx+1
(E) x> +sinx+1
39. The radius of a circle is increasing at a nonzero rate. and at a certain instant. the rate of increase in

the area of the circle 1s numerically equal to the rate of increase in its circumference. At this
instant. the radius of the circle is

© D) 1 (E) 2

to | —
ERES

@ = ®)
TT
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R N

40. The graph of y = f(x) 1is shown in the figure above. Which of the following could be the graph

of y=f(| x|)?
(A) y (B) y © y
/\ . - —t -~ + —

-4 N i -4 -1 1 i -4 -NA 4

-4 -1 1 4 -4 -1 1 4

d ¢ x .

= )
41. dx-[o cos(2mu)du 1s

a) 0 ® %sin x (© %cos(.’.nx) (D) cos(2mx) (E) 2mcos(2my)

2 2n

42. A puppy weighs 2.0 pounds at birth and 3.5 pounds two months later. If the weight of the puppy

during its first 6 months is increasing at a rate proportional to its weight. then how much will the
puppy weigh when it is 3 months old?

(A) 42pounds (B) 4.6pounds (C) 4.8pounds (D) 5.6pounds (E) 6.5 pounds
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43. I xf(x)dx=
@) xf()-[xf(x)dx
2 2
B) Sf0)-] S S
x2
© xf)-f@)+C
@) xf()-[ f'x)dx
xZ
® TJf@d
44, What is the minimum value of f(x)=xlnx?
(A) -e (B) -1 (E) f(x) has no minimum value.
45. If Newton's method is used to approximate the real root of x> +x-1=0. then a first

approximation x; =1 would lead to a third approximation of x3 =

(A) 0.682

(B) 0.686
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1993 AB

1. C 24 A
2. B 25.C
3. D 26.D
4. A 27.C
5. A 28.B
6. D 29.C
7. B 30.C
8. E 31.E
9. E 32.A
10.D 33.B
11.C 34.D
12.B 35.E
13. A 36.D
14. A 37.C
15.D 38. A
16.B 39.D
17.E 40.C
18.D 41.D
19. E 42.B
20.B 43.B
21.C 44.C
22.E 45.B
23.C

1997 AP Calculus AB:
Section I, Part A

50 Minutes—No Calculator

Note: Unless otherwise specified. the domain of a function f is assumed to be the set of all real
numbers x for which f(x) is a real number.

2
1. Jl (4x3 —6x)dx=

(A) 2
(B) 4
(€ 6
(D) 36
(E) 42
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If f(x)=x2x-3. then f'(x)=

3x-3
(A)
2x-3
¥
(B)
2x-3
1
©
2x-3
—x+3
(D)
2x-3
Sx-6
(E)
242x -3

3. I j: f(x)dx=a+2b, then j:( £(x)+5)dx=

(A) a+2b+5 (B) Sb-5a  (C) 7b-4a (D) 7b-5a  (E) 7b—6a
4 I f(x)=—x3+x+%. then f'(~1)=

@A) 3 ®) 1 © -1 D) -3 E) -5
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The graph of y= 3x* —16x +24x” + 48 is concave down for

(A) x<0
(B) x>0
2

(C) x<-=2 or x>—§

.
(D) x<§ or x>2

N
E) Z<x<2
(E) 3

I
L3 _
Eje"dr—
I
(D) 22+C (E) €+C

t

(A) e'+C B) e2+C (O

]
o]~

+

a

d 2.3 _
dxcos (x7)

(A)  6x7sin(x’)cos(x>)
(B)  6x° cos(x°)

(©) sin’(x)

(D) —6x7sin(x>)cos(x>)

(E) -2 <>in(x3 ) cos(x3 )
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Questions 8-9 refer to the following situation.

| ' 1 | 1 1 | l
31--1-- u S Bt R e i
' i 1 1 : 1 ] |
L Ry e R e et
! 1 1 1 | 1
} | | i ‘ 1
l B el T DY S (S DU S -
1 I \ 1 1 1 ' 1
1 I 1 ! 1 1 ‘ 1
R O .
o 1 2 3 4 35 N/é
] i ) 1 T i [ ]
e T T . s e LT
1 I ) 1 ] ) 1 |
' | ' ' | | ' |

A bug begins to crawl up a vertical wire at time 7= 0. The velocity v of the bug at time ¢.
0<t<8. is given by the function whose graph is shown above.

8. At what value of 7 does the bug change direction?

(A) 2 (B) 4 € ¢ D) 7 (E) 8

9. What is the total distance the bug traveled from t=0 to t=87?

(A) 14 (B) 13 © 11 (D) 8 (E) 6

. . .
10. An equation of the line tangent to the graph of y =cos(2x) at x= " 1s

(A) y—1=—(x—§)
(B) y—l=—2[x—%]
© y=2(x——]
(D) y=—(x—3]

(E) y=—2(x—§)



11. The graph of the derivative of f is shown in the figure above. Which of the following could be the

graph of f?
(A) v (B) :
\\
— X 4 . X
2 [ -2 0 N
(©) ¥ (D) ¥

>
<
)
S
¢

(E) ¥

NSz

12. At what point on the graph of y = %xz is the tangent line parallel to the line 2x -4y =3?
1 1 11 o1 1
(A) (E_E) (B) (EgJ (©) [1.—1) (D) (13) (E) (2.2)
[4-+]
13. Let f be a function defined for all real numbers x. If f'(x) = — then f is decreasing on the
x=2
interval
(A) (—oo. 2) (B) (—oo.oo) (©) (—2.4) (D) (—2.00) (E) (l.oo)
14.

Let f be a differentiable function such that f(3)=2 and f'(3)=5. If the tangent line to the graph
of f at x=23 is used to find an approximation to a zero of f. that approximation is

(A) 04 (B) 0.5 ) 26 (D) 34 (E) 5.5
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15. The graph of the function f is shown in the figure above. Which of the following statements about

f s true?

(A) }i_lgf(x)ﬂ_iigf(x)
(B) lim f(x)=2

© 11_13, fx)=2

(D) il_lg fx)=1

(E) lim f(x) does not exist.
X—=a

16. The area of the region enclosed by the graph of y = x +1 and the line y=51is

14 16 28 32
A) — B) — ) — D) — E) 8
(A) 3 (B) 3 © 3 D) 3 (E) 8n
-2 2 ) dzy .
17. If x~ +y~ =25, what is the value of 2 at the point (4.3)?
2
25 7 7 3 25
A) -2 B) -—— 0 = D) > E
(A) > (B) > © > ()4 ()27
n etanx
18. | 4 ———dx is
0 2
cos” x
(A) 0 ®) 1 € e-1 D) e (E) e+l
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19. If f(x)=h1‘x2—1’. then f'(x)=

(C) 2 -

@) -

(E)

20. The average value of cosx on the interval [—3. 5] is

sin 5 —sin 3

(A) g

sin5—sin3
2

®)

sin3—sin s
)

©

sin3+sin s
)

(D)

sin3+sin s

(E) i

Lox .
21. lim— 1s
x—llnx

(A) 0 (B) ! () 1 (D) e (E) nonexistent
e

(]
(]

What are all values of x for which the function f defined by f(x)= (x* - 3)e™™ is increasing?

(A) There are no such values of x .
(B) x<-1and x>3

(C) =3<x<l1

(D) -1<x<3

(E) Allvalues of x
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23. If the region enclosed by the y-axis. the line y =2, and the curve y = Jx is revolved about the
y-axis, the volume of the solid generated is
32 16m 16m 8w
A) — B) — ) — D) — E
A) 5 ®) 3 © i D) 3 E) =
1 [ 2 [3 50). . o
24. The expression —| ,[— +,[— +,[—+---+,/— | is a Riemann sum approximation for
50{ V50 V50 50 50
@ /idx
0y 50
1
® | OJ;dx
1,1 ’x
D) = [ rdx
5070
1 ~50
(E) 5] , Vxdx
25. Ixsi.t1(2x)dx=

(A) —écos(?.x) + %sin(?.x) +C

(B) —%cos(?.x) - isin(?.x) +C

(©) %cos(?_x)—%sin(?.x) +C

(D) —2xcos(2x)+sin(2x)+C

(E) —2xcos(2x)—4sm(2x)+C
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1997 AP Calculus AB:
Section I, Part B

40 Minutes—Graphing Calculator Required

Notes: (1) The exact numerical value of the correct answer does not always appear among the choices
given. When this happens. select from among the choices the number that best approximates
the exact numerical value.

(2) Unless otherwise specified. the domain of a function f is assumed to be the set of all real
numbers x for which f(x) is a real number.

76. If f (x)=i- then f'(x)=
2x
@A) 1
2x
gy £ U-29
(B) 2
(C) elx
2x
(D) 2
e2x(2x_1)
® =

~ . 2 .
77. The graph of the function y = X +6x% +Tx—2cosx changes concavity at x =

(A) -1.58 (B) -1.63 (C) -1.67 (D) -1.89 (E) -2.33

3
78. The graph of f is shown in the figure above. If Il f(x)dx=2.3 and F'(x)= f(x). then
F(3)-F(0)=

(A) 0.3 (B) 1.3 (©) 33 (D) 4.3 (E) 53
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2 —f2
79. Let f be a function such that 111_1:(1) W = 5. Which of the following must be true?
()
I. f is continuous at x = 2.
II. f is differentiable at x = 2.
III. The derivative of f is continuous at x=2.
(A) Tonly (B) IILonly (C) TandITonly (D) IandIHIonly (E) IIandIII only
80. Let f be the function given by f(x)= 2¢** . For what value of x is the slope of the line tangent to
the graph of f at (x. f(x)) equal to 3?
(A) 0.168 (B) 0276 (C) 0318 (D) 0.342 (E) 0.551
81. A railroad track and a road cross at right angles. An observer stands on the road 70 meters south of
the crossing and watches an eastbound train traveling at 60 meters per second. At how many
meters per second is the train moving away from the observer 4 seconds after it passes through the
intersection?
(A) 57.60 (B) 57.88 (C) 59.20 (D) 60.00 (E) 67.40
82. If y=2x-8. what is the minimum value of the product xy ?
(A) -16 (B) -8 c -4 (D) 0 (E) 2
83. What is the area of the region in the first quadrant enclosed by the graphs of y =cosx. y=x.
and the y-axis?
(A) 0.127 (B) 0.385 (C)  0.400 (D) 0.600 (E) 0.947
84. The base of asolid S is the region enclosed by the graph of y =+/Inx. the line x=e. and the

x-axis. If the cross sections of S perpendicular to the x-axis are squares. then the volume of S'is

© 1 D) 2 E) %(2—1)

Wll\J

(B)

o | —

(A)
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85.

If the derivative of f is given by f'(x) =€ —3x~. at which of the following values of x does f
have a relative maximum value?

(A) -0.46 (B) 0.0 (©) 0091 (D) 0.95 (E) 3.73

86.

Let fi(x)= Jx . If the rate of change of f at x=c is twice its rate of change at x=1. then ¢ =

1 1 1
@ 3 B 1 © 4 D) N E) VA

87.

At time = 0. the acceleration of a particle moving on the x-axis is a(t)=r+sint. At t=0. the
velocity of the particle is —2. For what value 7 will the velocity of the particle be zero?

(A) 1.02 (B) 148 (C) 185 (D) 281 (E) 3.14
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B¢

88. Let f(x)= I: h(t)dt . where h has the graph shown above. Which of the following could be the

graph of f?
(A) y
a b
(© "
. LN
a\_‘/) ‘
(E) y

a 0

(B) y

(D) Y
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x |oloslio]15]20
fo 335813

89. A table of values for a continuous function f is shown above. If four equal subintervals of [O. 2]
2
are used. which of the following is the trapezoidal approximation of I 0 f(x)dx?
(A) 8 (B) 12 © 16 (D) 24 (E) 32
90. Which of the following are antiderivatives of f(x)=sinxcosx?

22
L F(x)=""r
cos® x
I F(x)=—r
—cos(2
oL F(x)=2—5253%)
4
(A) TIonly
(B) II only

(C) IIIonly
(D) IandIII only

(E) II and III only
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1998 AP Calculus AB:
Section I, Part A

55 Minutes—No Calculator

Note: Unless otherwise specified. the domain of a function f is assumed to be the set of all real
numbers x for which f(x) is a real number.

. . . . . 1 2
1.  What 1s the x-coordinate of the point of inflection on the graph of y = Ex3 +5x"+247?

(A) 5 (B) 0 © -= (D) -5 (E) -10

(]

I
Q
™)
2
=

2. The graph of a piecewise-linear function f. for —1<x <4, is shown above. What is the value of

I: f(x)dx?

(A) 1 (B) 2.5 ) 4 (D) 5.5 (E) 8

221
3. Jlx—zdx=

@ - ® — (©

lu'n—l

D) 1 (E) 2In2

(]
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If f is continuous for a < x <b and differentiable for a < x <b. which of the following could be

false?

(A) flle)= fO-f@ for some ¢ such that a <ec <b.
—a

b

(B) f'(e)=0 for some ¢ such that a<ec <b.
(C) f has a minimum value on a <x <b.

(D) f has a maximum value on a < x<b.

(E) j: f(x)dx exists.

I “sintdr =
0
(A) sinx (B) —cosx (C) cosx (D) cosx-—1 (E) 1-cosx
-2 T v WY
If x“+xy=10. then when x=2, —=
N
7 _ 2 3 7
(A) 3 B) -2 © 7 D) 3 (E) 2
N (xz = ] dx =
1 x
a) e-1 B) - (O 2 .1 D) &£-2 (B 23
’ e 2 2 B 2 2
Let fand g be differentiable functions with the following properties:
(1) g(x)>0 forall x
i)  f(0)=1
If h(x)= f(x)g(x) and h'(x) = f(x)g'(x). then f(x)=
@A ' ®B) gk © & @) o E 1
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Barrels per Hour
1
1
1
I
I
I

N [y p——. T

o 6 12 18 24

Hours

9.  The flow of oil, in barrels per hour. through a pipeline on July 9 is given by the graph shown
above. Of the following. which best approximates the total number of barrels of oil that passed
through the pipeline that day?

(A) 500 (B) 600 (C)  2.400 (D) 3.000 (E) 4.800
2_»
10. What is the instantaneous rate of change at x =2 of the function f given by f(x)= X =<y
l’—
1 1 ,
Ay -2 ®) < © = D) 2 (E) 6
b
11. If f is a linear function and 0 <a <b. then ja f"(x)dx=
b b2 _ 2
@A) o ®) 1 © = (D) b-a ® ==
- | lnx for0<x<2 hen & .
- ft= y2ln2 for2<x<4, fen x> F&y s
(A) In2 (B) In8 (C) Inlé6 (D) 4 (E) nonexistent
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13. The graph of the function f shown in the figure above has a vertical tangent at the point (2.0) and
horizontal tangents at the points (1.—1) and (3.1). For what values of x, —2<x<4.1is f not
differentiable?

(A) Oonly (B) Oand2only (C) land3 only (D) 0.1.and3only (E) 0.1 2. and 3

14. A particle moves along the x-axis so that its position at time 7 is given by x(f) = t>—6t+5. For
what value of 7 is the velocity of the particle zero?

Aa) 1 ® 2 © 3 D) 4 E) 5

15. If F(x)= j(';\/ﬁ +1dt. then F'(2)=
(A) -3 (B) -2 © 2 (D) 3 (E) 18

16. If f(x)=sin (e'x). then f'(x) =

(A) —cos(e™)

(B) cos(e™)+e ¥
(C) cos(e™)—e*
(D) e Fcos(e™)

(E) —e *cos(e™)

&9
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17. The graph of a twice-differentiable function f is shown in the figure above. Which of the
following is true?
A f()<f()<r(
®) f()<f(1)<f(1)
© f)<fW)<rf)
@ ()< f@)<f(1)
B ff(H<f(1<rQq)
18. An equation of the line tangent to the graph of y = x+cosx at the point (0.1) is
(A) y=2x+1 B) y=x+1 () y=x (DO) y=x-1 (E) y=0
19. If f"(x)=x(x+1)(x— ?.)2 . then the graph of f has inflection points when x =

(A) —lonly (B) 2only (C) —landOonly (D) —-land2only (E) -1.0.and 2 only

k
20. What are all values of k for which j. 3‘xzdx =07?

(a) -3 (B) 0 € 3 (D) —3and3 (E) —3.0.and3
21, If % = ky and k is a nonzero constant, then y could be
t
(A) 2™ (B) 26" (€ €"+3 (D) kty+5 (E) %kyz +%
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The function f is given by f(x)= x*+x% —2. On which of the following intervals is f

increasing?

® (3]

1 1
® (&%)
(C) (0.)

(D) (—oo.O)

o (=
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' ; > X
a/ 0 v

23. The graph of f is shown in the figure above. Which of the following could be the graph of the
derivative of f?

(A) y (B) Y

(D) ¥

‘-

(&}

(E) y

o
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The maximum acceleration attained on the interval 0 <7 <3 by the particle whose velocity is given

by v(r) = £ =32 +12t+4 is

(A) 9 (B) 12 ) 14 (D) 21 (E) 40
25. What is the area of the region between the graphs of y = x” and y=-—x fromx=0tox=2?
2 8 14 16
A) = B) — c) 4 D) — E) —
A) B ®) 3 © (D) 3 (E) 3
x 0112
fO 1| k|2
26. The function f is continuous on the closed interval [O. 2] and has values that are given in the table
above. The equation f(x) =% must have at least two solutions in the interval [0. 2] if k=
1 .
A) 0 ® 3 © 1 D) 2 E) 3
27. What is the average value of y = x>y/x* +1 on the interval [0.2] ?
26 52 26 52
A) — B) — ¢ — D) — E) 24
@ 3 ®) 3 © 3 D) 3 E)
28. If f(x)=tan(2x). then f'(%)=
@ 3 B 23 © 4 D) 43 ® s
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50 Minutes—Graphing Calculator Required

1998 AP Calculus AB:
Section I, Part B

Notes: (1) The exact numerical value of the correct answer does not always appear among the choices
given. When this happens. select from among the choices the number that best approximates

76.

the exact numerical value.

(2) Unless otherwise specified. the domain of a function f is assumed to be the set of all real
numbers x for which f(x) is a real number.

0

X

The graph of a function f 1s shown above. Which of the following statements about f is false?

(A)
(B)
©
(D)

(E)

f 1is continuous at x=a.

f has a relative maximum at x=a.

x=a is in the domain of f.

lim f(x) isequalto lim f(x).
x—=a” x—=a-

lim f(x) exists.
X—=a

77.

Let f be the function given by f(x)= 3¢”¥ and let g be the function given by g(x) = 6x°. At what
value of x do the graphs of f and g have parallel tangent lines?

(A)
®)
©
(D)
®)

—-0.701
-0.567
—-0.391
-0.302
—-0.258
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78.

The radius of a circle is decreasing at a constant rate of 0.1 centimeter per second. In terms of the
circumference C. what is the rate of change of the area of the circle. in square centimeters per
second?

(A) —(02)mC
(B) -(0.1)c
o e
@) (01)’c

€  (0.1)=C

79.

y=fx -‘ y=gw v=
Ad L

: X — ey —
NN Y T

The graphs of the derivatives of the functions f g, and h are shown above. Which of the functions
f g or h have a relative maximum on the open interval a<x<b?

(A) f only
(B) gonly
(C) honly

(D) f and gonly
(E) fgandh

80.

2
cos™ X
The first derivative of the function f is given by f'(x) = —-; How many critical values
x :

does f have on the open interval (0.10)?

(A) One
(B) Three
(C) Four
(D) Five
(E) Seven
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81.

Let f be the function given by f(x)= | x | Which of the following statements about f are true?

I.  fiscontinuous at x=0.
II.  f is differentiable at x=0.
III.  f has an absolute minimum at x=0.

(A) Ionly (B) Ionly (C) Hlonly (D) IandIIonly (E) II and III only

3
If f is a continuous function and if F'(x) = f(x) for all real numbers x. then jl f(2x)dx=

(A) 2F(3)=2F()
B) LFE)-~FO)

(C) 2F(6)-2F(2)
(D) F(6)-F(2)

) ~FO)-=FQ)

83.

2 2

. . x“—a°

If a#0. then lim y)
X—=ax —a

o+

(A) Lz (B) L, (C) 1, D) 0 (E) nonexistent

a 2a“ 6a~

84.

dy
Population y grows according to the equation 7 = ky . where k is a constant and 7 is measured in
t

years. If the population doubles every 10 years, then the value of k is

(A) 0.069 (B) 0.200 (C) 0.301 (D) 3.322 (E) 5.000
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85.

x [ 215]71|8

f(x) | 10|30]40]20

The function f is continuous on the closed interval [2. S] and has values that are given in the table

above. Using the subintervals [2. <] [q 7]. and [7.8] . what is the trapezoidal approximation of

I:f(x)dx?

(A) 110 (B) 130 (C) 160 (D) 190 (E) 210

86.

The base of a solid is a region in the first quadrant bounded by the x-axis. the y-axis. and the line
x+2y=8. as shown in the figure above. If cross sections of the solid perpendicular to the x-axis

are semicircles, what 1s the volume of the solid?

(A) 12.566 (B) 14.661 (C) 16.755 (D) 67.021 (E) 134.041

87.

Which of the following is an equation of the line tangent to the graph of f(x)= x*+2x? at the
point where f'(x)=1?

(A) y=8x-5
B) y=x+7
(C) y=x+0.763
(D) y=x-0.122
(E) y=x-2.146

88.

3
It
Let F(x) be an antiderivative of ﬂ If F(1)=0. then F(9) =
x

(A) 0.048 (B) 0.144 (C) 5.827 (D) 23.308 (E) 1.640.250
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If g is a differentiable function such that g(x) <0 for all real numbers x and if

f(x)= (x2 —4) g(x) . which of the following is true?

(A) f has arelative maximum at x =—2 and a relative minimum at x =2
(B) f has a relative minimum at x = -2 and a relative maximum at x=2.
(C) f has relative minima at x=-2 and at x=2.

(D) f has relative maxima at x=-2 and at x=2.

(E) It cannot be determined if f has any relative extrema.

If the base b of a triangle is increasing at a rate of 3 inches per minute while its height & 1s
decreasing at a rate of 3 inches per minute, which of the following must be true about the area 4 of
the triangle?

(A) A is always increasing.

(B) A is always decreasing.

(C) A isdecreasing only when b<h.
(D) A is decreasing only when b>h.
(E) A remains constant.

Let f be a function that is differentiable on the open interval (1.10). If f(2)=-5. f(5)=5. and

f(9)=-5. which of the following must be true?

1. f has at least 2 zeros.

II.  The graph of f has at least one horizontal tangent.
III. Forsomee, 2<c<5. f(e)=3.

(A) None

(B) Ionly

(C) TIandIIonly
(D) IandIIIonly
(E) LI andII

. T .
If0<k< 5 and the area under the curve y=cosx from x=k to x= S i 0.1. then k=

(A) 1471 (B) 1.414 ©) 1277 (D) 1.120 (E) 0.436
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2004 Form B
CALCULUS AB
SECTION IL Part A
Time—45 minutes
Number of problems—3

A graphing calculator is required for some problems or parts of problems.

1. Let R be the region enclosed by the graph of v = x = I. the vertical line v = 10. and the y-axis.
{a) Find the area of R.
ib) Find the volume of the solid generated when R is revolved about the horizontal line v = 3.

ic) Find the volume of the solid generated when R is revolved about the vertical line x = 10.

2. For0 £ ¢ £ 31. the rate of change of the number of mosquitoes on Tropical Island at time ¢ days is modeled

by R(t) = 51 cos(%) mosquitoes perday. There are 1000 mosquitoes on Tropical Island at time ¢ = 0.

{a) Show that the number of mosquitoes is increasing at time { = 6.

{b) Attime ¢ = 6. 1s the number of mosquitoes increasing at an increasing rate, or is the number of mosquitoes
increasing at a decreasing rate? Give a reason for your answer.

ic) According to the model. how many mosquitoes will be on the island at time ¢ = 31 ? Round your answer
to the nearest whole number.

{d) To the nearest whole number. what is the maximum number of mosquitoes for 0 < ¢ < 31 7 Show the
analysis that leads to your conclusion.

! 0|5 [10]15|20 25 30|35 |40

{minutes)

vie) - . I
. . 70 192 19570 |45 |24 |24 143 |73
(miles per minute)

3. A test plane flies in a straight line with positive velocity v(¢). in miles per minute at time ¢ minutes. where

v is a differentiable function of . Selected valuesof v(¢) for O £ ¢ < 40 are shown in the table above.
{a) Use a midpoint Riemann sum with four subintervals of equal length and values from the table to
. 40 . . . .
approximate Jn v(#) dt. Show the computations that lead to your answer. Using correct units. explain the
. L 40 . . .
meaning of jn vi(t)dt in terms ofthe plane’s flight.

i{b) Based on the values in the table. what is the smallest number of instances at which the acceleration of the
plane could equal zero on the open interval 0 < ¢ < 40 7 Justify your answer.

{c) The function f. defined by f(f) = 6 + cos(%) +3 sin(%). is used to model the velocity of the plane,

in miles per minute. for 0 < ¢ < 40. According to this model. whatis the acceleration of the plane at
f = 237 Indicate units of measure.

id) According to the model f. given in part (). what is the average velocity of the plane. in miles per minute.
over the time interval 0 € ¢ £ 407
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CALCULUS AB
SECTIONIIL Part B
Time—45 minutes
Number of problems—3

No calculator is allowed for these problems.

y
(5,2)
(1,0) 4,0)
x
0
0, -1
( ) @.-1)
(3,-2)
(_] ’ _3)
Graph of f*

4. The figure above shows the graph of . the derivative of the function /. on the closed interval =1 € x < 5.

The graph of /* has horizontal tangent lines at x = 1 and x = 3. The function f is twice differentiable with
f(2) = 6.
{a) Find the x-coordinate of each of the points of inflection of the graph of /. Give a rason for your answer.

i{b) Atwhat value of x does { attain its absolute minimum value on the closed interval =1 < x < 57 At what
value of vdoes f attain its absolute maximum value on the closed interval =1 £ x £ 57 Show the analysis
that leads to your answers.

{c) Let g be the function defined by ¢(x) = xf(x). Find an equation for the line tangent to the graph of ¢
at .y = 2,
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5. Consider the differential equation (!—\\ = .\‘4()' -2).
[

{a) On the axes provided. sketch a slope field for the given differential equation at the twelve points indicated.
{Note: Use the axes provided in the test booklet.)

y

. 3 .
. 2 .
. 1 .
-1 0 | !

{b) While the slope field in part (a) is drawn at only twelve points. it is defined at every point in the xy-plane.
Describe all points in the xv-plane for which the slopes are negative.

{c) Find the particular solution v = f(x) to the given differential equation with the initial condition f(0) = 0.

y (1,1
p

x
o
6. Let £ be the line tangent to the graph of v = x* at the point (1. 1). where # > 1. as shown above.

. 1 . .
{a) Find .‘0 A"dy in terms of .

ib) Let 7 be the triangular region bounded by /. the r-axis. and the line x = 1. Show that the areaof 7 is )I—

{c) Let § be the region bounded by the graph of v = ", the line /. and the v-axis. Express the area of § in
terms of # and determine the value of # that maximizes the area of S.

END OF EXAMINATION
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Question 1

Let R be the region enclosed by the graph of v = V¥ — I, the vertical line x = 10, and the x-axis.
(2) Findthe arsz of R.

(b) Find the volume of the solid generated when R is revolved about the horizontal line y = 3.
(c) Find the volume of the solid generated when R is revolved about the vertical line x = 10.

10 - limi
(2) A.rea=f Vx-Ta=18 (1 !nmts
1 3:{ 1:integrand
| 1:answer
10 2 "1 - limi
() Volume = 7], (9~ (3 -i=1)") & _ [ 1:limits and constant
1 : 3:4{ 1:integrand
= 212.05-" Or:l:.oss | 1 T ANIWET
© Volume = 7] (10~ (17 +1))" [ 1:limits and constant
° . 3:4 1:ntegrand
= 407.150 | 1:answer
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Question 2

For 0 <1 < 31, the rate of change of the number of moszquitoes on Tropical Island attime 1 dayz is

modeled by Rir) = 31 cosl"'—.'l mosquitoes per day. There are 1000 mosquitoes on Tropical Island at
B,

tme 1 = 0.
(2) Show that the number of mosquitoes is Increasing at ime 1 = 6.

(b) Attme 1 =6, is the number of mosquitoes increasing atan increasing rate, or is the number of
mosquitoes increasing ata decreasing rate? Give a reason for your answer.

(c) According to the model, how many mosquitoes will be on the island attime 7 = 317 Round your
answer to the nearest whole number.
(d) To the nearest whole number, whatis the maximum number of mosquitoes for 0 < r < 317 Show
the analysis thatleads to your conclusion.
(2) Since R(6) = £.438 = 0, the number of mosquitoes iz 1 :showsthat R(6) > 0
Increasing at 1 = 6.
® RY6)=-1913 , . [ 1:considers R'(6)
Since R'(6) < 0, the number of mosquitoes iz o A" 1 : answer with reason
Increasing ata decreasng rateat 1 = 6.
31 SET
© 1000 + [ R() db = 964335 3.} 1ontegral
0 ' 1 :answer
To the nesarsst whols number, thers are 964
mosquitoes.
d R(t)=0when:=0,r=2357.0ri=75x [ 2: absoluts maximum value

Rit)>0on0<r<in
Rtf)<O0on2isr<i< 137
R(t)»0on 737 <r< 3l

The absolute maximum number of mosquitoes occurs
atr=23r oratr= 3L

1000+ T R(1) d = 1039.357,

There are 964 mosquitoes at 1 = 31, zo the maximum

number of mosquitoes iz 1039, to the nearestwhole
number.

1 :integral
| 1:answer
4:4 2:analyus
1 : computes interior
critical points
| 1:completss analysis
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Question 3

A testplane flies in 2 straightline with t (min)

positive velocity v(r), in miles per
minuts zttime : minutes, whers visa

0|35 |1015[20]25]30|35)|40
vir) (mpm) | 7092|853 45124(24|143]73

differentizble functuon of 1. Selectzd
values of vir) for 0 <1 < 40 are shown in the table zbove.

() Use amidpoint Riemann sum with four subintervals of equal length and values from the table to

®

©

d

A 40 . - .
approximats I 0 vir) @t Show the computations that lead to your answer. Using correct units,

40
explain the meaning of Io vir) 4t intermsof the plane’s flight

Bazad on the values in the able, what i the amallest number of instances at which the accelerauon
of the plane could equal zero on the open interval 0 < ¢ < 407 Justify your answer.

The function f, defined by f(z) =6+ cosl:l—‘.o-} +3 sinlzv%), 13 used to model the velocity of the

plane, in miles per minute, for 0 <1 < 40. According to this model. whatis the acceleration of the

plane at 1 = 23 7 Indicates units of measure.

According to the model £ given in part(c). whatisthe average velocity of the plane. in miles per

minute, over the ime interval 0 < r < 407

@

®)

©

d

Mdpoint Riemann sum iz
10 w3+ v(13) +v(23) +v(35)]
=10-]92+7.0+24+43]=229
The intzgral gives the total distance in miles thatthe
plane flies during the 40 minutes.

By the Mean Value Theorem, v/(1) = 0 somewhere in
the interval (0, 13) and somswhere in the interval
(25, 30). Therefore the acceleration will equal 0 for at
lezsttwo valussof 1.

£7(23) = ~0.407 or —0.408 miles per minute*

1o
4000
= 5.916 miles per minute

Average velocity = — | f(1) &

L

()

L

(1
c 41 answer
11

SW3) +v(15) +v(25) +v(33)

:meaning with units

[ 1:two instances
11 :justification

: answer with units

105



Question 4

The fgure zbove showsthe graph of /' the derivative of the function f,

on the closed interval —1< x < 3. The graphof /" has horizontzl tangent

lines at x = 1 and x = 3. The function f iz twice differentiable with

fi21=6

(2) Find the x-coordinate of each of the points of inflection of the graph
of £ Give a reason for your answer.

(b) At what value of x does fattzin its absoluts minimum value on the
closed interval —1 < x < 57 At whatvalue of xdoes fatainits

abzolute maximum value on the closed interval -1 < x < 37 Show
the analyzis thatleads to your answers.

(1,0) (4, 0)

-1.-3)

0, ~1)

3,-2)

Graph of §*

(¢) Let g be the function defined by glx) = x f(x). Find an equation for the line tangent to the graph

of gatx =2
() x=1and x =3 because the graph of /' changes from 5. [lix=01x=3
Increasing to decreasing at x = I, and changes from “7 1 1:reasen
decreasing to increasing at x = 3.
(b) The function f decreasesfrom x = -1 to x = 4, then [ 1:indicates f decreases then increases
increases from x =4 o x = 3. 4 | 1:eliminates x = 3 formaximum
m1 - £ —_ . 4 - e
Therefore, the abs_olute minimum value for fiz at x = 4. 1 - absolute minimum at x = 4
The zbzolute maximum value must occurat x = —1 or ) .
- | 1:zbsolute maximum at x = -1
atx = 3. :
F5-fil-0 = j_‘lf'f..-m.: 0
Since f(3) < f(-1), the absolute maximum value occurs
atx = -1,
(© gllx)=flx)+xfx) L [2:gx)
™ . . . ER .
gili=fl+2f12=6+2(-1)=4 "_lzta.ngenthne
gR)=2f(2)=12
Tangentline is y = 4(x - 2) +12
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Question 5

Conszider the differential equation % E x"(;; -2).

(2) On the axes provided, sketch a slope field for the given
differential equation at the twelve points indicated.
(Note: Usetheaxes provided in the test hooklet.)

(b) While the slope field in part () is drawn atonly twelve
points, itisdefined at every pointin the xy-plane. Describe
all points in the xy-plane for which the slopes are negative.

(¢) Find the particular solution y = f(x) to the given
differential equation with the initial condition f(0) = 0.

. 3 .
. 2 .
. 1 .
-1 0 1 !

(@ y
VAR R 4
—— ——— — : .
N O m= N
\ \ .
) « hY

(b) Slopes are negative atpoints (x, ¥)

[ 1:zero slope at each point (x, ¥)

.1:{

where x =0 or y =2

" positive slope at each point (x, ¥)
i where x # 0and y > 2

negative slope ateach point (x, ¥)
| where x # Oand y < 2

1 : description
where x # 0 and y < 2. &
4 [ 1:separates variables
© s =x"dk [ A w L
y-< 2 :antuderivatives
In|y-2|= ldic 6 , 1:constntofintsgration
31 . 1 :usesinitial condition
ly-2| =% | 1:solvesfor y
, . .
Les R . 0/11f y 13 not exponential
v-2=Ke? | K=te
IR A Note: max 3/6 [1-2-0-0-0]ifno
1: constant of intsgration
y=2-2é5 Note: 0/6 ifno separation of variables
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Let £ be the line tangent to the graph of v = x™ at the point (1, 1),

whers 7 > I, a3 shouwn zbove.

(2)

(b) Let I be the triangular region bounded by £, the x-axis, and the
line x = 1. Show thatthe areaof T'is

©

1
Find .[o 1" interms of a.

Let S be the region bounded by the graph of y = x”, the line £,

Question 6

and the x-axis. Express the area of § in terms of » and determine

(o,

the value of » that maximizss the area of 5. 0
@ le"ak _ T _ 1 1 1 antiderivative of x”*
0 n+1O n+1 1 :answer
(b) Let & be the length of the base of triangle T. 1:slopeofline £is n

©

&l 13 the slope of line £, whichis n

ArealT) = 24(1) = o

. 1, !
Arsal §) = fox “dv— ArealT)

R
n+l 2n
d . 1 1
S Area( S = - — t — =
dn (n+D?  2n°

2n2=(n+1):
Vn=(n+1)

n=—L —14+y3

V8

N

:l.>aseof]"i$l
n

:showsarsais ‘_ln

rarezof § interms of n
:derivative

: sets derivative equal to 0
- solves for n
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2004
CALCULUS AB
SECTION IL Part A
Time—45 minutes
Number of problems—3

A graphing calculator is required for some problems or parts of problems.

I. Traffic flow is defined as the rate at which cars pass through an intersection. measured in cars per minute. The
traffic flow at a particular intersection is modeled by the function F defined by

Flt) =82 + 4sin(’;j for 0 <1 < 30,

where F(f) is measured in cars per minute and  is measured in minutes.

{a) To the nearest whole number. how many cars pass through the intersection over the 30-minute period?

ib) Isthe traffic flow increasing or decreasing at t = 77 Give a reason for your answer.

ic) What is the average value of the traffic flow over the time interval 10 < ¢ <157 Indicate units of measure.

id) What is the average rate of change of the traffic flow over the time interval 10 < ¢ < 157 Indicate units of
measure.

."

y=fx)

o 1

-~y = g(‘)

2. Let fand g be the functions given by f(x) =2x(1 — ) and g(x) = 3(x=1)Jx for 0 £ x £ 1. The graphs of
fand ¢ are shown in the figure above.

{a) Find the area of the shaded region enclosed by the graphsof { and g.

S

{b) Find the volume of the solid generated when the shaded region enclosed by the graphs of f and ¢ is
revolved about the horizontal line v = 2.

{c) Let / be the function given by fi(x) = kx(1 — x) for 0 £ x < 1. Foreach & > 0. the region (not shown)

enclosed by the graphsof # and g is the base of a solid with square cross sections perpendicular to the
x-axis. There is a value of & for which the volume of this solid is equal to 15. Write. but do not solve. an
equation involving an integral expression that could be used to find the value of .
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3. A particle moves along the y-axis so thatits velocity v at time ¢ 2 0 isgiven by () = 1 —tan”! (1) At time
t = 0. the particle is at v = —=1. (Note: tan" v = arctan x)
{a) Find the acceleration of the particle attime ¢ = 2.
ib) Is the speed of the particle increasing or decreasing at time ¢ = 2 ? Give a reason for your answer.
ic) Find the time ¢ 2 0 at which the particle reaches its highest point. Justify your answer.

id) Find the position of the particle at time ¢ = 2. Is the particle moving toward the origin or away from the
origin at time ¢ = 2 7 Justify your answer.

No calculator is allowed for these problems.

. . v 2
4. Consider the curve given by 1~ +41v7 = 7+ 32w

v 3v=2x
(a) Show that & = 2r=21
dx 8_\' -3X

{b) Show that there is a point / with x-coordinate 3 at which the line tangent to the curve at 7 is horizontal.
Find the y-coordinate of P.
2y
. ~ G . ~ . .
{c) Find the value of ; = atthe point P found in part (b). Does the curve have a local maximum. a local
(A
minimum. or neither at the point 77 Justi fy your answer.

(-3,2)
’ "o ' ‘
1 @,-1)
(-5,-2) 1
Graph of f

5. The graph of the function { shown above consists of a semicircle and three line segments. Let g be the function
. x
given by g(x) = J L (t)dt.
{a) Find g(0) and g"(0).

ib) Find all values of x in the open interval (—5.4) at which g attains a relative maximum. Justi fy your
answer.

ic) Find the absolute minimum value of g on the closed interval [-5. 4]. Justify your answer.

id) Find all valuesof x in the open interval (—5.4) at which the graph of ¢ has a point of inflection.
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6. Consider the differential equation : = .\'2( v—1).
dx

{a) On the axes provided. sketch a slope field for the given differential equation at the twelve points indicated.
(Note: Use the axes provided in the pink test booklet.)

y

. 3 .
. ) .
. 1 .

R 0 1 *

{b) While the slope field in part {a) is drawn at only twelve points. it is defined at every point in the xy-plane.
Describe all points in the xv-plane for which the slopes are positive.

{c) Find the particular solution v = {(x) to the given differential equation with the initial condition {(0) = 3.

END OF EXAMINATION
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Question 1

Traffic flow 1z definad a: the ratz at which car: pas: throuzh an nmersection meazured mcar permmuts,
The waffic flow at 2 partcular neersection 1z modeled by the function F definad by

Fir)- 82 +4sm|%) for 0 <1 <30,

where Fir) 12 measured m cars permimt= and 7 12 measurad m mmuts:,

(2) Tothensars:t whele mumber, how mamy car: pazs throuzh the nzersection over the 30-mmuts
parted?

(b) Iz the waffic flow incraaz iz ordecrzazmz atr ~ 7 7 Grve arsazon for vour answer.

(c) What 1z the averaze wzlue ofthe traffc flow overthe time ezl 10 <1 < 137 Indicats umits of
meazurs.

(d) What 1z the averaze 2tz ofchanze of the wafic dow over the tmemeerval 10 < ¢ = 157 Indicats
unt ofmaazurs,

(a) “EDFu'r]dx - 2474 cars [1:limits
0 3:0 1:me=srand
[ 1:amswer
M) F'(7y=-1872¢cr -1.873 1: amswer withreason
Smee F'(7) < 0, the 1zffic flow 12 decrzazms
atr - 7.
() —%.‘l:Fl'r)d'-Sl.S% car: /mun ( l:.limits
Sho 3:0 1:meszrand
[1:amswer
@ F8I-T09 517 or 1518 can / min .
15-10
Unit: of car /min in (&) md cars/min® i (d) Lomummie)ad @)
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Question 2

Letfand g bethe function: znenby fix) ~ 2x(l - x) and v
gix) = 3ix—1Vx %r0 < x<1. The zraphs of fand g are showninthe |
fizure abote. (-":f""
(2) Fmnd the arza ofthe :haded mzionenclosad by the zraph: of fand 2.

(b) Fmd the volums of the :0lid zensrzad whenthe shaded =zion enclozed 0 A
by the zreph: of fand g 1z reveolved aboutthe honzomal Iine 3~ 2. 1

s

¥ =glx)

(c) Let h bethe fincuonzrenby hix) = kx(l-x) or 0 =x < 1. Foreach
% =0, the rezion (not shown) enclezed by the zraph: of h and g 1z the
bazz ofa s:olid with squars cros: :ection: perpendicular o the x-zus.
Thera1: a2 value of & forwhich the volume of thi: solid 1= equalte 15,
Wiz, butdonetzolve, anequanon imvolving an nmegral exprezzion that
could beuzed to ind the value of &

-1 .
(a) Ama -~ | (fix)— six)) 5. {1 :mtzzral
- lramwer
- j'oll[Zx.'l— x)— 3(x— 1)vx) ok - 1.133
J N e 12 ) 1: lmuts and constant
®) \clum-f'r“ol‘ll‘-glxn A2 fix)) S
—;.-.'1[.;:*3,-#1,,/;;,2 ~(2- (1 x))°) e ! (-1} eachemer
1é|31;9 ' 4:4  Note: 0/2 ifintegral not of form
- c‘-f[R:n‘x‘J— v (x)) &
i_l:ansn'a'
»1 - 2
(e) Velums « | (hix)— gix))” dx 3. { mtagrand
- liamwer

a1 -
| (kx (1= x) - 3ix - D) e - 15
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Question 3

1
|

A particle move: along the p-za: so thatiz zloaiy vatume 1 2 0 zrenby vir) -~ 1 an”
1

).
Arums 1~ 0, theparucle izt~ 1. (Wots: an™"x - arctanx)

(2) Find the accelermtion of the particle attme 1 ~ 2.

(b) Iz the :pead of the parucls mersammz ordecrzazmz atume 1~ 2 7 Gz 2 rmazon for vour answer.
(c) Find thetime 1 = 0 atwhich the particle reache: 1tz hizhest pone Juzufr vouranswer.

(d) Fmd the posiion ofthe particle at time 1 ~ 2. Is the particle moving toward the onzm oraway from
theonzmattme 1 = 2 7 Jusufrvouramwar.

@ al2)=vi2)=--01320r-0.133 1: answer

) v2)~--0436 1:anzwerwithraazon
Spead 1z mereazmzimes @ l) <0 and vi2) < 0

) vir) - 0 when tm~}(&') = 1 [lrsemvin -0

t = Inltan(l)) - 0.443 1z the only eritical vzlue fory. o i
| 1:justifies absclute maximum

vit) >0 for 0 <t < In(tan(l))
vir) <0 for ¢ >Inltan(l))

wir) haz anabzoluts maxmmumat ¢ ~ 0,443,

@ ¥(2)= -1+ [ vi) di = -13600r 1361 1:f vi)d
The particle 12 moung away fomthe orizmsmes 40 1: handle: minial condition
v(2) <0 and 32(2) < 0. 1:value of 1(2)

| 1: mswerwith mason

300 loidermfes 1~ 0443 2 2 candidats
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Question 4

Conzider the cure zivenby x° + 43~ = 7 + 3x

dy _ 3v-2x
dx Sy -3x’

(2) Show that

(b) Show that thers 1z 2 ponzt P with x-coordimate 3 atwhichthe Iins tansemttothecure 2t P 1z
herizental. Find the y-coordmats of P,

v

(c) Find the value of :;. atthe pomt P SHund mpart (b). Dos: the curve have alocal maxmmum a2

local mmimum, ornerther atthe pone P 7 Jusufi- vour amswer.

@ 2x+8y =3y+3x 5 [ 1: mphatdifSrantiation
(v —3x)y = 3y - 2x = ' 1: solves or ¥
s 3v-x
¥ 8v-3x
3v-2x e [y
©) o 0;3y-2x-0 3:‘|1'dx 0

l:izhowszlope 1z 0at(3, 2)

When x = 3, 3y -6 | 1:shows (3, 2) lies on curve

R
y=- <

-

-
3 +42°=-25and 7+332-125

Therafore, P~ (3, 2) 12 on the curvs and the :lops

1z 0 atthi: pon
© dy_ (8 -3x)(3¢ -2)- 3y - 2x)(8¥ - 3) [, d

" (8w —3:(']: | e

dv (16-8-2y 2 4: 4 1:1alue of dv 3,
AtP-(3,2), 5 - ———— - = tvalue o dx;at.,‘,

“ @69y '. | 1: conclusion withjustification
Smee 3 - 0 and 37 < 0 at P, the curve has a local - e Jus
macmum at P
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The

Question 5

zraph of the finction f shownabovs conzzt: of 2

semicirele and thres line sezment:. Let 2 bathe finction

zreEnby gix) - | x:ft‘r)dx.

(@)

)

©

@

©

@

Find gi0) and £0).
Find all walue: of x mthe openmterval (-3, 4) atwhich
£ attame arslate maxmmum Jusafrvouranswer.

Find the abzoluts mmpmmm zlus of g ontheclozed
mezrval |3, 4], Jusufrvouranswer

Fmnd all walue: of x mthe cpenmtarval (-3, 4) atwhich
the zraph of g ha: 2 pont ofmdsction

~0
g0~ | finyde- l,.‘3‘u‘2 +1) - 2

gi0) - fig -1

) gha: arelatve maumumat x - 3.

This is the only x-value where g’ - f changes from
POsITvE o NEZaAUTE.

The only x-value where fchanze: from nezatvs
posttive s x ~ —4. The cther candidate: for the
loczuon of the ab:clute mmmum-zlus ars the
endpotms:.

gi-3 -0

.t
g4y =7, fizyade =1

I 13-x
_l_?

PR
g4 =525
- \ - !

Sothe absolute mmmmmvaue of g1z -1

x=-312

(-3,2)

/ 4 >-l>

-5.-2)
Graph of f
5. [ 1:210)
Tl g0
;. [l:x=3

1:justification

[ 1:identifies x = —4 as acandidate
3ol ligi-4y -1
| 1:juznficauon and answer

2:cormetzlue:
{~1) sach muzamz or sxwravalus
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Question 6

Conzider the differenual squation % -t (¥ -1). . )
(2) Onthe axe: providad. :ketcha slope feld Sorthezrvan
diferental squation at the twelve pomnts mdicatad. . )
(Note: Uze the axez provided in the pinktest booklet.)
(b) While the :lops field mpart (2) 1z drawn at only twelve pomts,
itis defined atevery point in the xy-plane. Describe all poirts " L
mths xv-plane for which the :lope: ar= positne.
(c) Fmnd the pamcularzolunon v ~ fix) to0 the zrven differemmial = =
equation with the mitial condition f(0) - 3.
@ 4
PO / [ 1:zro:lope ateachpomtx. ¥)
wher x =~ Qory -1
A N o
4 positive slope at each poirt (x, ¥)
- { where x # Oand 3 > 1
—_— _ — | 1 . ‘I
nszame :lope atsachpons (x. v
x— N | | wherz x# Oand y <1
(b) Slopes ars posveatponr: (x, v) 1:desenption
where x # 0 and v > 1.
(@ —d - Kk
w1 [ 1::eparates vanable:
3 | 2: mtdenvatve:
Iy -1 - 2 4 C | 2: mbdemvatives
3 6 1: comstart of mtezration
) - i "1 1: uses mitial condition
[ 1 = s7s"
L | 1:zolves for v
v-1=FKe K-+ L 0/1ify is not exponential
2-K°-K _
1, Nota: max 3/6 [1-2-0-0-0] ifno constantof
v=1+285 mzzrauon
Notz: 0/6 1fnozeparanon ofvanable:

117



2005 B
CALCULUS AB
SECTION IL Part A
Time—45 minutes
Number of problems—3

A graphing calculator is required for some problems or parts of problems.

v=[(x)
\

0

. " . . B . 2 S "

I. Let fand g be the functions given by f(x) =1+ sin(2x) and g(x) = ¢"?. Let R be the shaded region in the
firstquadrant enclosed by the graphsof { and g as shown in the figure above.
(a) Find the area of R.

{b) Find the volume of the solid generated when R is revolved about the -axis.

{c) The region R is the base of a solid. For this solid. the cross sections perpendicular to the y-axis are
semicircles with diameters extending from v = {(x) to v = g(x). Find the volume of this solid.

2. A water tank at Camp Newton holds 1200 gallons of water at time ¢ = 0. Dunng the time interval 0 £ ¢ <18
hours. water is pumped into the tank at the rate

W(t) = 95+F si n’ (%) gallons per hour.

During the same time interval. water is removed from the tank at the rate
X _ .2t

R(r) = 27.\sm'(:, gallons per hour.
3

{a) Isthe amount of water in the tank increasing at time ¢/ = 15 7 Why or why not?
{b) To the nearest whole number. how many gallons of water are in the tank attime ¢ =187

ic) Atwhat time ¢, for 0 £ ¢ £ 1& isthe amountof water in the tank at an absolute minimum? Show the work
that leads to your conclusion.

id) For ¢ > 18. no water is pumped into the tank. but water continues to be removed at the rate R(f) until the
tank becomes empty. Let & be the time at which the tank becomes empty. Write. but do not solve. an
equation involving an integral expression that can be used to find the value of .

118



3. A particle moves along the r-axis so thatits velocity v at time ¢, for 0 £ ¢ < 5. is given by
2 . . .. .
vif)=1In (!' -3+ 3). The particle 1s at position x = 8 attime ¢ = 0.
{a) Find the acceleration of the particle attime ¢ = 4.

i{b) Find all times ¢ in the open interval O < ¢ < 5 at which the particle changes direction. Duning which time
intervals, for 0 £ ¢ < 5. does the particle travel to the left?

ic) Find the position of the particle at time ¢ = 2.

id) Find the average speed of the particle over the interval 0 < ¢ < 2.

No calculator is allowed for these problems.

(1,2)
| 2,0)
—— 5
(-1,-2)
(3,-2)
(-4,-3) |
Graph of f

4. The graph of the function { above consists of three line segments.
{a) Let g be the function given by g(x) = I_‘_‘ f(¢)de. Foreachof g(~1). g’(~1). and ¢”(~1). find the value
or state thatit does not exist.
{b) Forthe function g defined in part(a). find the x-coordinate of each point of inflection of the graph of ¢ on
the open interval —4 < x < 3. Explain your reasoning.
{c) Let & be the function given by f(x) = I? f(¢)dt. Find all values of xin the closed interval —4 < v < 3 for
which /i(x) = 0. A

{d) Forthe function # defined in part(c). find all intervals on which # is decreasing. Explain your reasoning.

o . . 2
5. Consider the curve given by v= =2 + xv.

I
{a) Show that =~ = .
dy 2v=x

{(b) Find all points (x. v) on the curve where the line tangent to the curve has slope ];

{c) Show that there are no points (. v) on the curve where the line tangent to the curve is hon zontal.
(d) Let v and v be functions of time ¢ that are related by the equation v? = 2 + xv. Attime ¢ = 5. the value

Iv . Ly . _
2 = 6. Find the value of dx attime ¢ = 5.

of vis3and
: dt dt
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_A\"\"

5] . . . R, .
- 5— Let v= f(x) be the particular solution to this differential

6. Consider the differential equation ﬂ =
o

equation with the initial condition f(-1) = 2.

{a) On the axes provided. sketch a slope field for the given differential equation at the twelve points indicated.
{Note: Use the axes provided in the test booklet.)

v
. 2 . .
. | . .

X
-1 o I 2

i{b) Write an equation for the line tangent to the graph of f at x = —1.

ic) Find the solution v = {(x) to the given differential equation with the initial condition [ (-1) = 2.

END OF EXAM

120



Question 1

Lzt fand g baths Tnctions given by flix) ~ 1 +3ini2x) and ¥
six) - &7 Lz R bzthe shadad razion in the first quadrant encloszd by
ths zmphs of f and g a3 shown in the fizues abovs.

(a) Find ths arzaof K.

(b) Fing ths volums of ths s0lid zanzratzd when R i3 ravolvad about the

P REN

(c) Ths razion R is the basz of a solid. For this solié, the cross sections
parpandicular to the x-axis ars samicircles with dlamstars axtanding
from ¥ = f(x) to ¥ = gix). Find ths volums of this solid.

0 X
The zraghs offand gintzmact in the Arst quadmatat 1: comactlimits in an intzzeal in (3). (b),
(5, Ty~ (113365 176446, orc)
.5 .
(a) Arza - ‘0 (fixy— gix)) de 5. [1:integmand
. . “ 11 answer
=|, (1+sin(2r) - 6% ) &
- 0428
.5, - - .
®) Volume - ;r‘oll(fn‘x)jl' x| 2:intzzand
’ - . {~1) zachzrror
- frr (1 +sinf2xy)” ~ [s"" ". | ax 3. | Nots: 0/2 if int=g =l not of form
Lo ' ;. & - - \
~ 4266 or4.267 o R x) - rtix))a
| 1:answer
ol fix -z
© Volume - | I (L] | ax [2:intzzmnd
o “\ “ / 3 1
- . | 1:answar
" ’ . 252
o 1esin2ey - s9
-1 3 2 | &
Jo . /
- 0.0770r 0078
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Question 2

A water tank atCamp Newtonholéds 1200 zallons of water attime ¢ ~ 0. During ths tims interval

0 <1 < 18 hours, wateris pumpsd into the tank at the @tz

Wit) - 85J7sin” |%.| zallons per hour.

During ths zams tims interval, water is ramoved from the tank at therats

Rit) - *.vssin:(%] zallons per hour.

(2) Is the amount of water in the tank incrzasing at time ¢ ~ 137 Why or why not?

(b) Tothsnsarsst wholz mumber, how many zallons of watsrarzin the tank at time ¢ = 187

(c) Atwhattims 1, for 0 <1 < 18, is the amount of water in ths tank at an abscolutz minimum?T Show ths

work that 12ads to vour conclusion.

(é) For r > 18, no watsr is pumpad into the tank butwater continuas to bz removad at the ratz (1)
vntil the tank becomss ampty. Lzt & bz the tims at which ths tank becomas smpty. Writz, but donot
solve, an squation involving an intzzwl exprassion that can bz vszd to find thewaluvz of &

(a) No: ths amount of water i3 not incraasing at ¢ = 15

since (13) - R(15) = -121.08 < 0.

®) 1200+ [0 (0) - R(r) o ~1309.788
1310 zallens

(&) Wit)- Rit) -0
r - 0,6.4548 12,6748

t (hours) | zallons of water
0 1200
6.483 525
12975 1697
18 1310

The values at the 2ndpoints and the critical points
show that the absoluts mininmm occurs whan
t - 6484 or 6483,

© 3‘1: Rir) de - 1310

1:answer withraason

[1:limits
3:0 1:intszrand
| 1:answer

1: intsrior catical points

| 1: amount of wateris lzast at
11— 6484 cr6.483

i. 1: analysis for absoluts minimum

o [ 1:Emits
“711: sguation
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Question 3

A particls moves aleng the x-axis so that its velocity vattime 1, or 0 <1 <3, is zivenby

vit) = Infs* - 3t + 3). The garticleis 2t position x — 8 at time 1 - 0.

() Find thz acczlzmtion ofthe particlz at time 1 ~ 4.

(b) Find all times r inthsopeninterval 0 <t < 3 atwhich the particle chanzzs dirsction. During which
timeintarvals, for 0 <1 < 3, doss the particls travel to the l2ft?

(c) Fing thz position of the particlz at time 1 — 2.

(&) Find thes averazs spead of the particlz ovartheinterval 0 =1 < 2.

(@) a4 -Vid) -%- 1:answer
() viz)~0 [lrsatsvir) =0
23 4+3=1 3:4 1:dimction changzatr~ 1,2

- | 1:interval withreason
°-3+2-0 -

(r-2)iz-1) =0
t=12

vit) >0 for 0 <z <1
vit) <0 forl<r <2
vit) >0 for2 <t <3

The particlz chanzss dirsctionwhent — land 1~ 2.
Thepatticls travels to the lefiwhan 1 <1 < 2.

(@) sit)=zi0) + ‘.O:In(u: —3u + 3) du | 1: ‘.l_;h[u: —3u +3) du
2 -8+ ‘.'lnl‘u‘ 3w 3)du 1: handles initial condition
Jo b | 1:amswar
-~ 8.368 0r 8365
© l.,.‘o.h'l‘:)l a - 0.3700r 0371 o [1:intsgeal

Tl 1lanswar
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Question 4

The zragh of the onction f above consists of thees lins
szzmants.

. - g \ r= /)
(a) Lzt gz baths Tnctionzivenby gl x) ~ . 4_)"!:;(&.

Forzachof gi-1), g'i-1), ané g"(-1), fnd the
valuzs or stats that it doss not axist.

G

For ths function g d=finzd in part(a), find the
x-coordinats of zach point of inflaction of the zragh
of g on the opanintarval 4 < x < 3. Explain
vour raasoning.

(c

~—

-4 < x <3 forwhich hx) - 0.
@

-

rzaoning.

(=4,

(1.2)
C\(2.0)
0
(-1,-2)
(3,-2)
-3)
Graph of f

Lzt h baths Snctionzivenby Mx) ~ “:fl't)d'. Find all values of x in the clos=d intarval

For ths function h d2finzd in part(c). find allintzrals onwhich h iz decrzasing. Explain vour

R ) P
@ gl-1)~- “_4f|udx - -3(3)(5) - -
£(-1) = f(-1) = -2
£"(-1) do=s not axist bacause fis notdifferantiable

at x - -1.

) x-1
g’ = f chanz=s from incrzasing to decraasing
atx - 1.

() x=--113

(6) hizdscrzasinzon |0, 2]
We=—f<0when f>0

L]

L]

cgi-1)

g0

(R

1 g'(-))

[1:x = 1(enly)

l:rzason

: corrzct valuas
(~1) =ach missinz or =xtravalue

[ 1:interval
" 1l:rzmseon
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Question 5

Considar ths curve zivan by _1.; -24+x

iy ¥
(2) Show ﬂmdx prI—

(b) Find all points (x, ») onths curvewhars the lins tanzant to the curvs has slops %
(c) Show that thers a2 no points (x, ¥) onths curvewhers the linz tanzent to the curve is horizontal.

(é) Lat x and v bz Sonctions of time ¢ that arz ralated by the zquation _v: -2 4+ xv. Attimes t =~ 3, the

valvzof v is 3and % ~ 6. Fing thevalue o:'é attims 1~ 3.

&

@ 2yv=-y+xv ~. [ 1: implicit éifferentiation
(M — VY - v ‘.'1"1 Zne 2/
(v —x)¥ = ¥ | 1: solves for »

.
Vo=
LV - X

(b) ¥ _l I’l ¥ _l
2v—-x 2 2: 2v—-x 2
2v=2y-x | 1:amswer
x=0
v =12

(0.43), (0. -3

v

() "v.—x-o A [l:¥=0
:.-0 “7 711 awplanation
The curve has no honzontal tanzant sincs
0 #2+x0 foranyx.

©) “'hm_v-3,3:-2+3xsox-%. [ 1:solves for x

. . M .
bk _y & i e
i k& L-x & | lramswar
s .o &8 dx
M S S G T &
& 22
e 3
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Question 6

-

Considar the diffarantial squation % - "f Lat

¥ = fix} bz ths particular solution to this diffzrantial

squation with the initial condition f(-1) = 2.

(2) Onthesaxss providzd, sketch a slops 326 forths
ziven difzrential squation at the twalva points
indicatzgd.

(Note: Uze the axez provided in the test booklet.)

(b) Writz an 2quation for the linz tanzent to the zraph of
Sfatx=-1

¥
. 2 . .
. 1 . .
-1 o 1 2

(c) Find thesolution v = f(x) to the ziven diffzrential squation with the initial condition f(-1)

(@)

~
o %

-~
——

-1 (&) 1 2

L1
© ‘de-~%dt
7%-7§+c
—%--%+C;C--%
L1 4
Tox 1 Xl
373

5. ‘,' 1: z=ro slopas
| 1: nonz=roslopss

1:zquation

6:-!

[ R I S

: szparatss vanablaz

s antidenvativas

: constant of intzgration
: u32s initial condition
:solves for v

Nots: max 3/ 6 [1-2-0-00]if 50

constant of intzzmation

Notz: 0/ 6ifno szparation of variablzs
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2005 AP° CALCULUS AB FREE-RESPONSE QUESTIONS

CALCULUS AB
SECTION IL Part A
Time—45 minutes
Number of problems—3

A graphing calculator is required for some problems or parts of problems.

v
v =g(x)

0 ot

I. Let {and g be the functions given by f(x)= i— =sin(7x) and g(x)=4"" Let R be the shaded region in
the first quadrant enclosed by the y-axis and the graphs of / and g. and let § be the shaded region in the first
quadrant enclosed by the graphs of f and ¢. as shown in the figure above.

{a) Find the area of R.

{b) Find the area of S.
{c) Find the volume of the solid generated when S is revolved about the horizontal line v = —1.

2. The tide removes sand from Sandy Point Beach at a rate modeled by the function R, given by

Rit)=2+ Ssin{

A pumping station adds sand to the beach at a rate modeled by the function S, given by

Both R(z) and S(r) have units of cubic yards per hour and ¢ is measured in hours for 0 £ 7 £ 6. Attime 1 = 0.
the beach contains 2500 cubic yards of sand.

{a) How much sand will the tide remove from the beach during this 6-hour period? Indicate units of measure.
{b) Write an expression for ¥(r). the total number of cubic yards of sand on the beach at time .

ic) Find the rate at which the total amount of sand on the beach is changing at time 7 = 4.

{d) For 0 =< ¢ < 6. at what time ¢ is the amount of sand on the beach a minimum? What is the minimum value?

Justify your answers.
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Dfstance 0 | 5 6 8
X {em)

Temperature .
e 3 2

T(x) (°C) 100 93 70 62 55

-~

3. A metal wire of length 8 centimeters {cm) is heated at one end. The table above gives selected values of the
temperature T(x). in degrees Celsius (°C). of the wire x ¢cm from the heated end. The function 7 is decreasing
and twice differentiable.

{a) Estimate T'(7). Show the work that leads to your answer. Indicate units of measure.

{(b) Write an integral expression in terms of T'(x) for the average temperature of the wire. Estimate the average
temperature of the wire using a trapezoidal sum with the four subintervals indicated by the data in the table.
Indicate units of measure.

. L B C o I . S .

ic) Find fUT (x) @x. and indicate units of measure. Explain the meaning of [0 T'(x) dx interms of the

temperature of the wire.

id) Are the data in the table consistent with the assertion that 77(x) = 0 forevery x in the interval 0 < x < 8 ?
Explain your answer.
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No calculator is allowed for these problems.

X 0 0< x| | | <x<2 2 2<x<3 3 3<x< 4
fix) -1 Negative 0 Positive 2 Positive 0 Negative
flx)y | 4 Positive 0 Positive | DNE | Negative | -3 | Negative
F7(x) | =2 | Negative 0 Positive | DNE | Negative 0 Positive

4. Let { be a function that is continuous on the interval [0. 4). The function [ is twice differentiable except at

x = 2. The function { and its derivatives have the properties indicated in the table above. where DNE indicates
that the derivatives of / do notexist at x = 2.

{a) For 0 < x < 4. find all values of x at which { has a relative extremum. Determine whether { has a relative
maximum or a relative minimum at each of these values. Justify your answer.

i{b) On the axes provided. sketch the graph of a function that has all the characteristics of /.
{Note: Use the axes provided in the pink test booklet.)

“‘

0 "

ic) Let g be the function defined by g(x) = [Ixf(r) dr on the open interval (0. 4). For 0 < x < 4. find all

values of x atwhich ¢ has a relative extremum. Determine whether ¢ has a relative maximum or a relative
minimum at each of these values. Justify your answer.

{d) For the function g defined in part {c). find all values of x. for 0 < x < 4. at which the graph of g has a
point of inflection. Justify your answer.
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v(1)

= 4,20 16. 20
T 0] 420 )
(=]
g% 151
%
-,—'C_IO.
> g
T 5
g A
ol 4 8 12 16 20 24

Time (seconds)

5. Acaristraveling on a straight road. For 0 = 7 = 24 seconds. the car’s velocity v(z). in meters per second. is
modeled by the piecewise-linear function defined by the graph above.
24

{a) Find v(z) . Using correct units. explain the meaning of Wi ) a.
Jo = p = Jo

ib) Foreach of v/(4) and v/(20). find the value or explain why itdoes notexist. Indicate units of measure.
ic) Let alr) be the car’s acceleration at time £, in meters per second per second. For 0 < 7 < 24, wrile a
piecewise-defined function for ().

id) Find the average rate of change of v over the interval 8 < 7 < 20. Does the Mean Value Theorem guarantee
avalue of ¢, for 8 < ¢ < 20. such that V(¢ ) isequal to this average rate of change? Why or why not?

. . .ody 2x
6. Consider the differential equation P

{a) On the axes provided. sketch a slope field for the given differential equation at the twelve points indicated.

{Note: Use the axes provided in the pink test booklet.)

y
. 2 .
. | .

_1 0 1 -
. . | .
. -2 .

{b) Let y = flx) be the particular solution to the differential equation with the initial condition f(1) = —I.
Write an equation for the line tangent to the graph of f at (1. =1 ) and use it to approximate f(1.1).

{c) Find the particular solution ¥ = f(x) to the given differential equation with the initial condition
fF1)=-1.
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Question 1

Lzt fand g bzths Snctions ziven by fix) - % +3iniTx) and glx) - 477 Lat

R bzths shadzd razion in the first quadrant encloszd by they-axis and the zraphs  \

of fand g and lzt § bz theshaded rzionin the fistquadmnt encloszd by the

zraphs of fand g as shownin the dzurs above.

(2) Fingd the arzaof R.

(b) Find the arzaof S

(c) Fing ths volums of ths s0lid zenzratzd when § i3 ravolvad about the honzontal /‘
line ¥ - 1.

o
fix) = gix) whan -—1 +osinfmx) - 47F,
fand gintemactwhen x ~ 0178218 and when x - 1.
Lzt a - 0.178218.
@ [ (glx)- fix) dix - 0.064 ox 0.065 [ 1:Gmits
3:0 1:intzzeand
| 1:answer
~1
©) | (fixy— gix)de - 0410 [1:tmits
. 3:0 1:intzzeand
|1 answer
1 -~ Ay p—— -
© fr‘_l_(fix‘; +17 —(g(xy+ 1)7)adx = 4338 0r4.338 3. { 2:intzzmnd
.- " | 1:limits, constant, and answar
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Question 2

Ths tidz ramovss sand from Sandy PointBzach ata ratz modzlzd by the function R, zivenby

Rit) = 2 + 3sin|

4
==
‘: )

A pomping station adds sand to ths bzach at a mtz modalzd by the Linction § zivenby

Both Riz) and Siz) have vnits of cubic vards par hovr and 1 ismeasuradinhous for 0 <1 < 6. Attimer - 0,
the beach contains 2300 cubic vards of sand.

(a) How much sand will ths tid2 removz from the baach during this 6-hovr penod? Indicats units of measurs.
(b) Writz an =

(é) For 0 =1 < 6. atwhat time 1 is the amount of sand on ths baach a minimum? What is the mininnm valuz?

Siz) =

15t
143

zssion for Y1), the total mmber of cubic vards of sand on the bzach at time 1.
(c) Fing thzratz at which ths total amount of :and on ths bzach is chanzinz at tima 1 ~ 4

Justify vour answars,

.5 )
@ | Rir)de = 31.8150r31.816 "
<0

®) Fie)- 2500+ [ (Six) - Rix)) e

© Y'@)-S@-R@

©)

F'i4) - S(4) - Ri4) - -1808 or 1508 w&* /i

¥'{z) = 0 when Siz)- Riz) - 0.

Ths only valuz in |0, 6] tosatisfy Siz) - Riz)
is a = 5.1178635.

t i)

0 | 2500

a | 24823654
6 | 2453.2766

Thz amount of zand 13 aminimum when r ~ 3117 or
5.118 hours. The minimum valuz is 2482 365 cubic vards.

(]

) { 1:intzezel
" | 1: answerwith vaits

[ 1:intzgrand
t4 1:timits
| 1:answer

L answear
[1:sets Fiz) = 0

© 4 1 eritical rvalus
| 1: answerwith justifcation
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Question 3

e o v | s |8 |
Tempasaturs
e, |00 | o [0 | & | ss

A metzlwie of longth 8 cantimaters (om) i3 hezedatons and. Thetadle sbove gives szlectad valses of the emparatur:
Tl x), indezress Calsios (7C), of the wirz » cmfrom the haarad 2nd. The function T iz dacrzasing and rwice

difzrzntadle.

(z) Estimze T 7). Show the work that l2ads to vour answer, Indicats unis of measurs.

(o) Wrim anintezral exprzssion in terms of Tix) for the averazs tamparaturs of the wirs, Estimae the avarzzs emparatue:
of the wirz vsing 2 trapazoida! sum with the four subintervals indicaed by the datz in the &bla. Indicats units of

massuee.

{c) Find jiﬂ x ) dx, and indicats units of maasure. Explain the mezning of jif"lx) v in 2oms of the tempseratue: of the
) °

iz,

(@) Arzthe dam in 2 t2ble consistantwith the zssaction that Tl x) = 0 for svery x in te interval 0 < x < 87 Explain

YOoUr answar.

Ti8)-T(§ _55-
® 5% T2

178+, .
®) §joTnx,¢r
8
OTnxJz.&:
__1_1(30:93_1+931«‘7'0__1,+7’0:62.1+ 2+55.2

=
P < < <

Trpazoidal approximation for ‘

Avzrazs tampa@tues ~ —é.‘! - 75.6875°C

o

@ j‘or'cx;a& - T(8) ~T(0) - 55100 - —45°C

Ths tempeturz drops 43°C from the haatzd 2nd of the wirs to the
othsr zné of thawirs,

--57
2.

(@) Avwesrazs ratz ofchangzs of tempemturzon |13 is 2 : f3

a7
Avesrazs ratz of chanzs of tempamturzon |3, 6] is 63: §0 - -8
No. By the MVT, T'lq) = -3.73 forsomz ¢ inthsinterval (1 3)
and T'(en) = -8 forsoms o inthsintzrval (3, 6). It follows that
T’ nmst decrease somewharz in the interval (o, o7 ). Therefors T7
i3 not positive for sveryv x in [0, 8.

Units of °C/em in(a), and °C in (b)and (&)

i

1:amswer

oTu‘x)dx

1
1 1:tmpezoidal sum
1

e,

(2

Lanswear

L]
.
§

{ 1: twoslopss of szcant linzs
1: answar with axplanation

1:units in (3). (b). and (c)
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Question 4

x 0 Qaox<l 1 lax <2 2 2<x<3 3 3ax <4

fix) | -1 | Negative 0 Positive 2 Positive 0 Negative

Frix) 4 Positive 0 Positive | DNE | Nazative 3 Negativa
Sx) | 2 | Negative 0 Positive | DNE | Negative 0 Positivs

Lzt f b2 2 function that iz continuous on the intzrval |0, 4). The function f iz twice differentizble sxceprat x ~ 2. The
function fand it derivadves have the propartizs indicarad in the w2blz sbove, whera DNE indicates thatthe derpativez of f

do notexistat x = 2.

(2) For 0 < x < 4, find allvalvesof x stwhich £ has 2 r2lative axtremum, Detaomine whether fhasz ralathve maximum
or 2 r2lathve miniowm at2ach of these valoes, Jumife vour anzwar,
(D) On the axas providad, skachthe zeaphof 2 function thathasall he characedstcs of f :
(Note: Uze the axe: provided in the pink te:t booklet.)

(c) Lat g b2 the functiondefinad ov gix) - | (1) & onths opanintarval {0, 4). For
g v E . o2

0 <x <4, findall values of x ztwhich £ has 2 r2ladve exwemum, Datermine whather g hassz
r2lative meximum or & ralative minimum st each of thess values. Justfy vour answer.

(¢) Forthe function g definad in pert(c), find all vatsesof x, for 0 < x

inflaction. Justify your answer.

< 4, ztwhich the zraph of £ hazz pointof

(2) fhasarslative maxinmmat x = 2 becavsz f chanze: from

(&)

(©

@

positive to nazativeat x ~ 2.

o

-+

g'ix) = fix)=0atx~13.

£’ chanzss fom nsgzative topositive &t x ~ 1 30 g has arslative

mininwmat x ~ 1. g’ chanzss Fom positiveto nzzative at x - 3

50 g has a ralative maxinmmat x - 3.

The zrmph of g has a point of inflactionat x ~ 2 becavsz g - f

chanzss siznat x - 2.

[ ]

£

L]

(]
—_——
[E SR

ralative exteemumat x ~ 2
ralati ve maximum with justification

cpointsatx~ 0,1, 2. 3

and bzhavierat (2. 2)

: appropuats incraasing dacrzasing

and concavity behavior

(g(x) - fix)
:eritical points
:answar with justification

ix=-2

: answar with justification
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Question 5

A caristravelinz on astmizht road. For 0 <1 < 24 szconds, thacar’s Wi
valocity viz), inmaters persecond, is modalad by the plecewise-linsar S ]2 (16,20)
.- . - g
function é2iinsd by the zaph abovs. =3 |5

. 224 i - - . - 224 ﬁ E 10
(2) Find ‘D vir) ak. Using corrzct units, explain the meaning of ‘D vitydt. 2y

~ ~ 2 5
(b) Forzachof v{4) ané v'{20), find ths valuz or explain why it dozs not E e
sxist. Indicatz units of measurz, Time (scconds)

(c) Lzt ajr) bzthecar’s accslzration at time 1, inmatars par szcond parsscond. For 0 <1 < 24, watza
piacewise-definad Sonction for air).

() Find ths averazs ratz ofchangzzs of v over the interval § < ¢ < 20. Doss the Mzan Valuz Theorsm zuarantss
zvalvzof ¢, for § < ¢ < 20, such that v'ic) iz squal to this averazs ratz of chanzs? Why orwhy not?

.24

@ i) de- 3(4)(20) + 12)(20) + 3(8)20) - 360 | { 1 value
Thez car travals 360 matars in thess 24 szconds. 1: meaning withunits

(b) v'{4) do=s not =xist bacausz [ 1:47(4) doszs not =xist, with sxplanation
fim [ YV 5 0o g [ MOV 304 120
-\ -4 ) 7 B [ 1:units

Ay, 20-0 5 eand
'-/l;“C)-ﬂ— :m/sec
© S i o is L[ 1:fings thevabes 5,0, 2
o | T =<1 < &o 4 P
at) =1 5 | 1:identifizs constants with corract interals
-5 £ 16<r<24
ar) dossnotaxistatr — 4 and r ~ 16,

(é) Theaverazz mte of chanzzof v on |8, 20 i o | 1:averazs ratz ofchanzz of von |8, 20|
vi20) - vi8) 3 /s N = | 1:answarwith explanation
T30 g s
No, the Mzan Valve Theoramdozs notapplyvto v on
|8, 20| baecavsz v is not difzrantiable at 1 ~ 16.
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Question 6

i g5, ; - 2x
Considar the diffarential zquation &=

(2) Onthesaxszs providzd, sketch 2 slops 3218 for the ziven diffarential zquation at the
twzlve points indicatzd. o 3 .
(Note: Uze the axez provided in thepinktest booklet.)

(b) Lat ¥ = fix) bzths particular solution to the difzrantial zquation with ths initial
condition f{1) = —1. Writz an =quation for the lins tanzant to the zraph of fat {1, -1)
and vsz it to approximate f{1.1).

(c) Find the particularsolution ¥ = f(x) to the given differential equation with the initial

condition f(1) = —1. . 2 .

() ¥ o[ 1:z=roslopss
“7 | 1: nonzero slopas

~ N
1— ll\)
T T

-~

A

(b) Thslinstanzentto fat{l-1)is ¥y +1= 2(x-1). .. [ 1:=quation of the tangent line
Thus, fi1.1) i3 approximately —0.8. - | 1:approximation for f(1.1)
@ % . ,% " 1:szparatss vaniablas
ydy - -2xdx N lzanudenva:t\"es '
- 5: /0 1:constant of intazsation
o i | 1:uses initial condition
- | 1:solves for v
14 c-2 '
P S Nots: max 2/5 [1-1-0-0-0] i no

. . X ) . constant of intzz@tion
Since the particular solution zoss throuzh (1, - 1), . - - = R

X Notz: 0/3 if no separation of varizbles
¥ mustbz nazative,

Thus the particslarsolutionis ¥ - —JS— 2x.
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2006 B
CALCULUS AB
SECTION IL Part A
Time—45 minutes
Number of problems—3

A graphing calculator is required for some problems or parts of problems.

v

3 2
. - ; ] R XX, s L
1. Let { be the function givenby [ (x)= T T3 T3 3cosw [et R be the shaded region in the second

3 2
quadrant bounded by the graph of f. and let S be the shaded region bounded by the graph of / and line £. the
line tangent to the graph of /" at x = 0. as shown above.
{a) Find the area of R.
ib) Find the volume ofthe solid generated when R is rotated about the hon zontal line v = -2.

ic) Write. but do notevaluate. an integral expression that can be used to find the area of S.

0 i \/ L

-1t Graph of f*

2. Let { be the function defined for v= O with f(0)=5 and . the firstderivative of /. given

by f(x)= L4 sin(.\'2 ). The graph of v = {’(x) is shown above.

{a) Use the graphof {” todetermine whether the graph of { is concave up. concave down. or neither on the
interval 1.7 < x < 1.9. Explain your reasoning.
{b) On the interval 0 £ x < 3. find the value of x at which { has an absolute maximum. Justify your answer.

{c) Write an equation for the line tangent to the graph of / at x = 2.
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Height (meters)

0 x

3. The figure above is the graph of a function of x. which models the height of a skateboard ramp. The function
meets the following requirements.

(1) At x =0, the value of the function is 0. and the slope of the graph of the function is 0.

{ii) At x = 4. the value ofthe function is 1. and the slope of the graph of the function is 1.
{iii) Between v =0 and x = 4. the function is increasing.
{a) Let f(x)=qx’ where « is a nonzero constant. Show that it is not possible to find a value for « so that f
meets requirement (ii) above.
\.2
(b) Let g(x)= et — ]_6 where ¢ 1s a nonzero constant. Find the value of ¢ so that g meets requirement (ii)
above. Show the work that leads to your answer.

{c) Using the function ¢ and your value of ¢ from part (b). show that ¢ does not meet requirement (iii) above.

n

id) Let fi{x) = ‘T where & isa nonzero constant and # is a positive integer. Find the values of & and # so

that /z meets requirement {ii ) above. Show that /# also meets requirements (i) and {iii) above.
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No calculator is allowed for these problems.

(16, 15)
151 (20, 15)

Calories per Minute

4 8 12 16 20 24
Minutes

4. The rate. in calories per minute. at which a person using an exercise machine burns calories is modeled by the

. . . - e 2 . N . . . .
function f. In the figure above. (¢ )= —_l‘—l'\ + %f' <1 for0=¢ =4 and [ is piecewise linear for 4 = ¢ = 24,

{a) Find /7(22). Indicate units of measure.

ib) Forthe time interval 0= ¢ = 24, atwhat time ¢ is { Increasing atits greatest rate? Show the reasoning that
SUpports your answer.
ic) Find the total number of calories burned over the time interval 6 < ¢ < | & minutes.

{d) The setting on the machine is now changed so that the person burns (¢ ) = ¢ calories per minute. For this
setting. find ¢ so that an average of 15 calories per minute is burned during the time interval 6 = ¢ = |8,

- . . . Iv 2 S
5. Consider the differential equation ‘I_\ =(v—1)coslzx).
oL

{a) On the axes provided. sketch a slope field for the given differential equation at the nine points indicated.

{Note: Use the axes provided in the exam booklet.)

.‘.
. e .
ad * X
-1 O 1
. ~1e .

ib) There is a honzontal line with equation v = ¢ that satisfies this differential equation. Find the value of ¢.

ic) Find the particular solution v = f(x) to the differential equation with the initial condition (1) = 0.
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(Séc | 0 15 | 25 | 30 | 35 | s0 | e
vit) .

(R sec) 20 | 30 | =20 | <14 | -10| o0 10
alt)

(1] soc?) I 5 2 I 2 4 2

6. A cartravelson a straight track. During the time interval 0 = ¢ < 60 seconds. the car’s velocity v. measured in
feet per second. and acceleration «. measured in feet per second per second. are continuous functions. The table
above shows selected values of these functions.

. . . . . 6 . . .
{a) Using appropriate units explain the meaning of Lu [v(#)| ¢ in terms of the car’s motion. Approximate

60 . . L . . .
Ln|\'(t)| df using a trapezoidal approximation with the three subintervals determined by the table.

i{b) Using appropriate units explain the meaning of [U «(t)dt interms of the car’s motion. Find the exact
LN
value of [ alr)dte.
Jo
ic) For 0 < ¢ < 60, must there be a time ¢ when v(¢) = =5 7 Justify your answer.

{d) For 0 < ¢ < 60. must there be a time ¢ when «(f) = 07 Justify your answer.
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Question 1

Lzt f bz the function ziven by fix) - i X X 3cosx LatR

bztheshadsd rezion in the s2cond quadmnt boundzd by the zmph of f)

ané lzt § bzths shadzd razion boundzd by the zraph of fand linz £,

thelinz tanzent to the zmphof fat x ~ 0, a3 shownabovs.

(2) Fing ths arzaof R.

(b) Find ths volums of the s0li¢ zensrat= whan R iz rotat= zbout the
herizentalline v - -2,

(c) Writz, butdonot svaluats, an intzzral sxprassionthat can bz vzl
to find the arzz of 5

y=[(x)

For x <0, f(x)= 0 when x = -137312.
Lat P~ -137312.

-0
(@ Arzaof R - ‘Pf(xﬁldx - 2503

-0, . )
®) Volume - x| ((f(x) +2) - 4) dk - 5936

4:
() Thzzquationof the tanzentline { i3 ¥~ 3 %x
- 3:
Ths zephof fand lins { interssctat 4 — 338687

ce [ 1. \
Areaof § - [0 ((3-32)- fim)) &

L]

LR S IR

1:intzzsal
s answar

: imits and constant
sintzz@End
s anzwar

:tanzant lins
s intzzrand
s Emits
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Question 2

Lzt f b the function definzd for x = 0 with £0) = 3 and f, ths

fistéarivativaof £ zivan by f(x) — &

sin( ¥ ). The graph

of v = f'(x) is shownabova.

(2) Uss the zrmph of § todetermine whather the zragh of f is
concavs up. contave down, or naithar on the interval
1.7 < x < 1.5, Explain vour rzasoning.

(b) Ontheinterval 0 < x <3, find thavaluz of x atwhich f has
an absolutz maxinmm. Justify vour answer.

(c) Writz an zquation for the lins tanzent to the zmphof fat x - 2.

Graphof j*

(@) Onthsinterval 1.7 < x <18, f izdzcrzasing and
thus f i3 concave down on this intzrval.

®) f'(x) =0 whea x - 0,¥7, V21, V37, ...
On [0,3] f changss from positive to nazative
only at V7T. The absoluts maximum nwst occurat
x = VT oratanzndpoint.

Fi0y=3
FUT) = £(0)+ [ 7 f'(x) e - 567811

F3)= £i0) + [ £ix) e - 557893
This shows that / has an absolute maximum 2t x - JIT.
@ FQ)=FO) 4] fx)dk - 562342

Fli2) - & sini4) - 043802

Y3623« (0438 (x-2)

L]

:answar
: rzazon
: identifiss VT and 3 as candidates

-0r -
indicatss that the zraghof f
incraasss, acraasss, then incrsasses
justifs F(NT) = £(3)

L answear

: Fi2) exprassion

1 :intzzeal

1 :including f(0) tzrm
c 2y

: zquation
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Question 3

The fizur= zbove i3 the zmph of 2 onction of x, which modzls thehaizhtofa
skatzboard ramp. The function me=ts the following reguiments. 2
(1) At x ~ 0, thz valuz ofths function is 0, and the slops of the zragh of E
the function is 0. Ei
(1) At x ~ 4, thevzluzofths Tunctionis 1, and the slops of the zragh of ]
thes function s 1. -
(iii) Batwezzn x~ 0 and x ~ 4, ths Snctionis incrzasing. ) x
(a) Lzt flix) - -, whars a is 2 nonzero constant. Show that it is not possiblzto And a valuzfor a sothat f
masts raquirament (i) sbova,
(b) Lzt gix) ~ o - J{.—s, wharz ¢ i3 2 nonzaro constant. Find the valuz of ¢ sothat g mests raquirsment (11)

zbove. Show ths work thatlzads to vour answar,
(c) Using ths function g and vour valuve of ¢ frompart (b), show that g doss notmastraquirement (i) sbova.

(&) Lzt hix) -~ Jf . whars & i3 2 nonzero constantand » i3 2 positive intzger. Fing the values of & and n so that

h measts raquirement (i) sbova, Show that h also mests raquirsments (1) and (ii) above.

@ f(4) - 1imgliss that @ - ¢ and f4) - 2a(4) - 1 y. [1ra-groca-g
imlies that a - . Ths, f cannotsatisfy (i) L 1 :shows @ does not work
®) £(4) - 6%~ 1-1 implies that ¢ - oo 1: valse of ¢
2(4)

1 Peoan rarnd '1'. \ 1
Whenc-i,guh-&-uh ST -3||§'|a16)—3-1

@ Fix)-oxt - E o Eamo4 [1:g(x)

327 38R 5. ]
4 © | 1:explanation
gilx) <0fc0<x= 3 30 g doss not satisfy (iil).
@ hid) - 3~ 1 imglies that 4" - & SPES
" | ~
a==1 m-1 | -l
h"“-"»-"’%—""?—g—lgi\—esn-i;ms;:-ﬁ-:ss. 44180
| livaves orkand n
: | 1:varifications
h"xl'ée:hi(‘u—c | 1:verification

Kix) - 2X = 1 (0)- 0 and Kix) >0 for 0 <x <4,

256
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Question 4

The ratz, incalonzs permimsts, at which a parsonusing an
sxsrcise machine burns calorizs i3 modzlzd by the Sonction
F In the fzuez above, i) - —%rs + %
0<r=4 and fispizcawisz linzar for 4 <1 < 24,

t* +1 for

(a) Find f'(22). Indicats vnits of measurs.

(b) Forthetimeintarval 0 <1 < 24, atwhattime 143 f
incraasing at itz zraatzst @tz] Show thes raasening that
supports VOUr answar,

(c) Find ths total numbear of calorizs bumead ovar the tims
intzrval § <1 < 18 minotes.

Calories per Minute

(16, 15)

(20, 15)

4 8 12 16 20 24
Minutes

(é) The s=tting on the machins i3 now chanz=d so that the parsonburns (1) + ¢ calorizs par minuts. For this

satting, find ¢ sothatan avamzzof 15 calorizs permimutz iz burnsd dunng the tims interval 6 <1 < 18,

@ f(22) - ﬁ = -3 calories/min'min

(b) fisincrzasinzon |0, 4] and on |12.16]
On (1216), f'if) - oz = 3 since fhas
constant slopz on this intzrval.
On (0,4), f(r) = ~37 + 3 and
f7(6) = -3t +3 = 0 when ¢ = 2. Thisis wher /"
has 2 maximumon [0, 4] sincz /7 >0 on (0. 2)
and /" < 0on (2.4).
On [0, 24|, fis incraasing at its zreatest rate whan
t = 2 becanse f'(2) =3 > 2.
P 1 - -

() " Figyd = Bi%) + S48 + 15 + 215

=~ 132 calorizs

@) Wewant %":imn fo)d - 15,
This means 132 + 120 - 15(12). 80, ¢ = 4.

OR

132
12
Addinz ¢ to fir) will shift theavemzaby o,
S0 ¢ - 4 togstanaverazs of 15 calonies 'min.

Cuerantly, the averazs i3 ~ 11 calorizs'min.

1: F'(22) and vnits

L]

]

cf en i0.4)
:shows /" hasamaxatr - 2on (0, 4)
rshowsfor 12 <1 <16, fiz) < f'i(2)

L answer

: mathod

answear

s satup
cvaluz of
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Question 5
é.

Consider ths differential squation ; Ay 1) eosimx).

(2) Onthsaxszs providzd, sketch z slops 328 for the ziven diffzrantial 2quation at the nins points indicatzd.
(Note: Uze the axe: provided in the exam booklet.)

y
. 1 .
.
-1 0 1
- -]14 .

(b) Thar=1is 2 horizontal linz with z2quation ¥ ~ ¢ that satisfizs this éifferantial 2quation. Find the walvzof o,

(c) Find the patticularsolution v = f(x) to the differential squation with the initial condition f{1) = 0.

@) ¥ 5. [ 1:z=roslopes
[ 1:all otherslopss
() Thsline v ~ 1 satisfzs the éifferential 2quation, s0 l:c=1
e=1
© - : — dv — cos{mx) dk " 1: szparatss variablas
(¥-1 2 antidarivativas
—(¥-1 ]-%'mm'x;+C 6: . 1:constant of intzgration
1 1 " 1:uses initial condition
T =sin(Tx)+C 1:anzwer
-y b
1. . .-
1- @)+ c-cC Notz: max 3/6 [1-2-0-0-0] ifno
1 1. constant of int=ze@tion
T 1B 1 Notz 0/6 if no szparation of vanablzs
IL - si!u':'n‘x) + T
- )
el T o ey ces
MITX)+ T
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Question 6

t - - - -
0 15 235 30 33 50 60
(3c)
viz)
. ! =20 | =30 | =20 | =14 | =10 0 10
{ftfs=)
d” 1 - 1 - -
y 2 5 2 2 < 2
(2t/52% )

A car travals on astmizht track During the time interval 0 <1 < 60 s2conds, the car’s velocity v, maasurad in
fzzt parszcond, and accslaration @, measurad in S22t par szcond par szcond. ars continuous functions. Thatabls
zbove shows salactzd valves of thess Tnctions.
X
(2) Using appropnats units, explain the meaning of ‘=0 [viz)| dr in tzems of the car's motion. Approximats
~50
‘=0 |viz)| dt vsing a trapezoidal approximation with the thres subintervals detzrmined by the table.
» 0
(b) Using appropnats vnits, 2xplain the meaning of '0 alzr) dr in tzems of the car' s motion. Fing the axactwaluz
of -‘o ait) ak.
(¢) For 0 <1 < 60, nwst therz bz atims 1 whan vir)~ -3 7 Justify vouranswer,

(€) For 0 <1 < 60, nwst thera bz atime ¢ whean afr) = 0 7 Justify vour answar,

» 80
@ | . [viz)| & is the distancs in fzat that the car travals . { 1: mplanation

from 1 - 30 sz to 1~ 60 sec. 1: valve

Trapzzoidal approximation for ‘ ::h‘(t ) dt:

A= 201441005 + 2(10)(15) + 2(10)10) - 185

» 30 . R . L. N .
®) ‘0 airy & iz thzcar’s chanzzin vzlocity in ftszc Fom - { 1: =xplanation

=0 s2ctor~ 30 s=c. .

» 30 »30

_‘0 ait)d - _‘0 Vitya = v(30) - v(0)

- 14— (-20) = 6 ft's=c

(© Yeas. Since v(33) = 10 <3 <0 =v(30), the IVT o [1:vi33) < -3 <v(30)

guarantsas a 1 in (35,30) so that vir) - -5. “7 1 1: Yas; refers to IV T or hypothesss
(@) Yas Sincz vi0) — v(23), the MV T zuarantzes a1 in 5 [ 1iwi0) = v(25)

(0, 23) so that aiz) = v'(z) = 0. = ' 1: Yas; =fars to MV T or hypothasas
Units offtin(a)and &s2cin () 1:units in (3) ané (b)
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2006
CALCULUS AB
SECTION IL Part A
Time—45 minutes
Number of problems—3

A graphing calculator is required for some problems or parts of problems.

1. Let R be the shaded region bounded by the graph of v = In x and the line v = x — 2. as shown above.

{a) Find the area of R.

{b) Find the volume of the solid generated when R is rotated about the honzontal line v = =3.

{c) Write. but do notevaluate. an integral expression that can be used to find the volume of the solid generated
when R is rotated about the v-axis.

147



. . . . B £y P
2. Atan intersection in Thomasville, Oregon, cars tum left at the rate L(f) = 60f sin” |%) cars per hour over the

time interval 0 = ¢ = |8 hours. The graph of v = L{f) is shown above.

{a) To the nearest whole number. find the total number of cars turning left at the intersection over the time
interval 0 = ¢ = 18 hours.

{b) Traffic engineers will consider turn restrictions when L(¢) = 150 cars per hour. Find all values of ¢ for
which £L(t) = 150 and compute the average value of L over this time interval. Indicate units of measure.

ic) Traffic engineers will install a signal if there is any two-hour time interval during which the product of the
total number of cars tuming le ft and the total number of oncoming cars traveling straight through the
intersection is greater than 200.000. [n every two-hour time interval. 500 oncoming cars travel straight

through the intersection. Does this intersection require a traffic signal? Explain the reasoning that leads to
your conclusion.

(-3,2) (-2,2) N (2,2) (3,2)
l..
-5 f4-3 1 2 3
(-5,-2)
Graph of f

3. The graph of the function f shown above consists of six line segments. Let ¢ be the function given
rX
by a(x) = £(t) dt.
y 8L _l[] ALY
{(a) Find g(4). g’(4). and g"(4).
{b) Does ¢ have a relative minimum., a relative maximum., or neither at x =1 ? Justify your answer.

ic) Suppose that f is defined for all real numbers x and is periodic with a period of length 5. The graph above

shows two periods of £ Given that ¢(5)=2. find ¢(10) and write an equation for the line tangent to the
graph of g at v =108,
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No calculator is allowed for these problems.

t -
{seconds) i

] vit) 5 14
{feet per second)

(&)
o

29

>
N

40 +4 47 49

4. Rocket A has positive velocity v(f) after being launched upward from an initial height of O feet at time f =0
seconds. The velocity of the rocket is recorded for selected values of ¢ over the interval 0 < ¢ = 80 seconds. as
shown in the table above.

{a) Find the average acceleration of rocket A over the time interval 0 = ¢ = 80 seconds. Indicate units of
measure.

. . . . Lo - s S
i{b) Using correct units. explain the meaning of 'I[) vit ) df in terms of the rocket's flight. Use a midpoint

. . . . . f70
Riemann sum with 3 subintervals of equal length to approximate 0 v(t)dt.

-

ic) Rocket Bis launched upward with an acceleration of « () = feet per second per second. At time

# =0 seconds. the initial height of the rocket is O feet. and the initial velocity is 2 feet per second. Which of
the two rockets is traveling faster at time ¢ = 80 seconds? Explain your answer.

_ . . . FAN IS
5. Consider the differential equation ‘,—\ = where x = 0.
oL .

{a) On the axes provided. sketch a slope field for the given differential equation at the eight points indicated.

{Note: Use the axes provided in the pink exam booklet.)

.‘l
L |<. L
I, S D 1 2 -
. -1+ .

ib) Find the particular solution v = {(x) to the differential equation with the initial condition f(-1) =1 and
state its domain.

6. The twice-differentiable function / isdefined for all real numbers and satisfies the following conditions:
f0)=2. 1(0)=—4 and 1”(0)=3.

{a) The function g is givenby g(x)= ¢™ = {(x) for all real numbers. where « is a constant. Find ¢’(0) and

2”(0) in terms of «. Show the work that leads to your answers.

i(b) The function / is given by /(x) = cos(kx) {(x) forall ral numbers. where & is a constant. Find #'(x) and
write an equation for the line tangent to the graph of # at x = 0.
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Question 1

Lzt X bz the shadzd rezionbound=d by the zraghof v ~ lnx and ths linz

¥ = x- 2, asshownabova
(2) Fingd ths arzaof R.

(b) Fing ths volums of ths s0lid zensratzd when R i3 rotatzd about ths horizental

line v - -3.

(c) Writz, butdonot svzaluats, an intzzral sxprassion that can bz vs=d to fing ths 0
volums of the solid zenzmtzd whan X is rotatzd sbout the v-axis.

In({x) = x— 2 when x = 0.13835 and 3.14615.
Let § = 0.1585% and T ~ 3.14619

@ Arszef R~ [Tilain) - (x-2))d - 1343

®) Volums - ;r“; [(laix) + I (x- 24 3)1:.&

- 34158 0r 34.155

r-1y - 21
© Volume-rx [ [+ 2 (s Iab
J5-2 1 '

——

3

s intzzrand
: Eimits
s answar

PRS-

cintzzaEnd
: limits, constant, and answar

[

2:intzzmnd
1: limits and constant
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Question 2

At anintarsaction in Thomaswills, Omzeon, cars twm ¥

leftat therate Liz) - 6047 sin® |%| cars par hour

over tha time interval 0 <1 < 18 hours. The graghof

Y -

(@)

(&)

(©

2501

Liz) i3 shownzbova. 200
To thznzarsst wholz mumbzr, ind the total
number of cars turning l2ft atthe intzrsaction 1501

ovar the time interval 0 <1 < 18 hours.
Tmffic enginzars will consider tum restrictions 100
when Liz) = 150 cars per hovr. Find all walues

of t forwhich Liz) = 150 and computs the 3

averazs valvz of L ovar this time intzrval, 0
Indicatz units of maasurs.

3

6

9 12 15

18

Twffic enzinears will install 2 siznal i thers {5 any two-hour tims interval during which the product of the
total numbar of cars tuming l2f and the total number of oncoming cars taveling straizht throuzh the

interaction i3 gezatzr than 200,000, In svary two-hour tims intzrval, 300 oncoming cas travel straizhe
throuzh the intz=ction. Doss this intarsaction raquirs 2 taffc siznal T Explain the rzasoning that lzads to
vour conclusion.

@)

.18 A
‘0 Lit)dt~ 1638 cass

®) L) =150 when r = 1242831, 16.12166

©

Lat R - 1242831 and § - 16.12166
Lir) =150 fortin the interval [ R, 5]
1o

PR 'E.’Ll‘t} gk~ 188426 cam parhour

For the product to excs2é 200,000, the mmbaerofcars

twming l2% in a2 two-hour interval nwst be zraater than 200

212
J . Li)dk - 431931 > 400

OR

The mumber of cas turning leftwill be zraater than 400
on atwo-hourinterval if Lir) = 200 on that intzrval.
Lir) 2 200 enany two-hour subinterval of

[13.25304, 1532386.

Vs, 2 traffic siznal i3 raquirsd.

]

P T .

[

D sstup
T answar

crantzrvalwhen Liy = 150
:avemza valve intazral
: answarwith units

: considars 400 cans
: valid interval |k, h+ 2]

DT
: value of ‘ Lisy

: answar and axplanation

OR

: considars 200 cas parhour
ssolves Lir) = 200

: dizcussas 2 hour intzrval

: anzwar and explanation
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Question 3

The zraph of the Sonction f shown above consists
< six linz sezmeants Lat g bz the Snctionzivenby (=3,2) (=2, 2) 2,2) (3,2)
px 2-.

gix) - ‘.0 B |

(a) Find gi4), £'i4), and g'(4).

(b) Dozs g have arzlative minimum, 2 rzlative p _% 2 -N\NO I 2 3 ; 5
maxinmm, or nzitherat x = 17 Justify vour ) | / ) \
answar

2
(-5.-2) (5,-2)
Graph of f
(c) Supposs that f iz dzfinzd forall rzal numbars x and is pericdic withapenod oflenzth 3. The zeph above

shows two periods of /1 Given that g(3) = 2, 4né =(10) and writz an =quation for the lin= tanzant to the
gmphof g at x - 108.

.4
@) g(4)- ‘0 fleyad -3 [1:g0d)
3:11:£'4)
g(4) - f(4)-0 L1874
gid)-fFid)--2
() ghasaelativeminimomat x - 1 o 1ranswer
bacavse g’ - f chanzes fomnszative to positive at = 1 1:=azon
x =1
() g£i0) = 0 and ths function values of gincrzase by 2 for [ 1210}
svery incraazzof Sinx.
P 4000 [ 1:2i108)
£10) - 255) - 4 3:11:£008)
- - | 1:=quation oftanzent lins
£(108) - .‘o Fit) dt + .‘m: Fityde
= 2gi3) +g(3)~ 44
£1108) = £i(108) = f(3) =2
An zquation for the linztanzenttothe zmgh of £ &
x = 1084z ¥ 44 ~ 2(x - 108).
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Question 4

o o | 10| 20 30 | 20| 50| e | 70| s0
('Eatp:‘;cond) s || 2| 3| 35| 20| 4| 47| g5

Rockst 4 has positive valocity vir) after baing launchad vpward from an initial heizhtof( Zatattimer = 0

szconds. The velocity of the rockst is recorded for szlzctzd valuvzs of 1 ovartheintzrial 0 <1 < 80 szconds, as

shown in the tablz abova

(a) Fing ths averazs acczlzmtion of rockst 4 ovar the timeintzrval 0 < ¢ < 80 szconds. Indicats vnits of
mazsurs.

(b) Usingz corractunits, explain the meaning of ‘]0 vir) ab intzrms of therocket's dizht Usz a midpoint
. . . - . 70
Rizmann sum with 3 subinterials of zqual lenzth to approximats '10 vi)d.

(c) Rockst Bis lasnched vpward with an acezlzmtion of alr) - 7{’:'—1 fz2t paroszcond par szcond. At tims
-

t ~ 0 szconds, the initial haizht of the rocksatis 0 &=2t, and the inttial velocity iz 2 f22t per szcond. Which of
the two rocksts i3 traveling fasterat tims 1 — 80 szcondsT Explain vouranswar,

() Avsmzzacczlzmtionofrockst 4 iz 1:answer
vl - w0y 48-5 11 .,
80-0 S
.70 ; .
(b) 3incsths velocity is positive, '10 vty db reprazents the | 1: =xplanation
) 300 1uees i 200, vi(40), viB0)
distancs, in fzat, travelad by rockst 4 Fomr ~ 10 szconds I .w. ), (59, V9
to r = 70 s=conds. Llovalee

A midpointRismannsomis
20[wi 20 +vi40y + wiEl
=~ 20[22+35+ 44| - 2020
(6t 41

(e) Letvoir) be the velocityof rockst B at time 1. 1
it [3 e s 1
'sl%) J‘m & fet 4 | 1:u32s initial condition
2oz (-6 0C 1: finds v, (80), comparas tov(80),
vs(1) = 61+ 1-4 | and draws aconclusion
v5(80) = 50 > 45 - v(80)

:constant of intzzmation

Rockst B is tmveling Sster attime ¢ ~ 80 s=conds.

1:units in (3) and (b)

Units of &t/s2¢” in(a)and &tin ()
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Question 5

Considar the diffzrzatial squation % - 1;-’", whaez x # 0.

(2) Onthesaxss providzd, sketch z slops 326 for the ziven diffarential zquation at the zizht points indicatzd.
(Note: Uze the axe: provided in the pmk exambooklet.)

¥

4
—

e

(b) Find ths particularsolution ¥ = fix) to the diffzrantial squation with the initial condition f{-1) = 1 and
stats its domain

@) 2 :sizn of slop= at 2ach pointand ralative
¥ stzzpnzss of slope linzs inrows and
columns
vobo
%%t
2 -1 (&) 1 2
- ] .
\ 1 1 & . .
® 1+v - s 1: s=paratss vanablas
. | 2: antidenvatives
ta|l+ 3| = tn|x| + X 6: ./ 1:constant of intezration
i | 1:usas initial condition
|1+*'|-s"’4""’: - | | lisolves for v
14 3 - Clx| " Nota: max 3/6 [1-2-000] if 0
2 —-.C | constant of intzzration
1+ y=2|x| Notz: 0/ 6 if no separation of variablas
y=2|x|-1and x <0
ot | 1:domain
y=-2x-1land x<0
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Question 6
Ths twice<Siffzrantiabls function i3 d28n=d for all rzal mumbars and satisfizs the following conditions:
S0 =2, f'10) = -4, and f"(0) - 3.
(a) Ths function g iz zivenby gix) = &7 + fix) forall rzal numbers, wherz a i3 2 constant. Find 2'10) and
£"10) interms of a Show the work that lzads to vouranswan.
(b) Ths function h is zivenby hix) = cosiix) fix) forall rzal numbars, whars I iz aconstant. Find A{x) and
writz an squation for the lins tanzantto the zragh of h at x ~ (.

@ gix)=-a™ + fix) l’l:g’n’x}
gily-a-4 l1:£0)
4. .

i l:giix)

gix)=as + f(x) [ 1:27(0)

S0 - a3

®) Hix) - flix)cos(ix) - ksiniix) fix) [2:Hix)
Ki(0) = f'i0)cos(0) - ksini0) £i0) = £'(0) - -4 <. | [ 1:K(0)
h(0) - cos(0)£(0) - 2 T34 1:H0)
Ths =quation of ths tanzent linzis v - —4x + 2. | | 1:=quationoftanzent line
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2007 B
CALCULUS AB
SECTION IL Part A
Time—45 minutes
Number of problems—3

A graphing calculator is required for some problems or parts of problems.

(N

-1 0 1

tJ4
34

1
2x—x"

I. Let R be the region bounded by the graph of v = ¢ and the horizontal line v = 2. and let § be the region

”
2x—x"

bounded by the graph of v = ¢~ and the horizontal lines v =1 and v = 2. as shown above.
{a) Find the area of R.
{b) Find the area of .

ic) Write. butdo not evaluate. an integral expression that gives the volume of the solid generated when K is
rotated about the horizontal line v = 1.
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v(t)

l 4
i |
0 Vax
-1

2. A particle moves along the x-axis so that its velocity v at time ¢ = 0 is given by v(f ) = sin(t2 ) The graph of v
is shown above for 0 £ ¢ = J57. The position of the particle at time ¢ is x(¢ ) and its position at time = 0 is
x(0)=5.

{a) Find the acceleration of the particle at time ¢ = 3.
ib) Find the total distance traveled by the particle from time ¢t =0 to ¢ = 3.
{c) Find the position of the particle attime ¢ = 3.

id) For 0 = ¢ = J5x. find the time ¢ at which the particle is farthest to the right. Explain your answer.

‘sl

. The wind chill is the temperature. in degrees Fahrenheit (°F). a human feels based on the air temperature. in
degrees Fahrenheit. and the wind velocity v. in miles per hour (mph ). If the air temperature is 32°F. then the

wind chill is given by W(v) = 55.6 — 22,1718 and is valid for 5 < v < 60.
{a) Find W’(20). Using correct units. explain the meaning of W’(20) in terms of the wind chill.

{b) Find the average rate of change of W over the interval 5 £ v = 60. Find the value of v at which the
instantaneous rate of change of W isequal to the average rate of change of W over the interval 5 < v < 60.
{c) Over the time interval 0 = ¢ = 4 hours. the air temperature is a constant 32°F. Attime ¢ = 0. the wind

velocity is v = 20 mph. [fthe wind velocity increases at a constant rate of 5 mph per hour. whatis the rate
of change of the wind chill with respect to time at ¢ = 3 hours? Indicate units of measure.
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CALCULUS AB
SECTIONIL Part B
Time—45 minutes
Number of problems—3

No calculator is allowed for these problems.

Graph of f*
4. Let { be a function defined on the closed interval =5 < x = 5 with /(1) = 3. The graph of {. the derivative
of f. consists of two semicircles and two line segments. as shown above.
{a) For =5 < x < 5, find all values x at which  has a relative maximum. Justify your answer.
{b) For =5 < x < 5, find all values x at which the graph of { has a pointofinflection. Justify your answer.
{c) Find all intervals on which the graph of f is concave up and also has positive slope. Explain your reasoning.

{d) Find the absolute minimum value of {{x) overthe closed interval =5 £ x = 5. Explain your reasoning.
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- . - . . Iv
5. Consider the differential equation (I_\ = I;.\‘ ~v—1
[

{a) On the axes provided. sketch a slope field for the given differential equation at the nine points indicated.

{Note: Use the axes provided in the exam booklet.)

¥
. 2e .
. 1+ .
+ X
-1 O 1
/2
- Vo, " . : . . . :
i{b) Find (, = intermsof v and v. Describe the region in the xv-plane in which all solution curves to the
ax”

differential equation are concave up.

ic) Let v = f(x) be a particular solution to the differential equation with the initial condition /{0) = 1. Does [
have a relative minimum. a relative maximum. or neither at x = 0 ? Justify your answer.

{d) Find the values of the constants m and 5. forwhich v = mx =/ isa solution to the differential equation.

6. Let / be a twice-differentiable function such that f(2) =5 and f(5) = 2. Let g be the function given by

g(x) = f(f(x)).
{a) Explain why there must be a value ¢ for 2 < ¢ < 5 such that {(¢) = 1.

i{b) Show that ¢’(2) = g(5). Use this result to explain why there must be a value & for 2 < & < 5 such that
o” (k)= 0.

{c) Show thatif {”(x)=0 for all x. then the graph of g does not have a point of inflection.

id) Let #(x) = f(x)— x. Explain why there must be a value » for 2 < r < 5 such that #(r) = 0.
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Question 1

- "
X=X

Lzt R bz the rezion bouvndzd by thezmphof v = ¢ and ths

horizentalline 3 = 2, and 12t S bz therezionbound= by the zragh of

¥= s:"“: and thzhorizontal lines ¥ =1 and ¥ = 2, a3 shown abovs.

() Find the arzaof R,
(b) Find the arzaof S

(c) Writz, butdonot zvaluats, an intzzral sxprassion that zivas the

wvolums of the solid zenzmtzd whan R iz rotatz¢ sbout the
herizontalline v =1.

—

6% =2 when x = 0446057, 1.553843
Let P = 0446057 and Q = 1553843

Y

@ Arsacf R=| (6% -2 =051
v F

"

®) &7 =lwhax=0,2

-

Arsaof S= I‘-i's:‘": —lidk-Amaci R

=2.06016— Ar=aof R=1346
OR

P n r2, . 2
[l -fa=0-p 1= [ [ -1

=0.215064-1.107886 - 0.215064 = 1.346

© Voh'.me=5" e =1) =(2-1) |

3

v—c.—:.—-
i
o

| 1ointzz@nd
! 1: limits
| 1:answar

| 2:integrand
"1 1: constant and limits
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Questicn 2
A particls mowves zlong the x-axis so that itz valocitny v attims vie)
£2 0 is givendy Wr) = sin{r ). Thegraph of v isshown zbove

for 0 £ 1 £ V35, The position of the particle attime 1 is x(r) and
itsposiion st tim2 r = 0 iz (0) = 3.

(2) Find the sccelaration of the particle attime ¢ = 3.

(o) Find the meal dizmnce traveled Dy the particle fomtime r = 0 g Vsx
or-3.
(c) Find the position of the particle attime ¢ = 3. -l

(@) For 0<% 57, find the tims r atwhich the particle
iz farthest o the right. Explain vour answer,

(a) a(3)=+(3) =6cos §=-35466 or -3.467 1:a(3)
() Distance = | |v(n)| &t =1.702 L [ 1:setp
oR U1 amswar
For 0wr <3 vir)=0whenr=J7=177243 and
t =27 = 2.50663
x0)=3
x(VF )= 5+ [ Tv(r) d =5.89483

~

, 3 a v
AVIT)= 5= [ T v d = 54304

x(3) =5 —j;--r.r) & = 5.77356

XNT = x(O) = | xVIT = x(NT | = |x(3) - 2 V27| = 1702
|¥(VF = 20| = |x(VIT | = 2( VT ]| = [x(3) - 2(VIT]

. [, [1:intezrand
@ x(3)=5+[ v(t)dt=5773 o 5774 3:0° 1 1:uses x(0)=5
|1:answer
(é) The particle’s rizhtmost position occurs at time ¢ = V7 = 1772, [1:satsv(r)=10

o . F—
Ths particls chanzz: Fom moving right to moving l2ft atthos= times 1 for 304 1:answer
which v(1) = 0 with v(r) chanzing from positive to negative, namslyat [ 1:mason

t=u, 37,57 (1 =1.772, 3.070, 3.963).

Usinz x(T )=3- j . V(1) gk, theparticle’s positions at the times it
changss fromrightward to laftward moveamentars:

I 0 Jr J3r 3z
x(T): 3 5865 5788 35732

The particleis Grthest to the dzht when T = V7.
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Questicn 3

Ths wind chill iz the tempsraturs, in ézzrzss Fahranhait (°F |, 2 human fz=ls baszed on the air tamparatuez, in

dazrass Fahranhsit, and the wind velocity v, inmilss perhour (mgph). Ifthe air tempemtues s 32°F, thenths

wind chill is givenby F(v) = 35.6 - 22.1:%"% and is valié for S €v £ 60.

(a) Find #'(20). Usingz correct units, axplain the meaning of 7 (20) in temms of the wind chill.

(b) Find ths averazs ratz ofchangzs of 7 over the interval 3 £ v £ 60, Find the value of v at which the
instantan=ous @tz of chanzz of 7 i3 zqual to theavemzeratzofchanzz of T ovartheintzrval 3 £ v £ 60,

(c) Ovzr the timainterval 0 £ 1 £ 4 hours, the air tempa@tues i3 2 constant 32°F. Attime 1 = 0, thawind
valocityis v = 20 mph Ifths wind velocity incrzases at a constant ratz of 3 mph perhour, what i3 therate of
changs of the wind chill with raspact to tims at ¢ = 3 hours? Indicats units of measues.

@ W'(20)=-22.1.016.20"% = —0.285 or -0.286 {1:value

| 1:=xplanation

L]

Whan v = 20 mph, the wind chill is decraasing at
0.286 °F/ mph

(b) Ths averazz ratzofchanzzof 77 ovar the intzrval [ 1:averazs @tz of chanzs

SEy € A0 is % = —0.253 or —0254. 3: 4 1:%'(v)=avemgsratz of chanzs

-- 11
W(v)= "6600% when v = 23,011

cvalveof v

i

L}
e
i

[}
&
B
L]
"I:i

—
i
EAES

I 1iusesv(3) =35,
OR e

vsasvr)=20- 3¢

W o=3556-22120=5)" | 1:answer
arl . 2°
T | ~0.892 °F /hr

Usits of °F /mph in () and “F/hr in(d) 1: units in (a) and (c)
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Questicn 4

Lzt f bz a nctiond=fin on the closzd interval =3 £ x £ 3
with /(1 = 3. Thezmphof f, thedenvative of £ consists

of two semicirclzs and two lins sezments, as shown abova,

(a) For =3 <« x <3, fing all valves x atwhich fhas a
ralative maxinmm Justify vour answar,

/\/\

- - - . - -5 -4 3 2 -1 0 2 3 AN\S
(b) For =3 < x < 3, find all valves x atwhich the zragh of f -1 / \
has a pointofinflaction. Justify vour answar. - 5.1

(c) Finé all intzrvals onwhich the zraph of f i3 concave vp

and also has positive slopz Explain vour rasoninz.
(é) Find the absolutz mininmm valuz of Flx) overths closz¢ intzrval =3 € x £ 3. Explain vour rzasoningz.

Graphof f*

@)

@)

Fix)=0atx=-314
F' chanz= from positive tonszativeat =3 and 4
Thus, fhas arslative naxinpmat x = -3 andat x = 4.

F' chanzss from incraasing to decraasing, or vics varsa, at
x==4, =1 and 2. Thus, the zmph of f has points of
inflectionwhen x =—4, =1, ané 2.

Thzzmphof f iz concava up with positive slops whers 7
iz incrzasinz and positive: —S < x<—4 and 1o x < 2

Candidates for the zhsoluts minimum ars whars /7
chanz=s from nszative to posttive (at x = 1) and at the
sndépoints (x = =3, 3).

f= =32 T pmde=3-5 - 2053
Sy =3

. .S 3.2 1
f.'_J}=3-J1f.'.x}¢l’=3-—.’-—.’ >3

Ths absolutz mininwm value of fon [-5, 3] is f(1)= 3.

[

A 1lixazloes
| 1:justification

{1 :x=zloss
[ 1:justification

{1 :intzrvals

" | 1:explanation

[ 1:identifizs x = ] az acandidats

: 4 1 :considars sndpoints

|1 :valzand sxplanation
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Questicn b

Considar ths diffzrential zquation i = -.{-x - y-1

-

¥
(2) Onthsaxss providzd. sketch a slops Azl for the ziven diffarential zquation
at ths nin= points indicatzg. - 14 .
(Note: Uze the axe: provided in the exam bookle.)
(b) Finé 4 ¥ intecms of x and v. Dascribe the region in thexy-planzin . 1 .
which all solution curves to the differantial 2quation ars concave up.
() Let v = f(x) bz a particular sclution to the diffzrential squation with the ey 0 1 e
initial condition f{0) = 1. Dozs / havs arslative minimum, 2 r=lative
maxinum, or nzitherat x = 07 Justify vour answar.
() Find ths valuzs of the constants mand b, orwhich y =mx - b isa
solution to the diffarential 2quation.
(@)
¥ 2:8izn of slopzat zach
pointang rzlative
~ 2 / stzzpnzss ofslopzlinas in
rows and colunmns.
\ 1—— -~
—\4 ke T
-1 o 1
\ d:.’-' _l.dv 1 1 "_‘ . d:_‘;
® T & TS 3

Solution curves will bz concavaup on the half-planz abova tha lins

© ¥  =o-1-1=0ae&EH  -0-1-lso
(0. 1) -
Thos, f has a ezlative mininwmat (0, 1),

(é) Suvbstitsting ¥ = mx — & into the differantial 2quation:

m=—.{x-.’,m-b}-l=;m-—.{:x-.’_b-1}-
1

Then0=m—-Sand m=5-1 m=—-1;anéb=

-

b s

| 1:descrption

(1 :answar
1 :justification

(1:valse form

1 ivake fork
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Questicn 6

Lzt f bz a twics-difzrantiabls functionsuchthat /12 =3 and f(3) = 2. L&t £ bathe unctionzivanby
g(x)= f.._f.._x").
(2) Explainwhy theremustbz avalvs ¢ for 2 < ¢ < 3 supch that /el = -1

(b) Show that g'(2) = &'(3).

g"l.-;ﬂ = C.
(c) Show thatif f'(x) = 0 forall x, then the zraph of g doss not have a point of inflection.
(€) Let hix, = fix) — x. Explainwhy therz nmst bz avalve r for 2 < r < 3 suchthat hyy) = 0.

Usz this rasult to sxplain why there mustbzavalve k for 22 & < 3 suchthat

@)

@©

@)

Ths Mzan Value Theorsm zuarantzss thatthees i3 2 valus
¢, with 2 < ¢ < 3, s0 that

5 " -
()= f(2) 2-53
ff\_ . . — - 1
P S A S e R
¢ ) 323
- - - -

svanvwhars, s0 the\Iam‘ ah,a 'Dlﬂcremapphhd to g en
2,5] zuarantzas therz s avalve L with 2<% < 3, such

/'\\
(3 -z

that g'(k) = £ 2525 o g

glx) = (x))- @) - fx) = D ()
If /7 (x) =0 forall x, then
gx1=0-F(x)- f(x)= f{flx))-0=0 forall x.
Thos, thers is nox-valve at which g”(x) changss sizn, s0
the zragh of g has no indction points.

OR
If f7(x) =0 forall x,then fislinsar,so g=f o f is
linzar and the zraph of g has no inflection points.

Lat hix)= fix| -

R(2)=7(2) -2=5-2=3
h(3)=f(3)-3=2-3=-3
Smc-= h(2) >0 > k3, the Intermaciatz Valuz Theoram

zuarantsss that thers iz a '\ah;e r.with 2<r < 3, such
that h(r| =

[

[

[

[

.
Do
|

Ll:g(x) =

Sy = 12
l:—f f@

\_.‘_

1: conclusion, vsing MVT

" 1l:comsiders 27

0foral x

OR

1: fislinzar
1: g iz linzar

1:h(2) and h(3)
1: conclusion, vsing IVT
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2007 AP° CALCULUS AB FREE-RESPONSE QUESTIONS

CALCULUS AB
SECTION IL Part A
Time—45 minutes
Number of problems—3

A graphing calculator is required for some problems or parts of problems.

_ . - 20

. Let R be the region in the first and second quadrants bounded above by the graph of v = = and below
| =~

by the horizontal line v = 2.

{a) Find the area of R.
ib) Find the volume of the solid generated when R is rotated about the r-axis.

{c) The region R is the base of a solid. For this solid. the cross sections perpendicular to the y-axis are
semicircles. Find the volume of this solid.
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2500 1
20001 o /
E
P
S 15001
Q.
A
= 1000
u)
5001
O
0 —/ + - - —
0 1 2 3 4 5 6 7

Hours

2. The amountof water in a storage tank. in gallons. is modeled by a continuous function on the time interval
0 = ¢ = 7. where ¢ is measured in hours. In this model. rates are given as follows:

(1) The rate at which water enters the tank is /(¢) = 100¢ 2 sin (v ) gallons per hour for 0 < ¢ < 7.

{i1) The rate at which water leaves the tank is
250 forO=¢t <3
aft) =

. gallons per hour.
2000 for3 <=7

The graphsof { and g. which intersect at £ = 1.617 and ¢ = 5.076. are shown in the figure above. At time

¢t = 0. the amount of water in the tank is 5000 gallons.

{a) How many gallons of water enter the tank during the time interval O £ ¢ £ 7 ? Round your answer to the
nearest gallon.

(b) For 0 = ¢ = 7. find the time intervals during which the amount of water in the tank is decreasing. Give a
reason for each answer.

ic) For 0 =¢ = 7. at what time ¢ is the amount of water in the tank greatest? To the nearest gallon. compute the
amount of water at this time. Justify your answer.
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x| f(x) | (x| e(x) | g(x)

| 6 4 2 5
2 9 2 3 1
3 10 —4 4 2
4 -1 3 6 7

3. The functions { and g are differentiable for all real numbers. and ¢ is strictly increasing. The table above
aives values of the functions and their first derivatives at selected values of x. The function / is given by

i(x) = fla(x))—6.

{a) Explain why there must be a value » for | < » < 3 such that #(r) = 5.

ib) Explain why there must be a value ¢ for | < ¢ < 3 such that #’(¢) = =5.

{c) Let w be the function given by wi(x) = ffl Y f(t)dt. Find the value of w/(3).

id) If &' is the inverse function of g. write an equation for the line tangent to the graph of v = ¢7'(x)

at v =2,

CALCULUS AB

SECTIONIL Part B

Time—45 minutes

Number of problems—3

No calculator is allowed for these problems.

4. A particle moves along the x-axis with position at time ¢ given by A{f)= ¢ sins for 0= 1 = 27,

{a) Find the time ¢ at which the particle is farthest to the le ft. Justify your answer.

{b) Find the value of the constant A for which x{¢) satisfies the equation Ax"(f)+ x'(t )= x(f)=0

for 0 <t <27,
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t
{minutes)

)
{feet per minute)

5.7 40 20 1.

(]

0.6 0.5

5. The volume of a spherical hot air balloon expands as the air inside the balloon is heated. The radius of the

balloon. in feet. is modeled by a twice-differentiable function » of time . where ¢ is measured in minutes. For
0 < ¢ < 12, the graph of  is concave down. The table above gives selected values of the rate of change. »/(¢).
of the radius of the balloon over the time interval 0 = ¢ = 12. The radius of the balloon is 30 feet when ¢ = 5.

. . . .4
{Note: The volume of a sphere of radius » is given by V = :‘m"‘. )

{a) Estimate the radius of the balloon when ¢ = 5.4 using the tangent line approximation at ¢ = 5. s your

estimate greater than or less than the true value? Give a reason for your answer.

{b) Find the rate of change of the volume of the balloon with respect to time when ¢ = 5. Indicate units of

measure.

{c) Use aright Riemann sum with the five subintervals indicated by the data in the table to approximate
12 . . i . -
[U /() dt. Using correct units. explain the meaning of )

{d) Is your approximation in part {c) greater than or less than f[

12 . .
. ‘() dt ? Give areason for your answer.

1z . . .
[ #/(¢ ) dt interms of the radius of the balloon.

6. Let f be the function defined by f(x) = kvx —In x for x = 0. where & is a positive constant.

{a) Find ’(x) and ”(x).

ib) Forwhat value of the constant & does { have a critical point at x = | ? For this value of k. determine

whether / has a relative minimum. relative maximum. or neither at x = 1. Justify your answer.

{c) Foracertain value of the constant . the graph of { has a pointofinflection on the x-axis. Find this value

of k.
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Question 1

Let R be the region in the first and second quadrarts boanded above by the graphof » , 2 o and
X
beloa by the horizortal line p ~ 2.

(a) Find the area of R.
(b) Find the vohime of the solid gererated when R is wtated about the x-axas .

(c) Theregion R is thebase of asolid. For this solid, the c1oss sections perperdicular to the
%-axds are senueircles. Find the vohame of this solid.

120: 2 when x - 13 1 : correct limits in an irtegral in
. (2, b) or(c)
3 - N L
(2) hrea- | | —20_ 2| - 3796 or37.962 | 1:itegrand
Ja\l+x | 1: answrer
37, \2 : .3
() Vohume - 7| |[—2 | -2 & -18ma00 | 3. |2 uwennd
RS BTy ) [ 1: answrer
3 ... <2 s
(@) Vobame - 5| (5225 21| & 3, [ 2:miegrnd
2),0200 7L | 1: answrer
3 W2
2 [ 2] -1m28
8._31 X y
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Questicn 2

The amoant of water in a storage tank, ingallons, 1s nmodeled
byacontmons fanctiononthe ime interval 0 < ¢ = 7,

25

whewe ¢ 1s measured in hours. In this model, rates are given . 0

as followrs: E 1500
(1) The rate at whichwater erters the tank is g

s o

Fit) - 100¢° sin(V7 | galloms per hoarfor 0 < < 7.
(i1) The rate at whichwater leaves the tank is s

| 230 HrO st <3 gallons per hoar. g

E8 T 0m fr3er 7

i s

o

Hows
The graphs of f and g, which irdersect at ¢ ~ 15617 and ¢ ~ 5.076, are showninthe figure above. At

time ¢ ~ 0, the amourt of water in the tank 1s S000 gallons.

(a) Hoar marny zallons of water exter the tank dunng the ime interval 0 <¢ =7 ? Round your answer to

the nearest gallon

(b) Foar 0 =¢ =7, find the time intervals duning which the amourt of water in the tank is decreasing.

Give areason for each answer.

(c) For 0 =¢ =7, atwhat time ¢ is the amoant of waterin the tank greatest? To the nearest gallon,

compate the amourt of water at this time. Jastfy your answrer.

(@) [ fit)de - 5264 gallons 2.

(b) The amoant of'waterin the tank is decreasing on the 5.
irtervals 0 <¢ <1617 and 3 = ¢ < 507 because :
Fitr-gitifor0=¢ <1617 and 3 <t = 5076,

(c) Simce fit) - git) changes sign fiom positive to regative
only at ¢ ~ 3, the candidates for the 2 sohite maxinoum are

att: -~ 0,3 and 7. 5:!

t (hours) | galloms of water
0 5000

-3
3 000 4 10,,"!!0(2’: 250031 - 5126.591

7 5125591-|';f.:.a 2000(4) - 4513807

The amoant of' water in the tank is greatest at3 hours. 4t
that tirme, the amount of water in the tank, roanded to the
rearest gallon, is 5127 zallons.

[P

1: irtegral
1: answrer

1:meason

: amoant of water at ¢
: conchision

3
7

: identifies ¢ ~ 3 as acandidate
integrand
: amoant of water at ¢
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Questicn 3

x (Fx | Fixgix) | gix .
1 & 4 2 5
2 9 2 3 1
3 10 -4 4 2
| 4 -1 3 & 7

The fanctions fand g awe differentiable for all real manbers, and g is stietly increasing. The table
above gives vahies of the functions and their first derivatives at selected vahies of x. The fanction & 15
givenby hix) - flgix) -6

(a) Explainwhy there nuastbe avahie » forl < » <3 such that hir) -~ -5
(b) Explainwhy there nustbeavahie ¢ for1 < ¢ <3 suchthat 2'ic) ~ 5.

(c) Let w be the fanctiongivenby wix) |'1' 'fm dt. Find the valie of w'(3).

(d) If g'1 is the inverse fanction of g, write anequation for the line tangent to the graphof » g'llxl
at x - 2.

(a) Rli- flgl)-6-F12-6-9-6-3 2."'123!|1'|and3!|3|

3y~ flgi3)-6-Ffid)-6--1-6--7 " 1: canchision, using IVT
Since h(3) < -5 < h(l) and k is contirmous, by the
Intermediate Vahie Theorem, thewe exsts avahie »,
1 <» <3 suchthat hir )~ -5

R3-hly 7.3 [, Ri3)-hil)
® =51 371 ° 2:41 73
Since % is contimons and differertiable, by the | 1: conchision, using MVT
Mean Vahie Theorem, there exists a vahie ¢,
1 <¢ <3, suchthat &'ic) ~ - 5.
(e) w3~ Fflgi3) gi3)~-Fid).2--2 2.]l:applychainmle
|1 answer
(d) gili-2,50 gti2)-1 i’l;g-lnz.
l:g'lblc2| N S 3: lzig4j|'u‘2.

etz gily 5
ElE ) | 1: tangent line equation

Anequation of the tangent lineis p 1 %IX 2).
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Questicn 4

A4 particle moves along the x-axas with position at time ¢ givenby xit) -

e 'sint for 0 <t < 27,

(a) Find the time ¢ atwhich the particle is farthest to the left. Jus tifiy your answrer.
(b) Find the vahie of the constart A forwhich x(¢) satisfies the equation Ax"iz) + x'(2) + xi2) - 0

for 0 <+ <21
(a) x'(2)~ e 'sint +e cost —e” (o0st — sint) T2
#'i2) — 0 when cos ¢ ~ sint. Therefore, x'it) ~ 0 on 5. |'1:sets x'(2) -~ 0
X St T 1 arswer
D<t<2r fre— " ande -8,
! Ty T | 1: justification
The cardidates for the abschite mirinmam awe at
T 5t _

2—0,4, 4 ,and 27T,

H X1t

0 | &sin0) -0

x _x [ 7\

rel sinl%ll =0

- r e

i—" e t sinl.%ll <0

27 | ¢ 7sini27) -0
The particle is farthestto the leftwhent — >

(b) x7it)~ & icost —sint) + e (-sint - cost) T2 X7
26 cos ¢ 4 | 1:substitates x"2), x"it), and xi2)
T indo AxTi) o+ x'iE) - x(2)

AxTigy - 5Ty - x(e) | 1: answrer

~ Al -2 cost) e joas t
(24 +1je cost
0
Therefore, A %

sint )+ e~ sint

173



Questicn b

(.’m) ] 2 5 7 11 12

i)

(et per mimte) 40 | 20 12 | 06 | 05

The vohane of asphencal hot airballoonexpands as the airinside theballoonis heated. The radms of the
balloon, in feet, is modeled by a twice-differertizble fanction » of time ¢, wher ¢ is measured in nurmates.
For 0 <t <12, the graphof » is concave doarn. The table ahove gives selected vahies of the rate of change,
¥'(t), of the radms of the balloon over the time interval 0 < ¢ <12, The radms of the balloonis 30 feet when

t ~ 5. (Note: The volaume of a sphere of radms » is givenby ¥ %.‘7734)

(a) Estimate the radms of the balloonwhen ¢ ~ 54 using the tangernt line approximationat ¢ ~ 5. s yoar
estimate greater than or less than the bue vahie? Give areason for your answer.

(b) Fird the rate of change of the vohime of the balloonwith wspect to tmewhen ¢ — 5. Indicate units of
neasue.

(c) Use aright Riemarm sum wath the five subintervals mdzcated by the data in the table to apprmoamate
|': ¥'(t) &. Using conect units, explain the meaning of | “¥'it) @ in terms of the radms of the
balloon.

. .. -12 .
(d) Is yoar approximation in part (c) geater than or less than |n yit) dt? Give a wason for your answer.

(a) »i54)=»(5)+»"(5)A - 30 +2i04) -308 f a. [1 :estimate
Since the graph of » is concave downon the interval |1 : conchusiomwrith :eason

5 <t < 54, this eshmate is gweater than »(15.4).

av 1 dr (4. dV
® "3 3'3"’«} 3.2 %
% 47(30)°2 - 72007 £ /nin L1 :answer
(e) 1 rltlc& 20400 +3(2.00 + 211.2) + 4(06) +110.5) 5. ;[1 : approximation
19.3 f " |1 :explanation

[277it) d is the charge in the radius, in feet, from
t~0tot~ 12 mimtes.

(d) Since » is corcave down, »’ isdecreasing om 0 < ¢ <12, | 1: conchisionwith wason

Therefore, this appmoxamation, 193 ft, is less than
i B @,
Jo

Units of #°/nin inpart (b) and ft in part () 1 :units in(b) and ()
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Questicn 6

Let £ be the fanctiondefired by £ix) ~ kvx — Inx for x = 0, where k is a positive corstarnt.

(a) Find £(x) and fix).

(b) Forwhat vahie of the corstart & does f have a aitical poirt at x
whether f has arelative miranmam, relative masanoam, or neither at x

(c) Fora certain vahe of the constant &, the graph of f has a pointofinflection on the x-axas. Find this

vahie of k.

. & 1
(@) F(x) - == %

2Vx

1

®) £l 25: 1-0=%k-2
1

When k-2 £11-0ad £ - 5

F has arelative nurunmm vahie at x ~ 1 by the
Second Denvative Test.

(c) At this inflectionpoirt, £ (%)~ 0 and £ix) - 0.

’ & 1
0= oty
Fix PITEI

0=k

= ;;-’II"‘

Fin)-0=kx Ix-0=k - —=

+1 =0

— b b

cFlixy
s fix)

ssets £il) ~0or £ x)
solves for &

:answey

: pastification

cf Tz~ 0or fix) -0
: equation inore varable
: answey

1? For this vahie of &, determire
1. Justfy your arswer.

0
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2008 AP” CALCULUS AB FREE-RESPONSE QUESTIONS (Form B)

CALCULUS AB
SECTION IIL Part A
Time—45 minutes
Number of problems—3

A graphing calculator is required for some problems or parts of problems.

. . - N X

I. Let R be the region in the first quadrant bounded by the graphs of v =V and v==.

A

{a) Find the area of R.

ib) Find the volume ofthe solid generated when R is rotated about the vertical line x = —1

{c) The region R is the base of a solid. For this solid. the cross sections perpendicular to the y-axis are squares.
Find the volume of this solid.

Fortime ¢ 2 0 hours. let #{t) =120 (I i c'"]"'] represent the speed. in kilometers per hour. at which a car

travels along a straight road. The number of liters of gasoline used by the car to travel x kilometers is modeled
- -xf2
by a(x) = 0.0.\.\‘(l —-e “/‘).

{a) How many kilometers does the car travel during the first 2 hours?

{b) Find the rate of change with respect to time of the number of liters of gasoline used by the car when
t =2 hours. Indicate units of measure.

{c) How many liters of gasoline have been used by the car when it reaches a speed of 80 kilometers per hour?
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Distance from the
X . 22 2
river's edge (feet) 0 8 B a

Depth of the water (feet) 0 7 8 2 0

3. A scientist measures the depth of the Doe River at Picnic Point. The river is 24 feet wide at this location. The
measurements are taken in a straight line perpendicular to the edge of the river. The data are shown in the table
above. The velocity of the water at Picnic Point. in feet per minute. is modeled by v(1) = 16 + 2sin(vi +10) for

0 <t <120 minutes.

Use a trapezoidal sum with the four subintervals indicated by the data in the table to approximate the area of

(a
the cross section of the river at Picnic Point. in square feet. Show the computations that lead to your answer.

{b) The volumetric flow at a location along the riveris the product of the cross-sectional area and the velocity
of the water at that location. Use your approximation from part (a) to estimate the average value of the
volumetric flow at Picnic Paint. in cubic feet per minute. from ¢ =0 to f = 120 minutes.

{c) The scientist proposes the function f. given by f(x) = ESin(%). as a model for the depth of the water.

in feet. at Picnic Point v feet from the river's edge. Find the area of the cross section of the river at Picnic
Point based on this model.

Recall that the volumetric flow is the product of the cross-sectional area and the velocity of the water at a
location. To prevent flooding. water must be diverted i f the average value of the volumetric flow at Picnic
Point exceeds 2100 cubic feet per minute for a 20-minute period. Using your answer from part (¢). find the
average value of the volumetric flow during the time interval 40 < ¢ < 60 minutes. Does this value indicate
that the water must be diverted?

id

CALCULUS AB
SECTION II, Part B
Time—45 minutes
Number of problems—3

No calculator is allowed for these problems.

v .
4. The functions { and g are givenby f(x) = J.[] V4 +17 dr and g(x) = f(sin x).

{a) Find {"{x) and g’(x).
(b) Write an equation for the line tangent to the graph of v = g(x) at v = 7.

ic) Write. but do notevaluate. an integral expression that represents the maximum value of ¢ on the interval
0 < x < . Justify your answer.
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(4,-2)

(-3,-4) 1
Graph of g’
5. Let g be a continuous function with g(2) = 5. The graph of the piecewise-linear function g’. the derivative
of o.1s shown above for =3 € v < 7.
{a) Find the »-coordinate of all points of inflection of the graph of v = g(x) for =3 < x < 7. Justify your
answer.
ib) Find the absolute maximum value of g on the interval =3 £ x < 7. Justify your answer.
ic) Find the average rate of change of ¢(x) on the interval -3 € x < 7.
{d) Find the average rate of change of g’(x) on the interval -3 £ x < 7. Does the Mean Value Theorem

applied on the interval -3 < x < 7 guarantee a value of ¢. for =3 < ¢ < 7. such that g”(¢) isequal to this
average rate of change? Why or why not?

6. Consider the closed curve in the xv-plane given by

.2

v+ 2+ v 4y =5

N T
(a) Showtha[‘/_~‘_ (x+1)

a2y )
i(b) Write an equation for the line tangent to the curve at the point {-2.1).

ic) Find the coordinates of the two points on the curve where the line tangent to the curve is vertical.

id) Isitpossible for this curve to have a horizontal tangent at points where it intersects the y-axis?
Explain your reasoning.
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Questicn 1

Let R be the regionin the first quadrart boanded by the graphs of »
(a) Find the area of R.

(b) Fird the vohime of the solid gererated when R is rotated aboutthe verticalline x
(c) The ®gion R is the base of a solid. For this solid, the cross sections parpendicular to the p-axis are

squares . Find the vohime of this solid.

The graphs of p ~ Jx and p % intexsect at the points
0,0y and (9, 3).

Vx and y X

3

0 .
@ | V- gfdi-4s T1: limits
v 3: .1 integrand
OR |1 arswrer
.3 N
[ 07 )dy - 45
-3 N N 2 . .
ORI TS (U P Y - 71 constantand Linits
e | 4: .2 integrand
=5 - 130061 or 130062 |12 serer
3 a2 [ 1 integrand
(e ‘|°l.°gy ») @ -8l &: | 1 : Limits and answer

L.
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Questicn 2

Fortime ¢ = 0 hous, let »it) 120|jl & :0 wprsent the speed, in kaloneters per hour, atwhicha

car travels along astaizht road. The manber of liters of gasolineused by the carto tavel x kilometers is
modeledby gix) ~ 0.05x(1 - &~ i? .

(a) How many kilometers does the car travel dunng the first 2 hours?

(b) Find the rate of change with respect to time of the manber of liters of gasoline used by the carwhen
t ~ 2 hoars. Indicate units of neasure.

(c) How many liters of gzasoline have beenused by the carwhen it reaches aspeed of 80 Jilometers per
howr?

(@) [,7it)d - 206370 kilometers g, |1t

J |1 :answrer

(b)d dg dx. dx

—_= - = 2 :uses chainrk
2 @ @ @ T ) [
2 P ! & | 1 : answerwithumts
Zg ag 2y
-2 =206370
(00304120) ~ & hters /hour
(e) Let Ibe the tine atwhich the car’s speed reaches 1 :equation » (¢} ~ &0
80 kilometers per haar. 4: ! 2 :distance integral

|1 :answer

Then, »(T) ~ 80 oxr T' ~ 0331453 howrs.

At time T, the carhas gore
5Ty~ [, 761 & - 10.794097 kilometers
and has comsumed g( % T 1) ~ 0537 liters of gascline.
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Distance fiom the
river’s edge (feet)

Depth of the water (feef) 0 7 8 2 0

0 8 14 22 24

A4 sclentist measures the depth of the Doe River at Pienic Poirt. The niveris 24 feetwide at this location

The measurerents ae taken in a straight lire perpendicular to the edge of the river. The data are showmn
in the table above. The veloaty of the water at Ficrie Poirt, infeet per mirute, is modeled by

vit)~ 16 + 2sin(Vt + 10 for 0 =¢ <120 mimtes.
(a) Use a tapeznidal sumwith the four subintervals indicated by the data in the table to approxamate the

aea of the cross section of the river at Pierie Point, insquare feet. Show the conputations that lead
to your answer,

(b) The vobunetne flow at alocation along the nveris the product of the crosssectional area and the
velocity of the water at that location. Use your apprasdmation from part (a) to estimate the average
vahie of the vohimetric floa at Picric Point, incubic feet per mirate, from ¢ ~ 0 to ¢ ~ 120

narmates .
(c) The scientist proposes the fanction f, givenby Fix) SSml%], as a nodel for the depth of the

water, in feet, at Picric Poixt x feet from the nver’s edge. Find the area of the cioss sectionof the
nver at Picnic Poirt b ased on this model.

(d) Recall that the voharetic flow is the product of the cross-sectional area and the velocity of the water
at alocation. To prevent flooding, water nust be diverted if the average vahie of the vohimetric flow
at Pierde Point exceeds 2100 cubic feet per nurnate for a 20-nurmate perod. Using your answer from
part (), find the average vahie of the volametic floa during the tive irterval 40 = ¢ < &0 mimtes.
Does this valie indicate that the water ruast be diverted?

() ] .?‘-8 ) (7 -80_6 . It ~2l_8 ) 2 ~U;_2 | s iipancalal ipmeanition
2 2 2 2
11587
1 .12 —
) 0o 115vit) & [ 1 :limits and average vahie
18-0? 169 or 1807.170 f*/ i 3: | constart
1869 or . / nan 11 integrand
| 1: answrer
- 24 /7 \ 3 11
(o) | @sin| T | dx - 122.230 0 122231 f° g, | 1:iieenl
Jo 24 [ 1: answrex
(d) Let C be the @oss-sectional awa approximation from 1 :vohumetic flow integral
part (). The aversge vohumehic flow is 3: . 1: average vohimetic floar
.40 2 ) .
2—10 |, C vityd - 2181912 02181 913 ft*/ rain. L1 :answerwithreson

Yes, water nast be diverted since the average vohimetic floar
for this 20-mirte period exozeds 2100 ﬁsmm
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Questicn 4

a3 p—
The finctions fand g awe givenby £ix) |° V4 ot dtand glx) ~ Flsinx),

(a) Find f.l')h and g'l')H.

(b) White an equation for the line tangert to the graph of » ~ gix) at x - 1.
(c) White, but do not evahiate, an integral expression that represents the maxinum vahie of g anthe

irterval 0 < x < 7. Justify your answrer.

(@) £ix)=3y4+3x)
gixy~ Flisinx) cos x

f 7
34 +(3sinx)” -cosx

®) gim -0, gir)~-&
Targent line: p ~ -&6(x - 1)

(¢) ForO<x=<m glix)~0 onlyat x

g0~ gixi=0

gl%l (:«'4 1 dr =0
The maanmm vahe of g on |0, 7] 15

D B e
|°\'4 Lt gt

NI

“2:Fix)
4. .
L2 gix)

5. [l:gimiorglim)
"1 1: tangent line equation

“lisets gix) -0

A

2
| 1:irtegral expression for g|% :|

3. : 1 :justifies maxinum at
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Questicn b

Let g be acontrmons fancton with g(2) ~ 5. The graph
of the piecevise-linear function g, the denvative of g, is
shovm above for -3 < x = 7.

(a) Find the x-coordinate of all points of inflection of the
graphof » ~ gix) for -3 < x < 7. Justifiy your
answer.

(b) Fird the dsohite maxinum vahie of g onthe
iterval -3 < x = 7. Justfy your arswrer.

() Find the average rate of change of gix) onthe
irterval -3 < x =7

(d) Fird the average rate of change of g'l x) onthe interval -3 < x < 7. Does the Mean Value Theorem
applied om the interval -3 < x < 7 guarantee a vahe of ¢, for -3 < ¢ < 7, suchthat g'i¢) is equal

to this average rate of change? Why or why not?

(a) g changes fromincreasing to decreasing at x ~ 1,
£ changes from decreasing to inreasing at x ~ 4.

Points of inflection for the graphof p ~ glx) oomurat
%=1and x - 4.

(b) The only signchange of g’ from positive to regative in
the irterval 1s at x - 2.

.3 Y
gi-31-5+|, gixids-5+| g|4 175
gi2)~5
g7y 5~|‘7g'.x.a’x S+ 4,.1 3

J2 2 2
The maxinum vahe of g for 3»’-x~i?i5125,
7 3 3-2 3
gl -gi-3 3 3

© =75 10 5

(7 -3 1 4, 1
) Eily— El ' | ] 1
@ 703 10 2
HNo, the MV T does not guarantee the existence of'a
vahie ¢ with the stated properties becanse g’ is not

differentiable for at lest ome paintin -3 < x < 7.

N v

(=3, =)

1
2.ll
3:.1

1

1

2'11
1
2.,..1

o

4. -2)

Ciraphof 3°

: x-vahies
: astification

1 :identifies x ~ 2 » a candidate

: considers endpoints

s maxinum vahie and justification

: difference quotient
T arswer

: aversze valeof g'ix)
: arswer “No” withreason
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Questicn 6

Consider the closed curve in the xp-plane given by
X+ 2x wot rdy - s
(a) Show that & - —Z 1D
dx 20y 1)
(b) White an equation for the lire tangernt to the curve at the poirt (-2,1).

(c) Find the coordinates of the two poirts on the curve where the line tangent to the curve 1s vertical .

(d) Is it possible for this curve to have a honzontal tangert at points whee it intersects the x-axas?
Explain your wasonng.

@ 22402 4% g [ 1: inplicit differentiation
& 2: P
& | 1: venfication
|'4.;u3 s 2x -2
" dx
dy 2ix+1 (% +1y
4y’ 11 27 1
®) j_i 2'.12 ’11. % g, [ 1:slepe
\ +1y 1
(-21) [ 1: tangent lire equation
Tangent line: p ~ 1 ~%|x +2)

(c) Vertical tangent lines occur at points on the carve where "1y 1

y3 +1=0 (ory 1)and x + 1. 3. |'1: substitates » linto the
R ’ equation of the curve

Onthe curve, p ~ -1 inmplies that 5~ +2x +1 -4 = 5 i_l:amswer

S0 X% 4 orx -2

Vertical tangent lires occur at the points (-4, -1} and

2, -1).

(d) Honzortal tangents occur at points on the curve where 5. [ 1 :works with x lary -0
X land p = -1 " | 1: answrerwrith wason
The curve crosses the x-asas where p ~ 0.

-1 +20-1+0t v 4.0:5
No, the carve canrot have a horizontal tangentwhere it
crosses the x-aods.
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2008 AP® CALCULUS AB FREE-RESPONSE QUESTIONS

CALCULUS AB
SECTION IL Part A
Time—45 minutes
Number of problems—3

A graphing calculator is required for some problems or parts of problems.

y
1+
1 2
X

0
-1

R
24
34

1. Let R be the region bounded by the graphs of v =sin{xx) and v = v — 4. as shown in the figure above.
{a) Find the area of R.

{b) The horizontal line v = -2 splits the region R into two parts. Write. butdo notevaluate. an integral
expression for the area of the part of R that is below this horizontal line.

{c) The region R is the base of a solid. For this solid. each cross section perpendicular to the x-axis is a square.
Find the volume of this solid.

{d) The region R models the surface of a small pond. At all points in R at adistance x from the y-axis. the
depth of the wateris given by #(x) = 3 — x. Find the volume of water in the pond.

-
4

t (hours) 0 | 7 8 9

L(#) (people) | 120 156 176 126 150 80 0

2. Concert tickets went on sale at noon (¢ = 0) and were sold out within 9 hours. The number of people waiting
in line to purchase tickets at time ¢ is modeled by a twice-differentiable function L for 0 < ¢ £ 9. Values
of L{t) at various times ¢ are shown in the table above.

{a) Use the data in the table to estimate the rate at which the number of people waiting in line was changing
at 5:30 .M. (¢ = 5.5). Show the computations that lead to your answer. Indicate units of measure.

i{b) Use a trapezoidal sum with three subintervals to estimate the average number of people waiting in line
during the first 4 hours that tckets were on sale.
ic) For 0 €1 < 9. whatis the foewest number of times at which £L’(f) must equal 0 ? Give a reason for your
answer.
. . . . e, =2 .
{d) The rate at which tickets were sold for 0 < ¢ £ 9 is modeled by r{t) = 550¢¢ /2 tickets per hour. Based on
the model. how many tickets were sold by 3 M. (f = 3). to the nearest whole number?
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3. Oil is leaking from a pipeline on the surface of a lake and forms an oil slick whose volume increases at a
constant rate of 2000 cubic centimeters per minute. The oil slick takes the form of a right circular cylinder
with both its radius and height changing with time. {Note: The volume V of a right circular cylinder with

radius r and height # is given by V = zr%. )

{a) At the instant when the radius of the oil slick is 100 centimeters and the height is 0.5 centimeter. the radius is
increasing at the rate of 2.5 centimeters per minute. At this instant. what is the rate of change of the height of
the oil slick with respect to time. in centimeters per minute?

i{b) A recovery device arrives on the scene and begins removing oil. The rate at which oil is removed is
R(t) = 4004t cubic centimeters per minute, where ¢ is the time in minutes since the device began working.
Oil continues to leak at the rate of 2000 cubic centimeters per minute. Find the time ¢ when the oil slick
reaches its maximum volume. Justify your answer.

{c) By the time the recovery device began removing oil. 60.000 cubic centimeters of oil had already leaked.
Write. butdo not evaluate. an expression involving an integral that gives the volume of oil at the time found
in part (b).

CALCULUS AB
SECTION II, Part B
Time—45 minutes
Number of problems—3

No calculator is allowed for these problems.

v(1)
!

Graph of v

4. A particle moves along the x-axis so thatits velocity at time ¢, for 0 < ¢ < 6, is given by a differentiable
function v whose graph is shown above. The velocity isOat t =0. ¢ = 3. and ¢ = 5. and the graph has
horizontal tangents at =1 and ¢ = 4. The areas of the regions bounded by the f-axis and the graph of v on
the intervals [0. 3]. [3.5]. and [5.6] are & 3. and 2. respectively. Attime ¢ = 0. the particle is at x = 2.
{a) For 0 <t < 6. find both the time and the position of the particle when the particle is farthest to the left.
Justify your answer.

i{b) For how many values of ¢. where 0 < < 6, isthe particle at x = -8 7 Explain your reasoning.

{c) On the interval 2 <t < 3. isthe speed of the particle increasing or decreasing? Give a reason for your
answer.

{d) During what time intervals. if any. is the acceleration of the particle negative? Justify your answer.
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2

. where v # 0.

- . - . . 1A% v
5. Consider the differential equation ‘I— ==
LAY A

{a) On the axes provided. sketch a slope field for the given differential equation at the nine points indicated.

{Note: Use the axes provided in the exam booklet.)

y
. 2+ . .
. 1+ . .
* * - =X
-1 o 1 2

{b) Find the particular solution v = f(x) to the differential equation with the initial condition f{2) = 0.

{c) For the particular solution v = {(x) described in part (b). find lim f(x).
\—ao

. L . . Inx . . Lo > | -Inx
6. Let { be the function given by f{x) = — for all x > 0. The derivative of { is given by {x) = ———.
o _\'-

L. . . . o 2
{a) Write an equation for the line tangent to the graph of / at x = ¢°.

{b) Find the rx-coordinate of the critical point of /. Determine whether this point is a relative minimum. a relative
maximum, or neither for the function /. Justify your answer.

{c) The graph of the function { hasexactly one point of inflection. Find the x-coordinate of this point.

id) Find lim f(x).
w0t
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Question 1

o
|

2

-2

Let R be the regionbounded by the graphs of » ~ sin( 7x) and » Y 4%, = shownin the fizure

above.

(a) Fird the awa of R.

(b) The horizontal live p — -2 splits the region R irto tero parts. White, but do rot evahiate, an integral
expression for the area of the part of R thatis below this honzortal line.

() The region R is the base of ascolid. For this solid, each c1oss section perperdionlar to the x-axis is a
square. Find the vohime of this solid.

(d) The region R models the surface of a small pond. At all poirts in R at a distarce x flom the y-axas,
the depth of the wateris givenby 2 %) ~ 3 - x. Find the vohume of water in the pond.

(a) sin(m)~ x ~4x atx -0 amd x - 2 "1 linits
Area l.:lsinl,"rxl (5 — 4x))ds- 4 3:4 1:itegrand
J0 /! | 1: arswrer

() %~ 4x - -2 at» ~0.5391889 and 5 - 1.6751309 2.[1:].imiis
The area of the stated regionis | -2 (x° 4x)) dx [ 1: irtegrand
.2 2 1: irtegrand

(c) Vobhume — [ “fsin(mx)— (5~ 4x)| dx- 9978 2|} meer
Jo | 1: answrer
-2 ‘ 1:int

(d) Vohume — | (3 x)(sin(m) (s —4x)) ds - 89 orgam | 2. L iesrad
Jo | 1: answrer
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Questicn 2

¢ (hours) 0 1 3 4 7 g 9

Lit) (pecple) | 120 | 156 176 | 126 | 150 | @0 0

Comeert tickets went cmsale at noon (¢ ~ 0) and were sold out within @ hoars. The manber of people waiting in

line to parchase tickets at time ¢ 1s modeled by a twice-differentiable fanetion £ for 0 < ¢ < 9. Vahes of Li2) at

vanous times ¢ are shownin the table above.

(a) Use the data in the table to estimate the rate at which the munber of people waiting in line was changing at
530P.M. (¢t~ 5.5). Show the compatations that lead to your answer. Indicate urits of measure.

(b) Use a trapezoidal sum with thiee subintervals to estimate the average rumber of people waiting in lire during
the first 4 hous that ickets were onsale.

(c) For 0 < ¢ <9, whatis the fowest mumber of imes atwlich L'(¢) nust equal 07 Give areason for your answrer.

(d) The rate atwhich tickets weresold for 0 < ¢ = 9 is modeled by »i#) ~ 550te” 1 tickets per hour. Based on the
model, hoar many tickets werre soldby 3P.M. (¢ ~ 31, to the nearestwhole rouuber?

. ity - Lidy 1850128 [ 1: estimate
(a) L'(5.5) ! 3 8 people per hour 2: 11 anits
(b) The average rumber of people waiting in lire during the first 4 hous is 5. [ 1: tapemoidal sum
aPPWED' 21}; Lily + Li3 L3y + Lid Rl
1/7°Zi0y + Lil) 1y + Zi3) 3y + Li4) 3\
il 5 (10 5 B30+ 5 4 So'l
15525 people
(c) I isdifferertiableon |0, 2] so the Mean Vahie Theorem inplies "1 : comsiders change in
L'it) >0 forsome ¢ in (1,3) and some ¢ in (4, 7). Similarly, 3. [ signof I
I'it) <0 forsome ¢t in (3, 4) and some tin (7,8). Then, since L' is ' ‘ 1 : analysis
cortimous on [0, 2], the Intermediate Vahe Thecrem inplies that | 1: conchusion
I'it) ~ 0 for atleastthree values of ¢ in |0, 2].
OR OR
The cortirmity of L on ||, 4] inplies that I attains a maxdnom vahe [ 1: corsiders wlative extrema
there. Sinece Z(3) = Zi1) and Zi3) = Li4), this maxirumocoirs on 3. { of I on (0,9
(1, 4). Similarly, I attains amimnmm on (3, 7) and a maxaramon © 11 amalysis
(4,8). I is differentiable, so L'i¢) ~ 0 at each wlative exheme point | 1: conchision
on (0, 9). Therefore L'it) ~ O forat least thiee vahies of ¢ in |0,9].
[Mote: Thereis afimetion L that safisfies the given conditions with
L'it) - 0 for exactly three values gf t.]
(@ (:r.:.a} 972784 5. | 1 integrand
Therwr wewe approximately 273 tickets sold by 3 P.M. [ 1: lireits and answer

189



Questicn 3

01l 15 leaking from a pipeline on the surface of alake and forms an il slick whaose vohime increases ata

corstant rate of 2000 cubic cextimeters per muirnte. The oil slick takes the form of aright circular cylinder

with both its radms and height changing with time. (Note: The vohame ¥ of a nght circular eylinderwith

radins » and height & is givenby ¥ ~ 77 h.)

(a) At the instant when the radms of the oilslick 1s 100 certimeters and the height is 0.5 centimeter, the
radms 1s Increasing at the rate of 25 centimeters per nmte. At this instant, what 1s the rate of change
of'the height of the cil slick with respect to time, in centimeters per nixmte?

(b) A reccvetydgvice amives on the scere and begins emoving cil. The mte at which oil is removed is

Rit) ~ 4004t cubic centimeters per murute, whewe ¢ is the time in mimtes since the device began
working. Oil cortirmes to leak atthe rate of 2000 cubic certimeters per mirnte. Fird the time £ when
the cil slick waches its masanmm vohune. Justify your answer.

(c) By the time the wecovery device began emoving oil, 60,000 cubic certimeters of o1l had already
leaked. White, but do not evahiate, an expression invaolving an integral that gives the vohume of o1l at
the tire found inpart (b).

(2) When 7 - 100 cmand & - 05 emy, & - 2000 e /i |1:% D00 ad & 25
and % 2.5 em/rnan. 11 2 :expression for ‘g’
|1 :answer
av dr rdh
2000 - 27100} (25)105) + 7100 5
4R 0,098 ox 0039 cm/ min
() & - 2000 Riz), s0 & -0 when Ri) - 2000, 1: Rz - 2000
This occurs when ¢ ~ 25 numates. 3 ; i :fms:rfer ]
:qushticahon
Sirce & -0 for0 <1 <25 and & <0 fare 225, :
the ail slick eaches its masanmm vohune 25 mimtes after the
device begins working.
() The vohne ofoil,incms, in the slick at time ¢ ~ 25 nmmates 2. ‘[1 : liruits and iratial condition
is givenby 60,000 « (n”.zmn Rit)) . 11 :irvdegrand
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Questicn 4

visy

Graph of v

A particle moves along the x-axds so that its velocity at ime &, for 0 < ¢ < &, 1s givenby a differerhiable

function v whaose graphis shoan above. The velocityis Oat ¢ ~ 0, ¢ ~ 3, and ¢ ~ 5, and the graph has

horizoxtal tangents at ¢ ~ 1 and ¢ ~ 4. The areas of the egions bounded by the t-axis and the graphof v on

the intervals [0, 3], |3, 5], and |5, 8] are 8 3, and 2, respectively. At time ¢ ~ 0, the particle is at x ~ 2.

(a) For 0 = ¢ < & findboth the tme and the position of the particle when the particle is farthestto the left.
Justifiy your arswer.

(b) Forhow many vahes of t,where 0 <t <&, is the particle &t x ~ 8 ? Explain your reasoning.

(c) Ontheinterval 2 <¢ <3, i1s the speed of the particle increasing ordecieasing? Give a wason for your
arswer.

(d) During what time intervals, if any, is the acceleration of the particle regative? Jus tify your answer.

(a) Since vit) <0 for0D <t <3 and 5 <t <6, and viz) =0 [ 1:identifies ¢ ~ 3 as a candidate
fw3~::':5,we'§'oms1derz 3and t - 6. 3.1 1: considers |’o'm»d:
(3 2~|ovmd 2-8 10

| 1:conchision
X(6) = -2 + |'°'v.:.a} 2-8:3-2--9
Therefore, the particle is farthest left at ime ¢ ~ 3 when
its positon s x(3) 10.

(b) The particle moves contirmously and monctonically from "1:positoms att -3¢ -5,
%0y~ -2 to xi3) - -10. Similardy, the particle moves 3. [ andt - 6
contirmously and monotorically from x(3) ~ 10 to " 1: description of motion
x5y~ -7 and abso fiom x(5) -~ -7 to x6) - 9. | 1: conchision

By the Irtermediate Vahie Theorm, ther are thiee vahies
of ¢ forwhich the particle is at x(¢) ~ -8.

(c) The speed is decreasing onthe interval 2 <¢ < 3 since on | 1 : answerwithmeason
this irterval » <0 and v is increasing.

(d) The accelerationis regative on the irtervals 0 < ¢ <1 and [ 1 answrer
4 <t < & since velocity is decieasing on these intervals. : [ 1 : justification
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Questicn &

Consider the differential equation 3 e 1, where x + 0.
o
(a) On the axes provided, sketch aslope field for the given differential "
equation at the nire poirts indicated. e 3 . .
{Noie: Use the axes provided in the exambooldet)
(b) Fird the particular sohation p ~ fix) to the differential equationwith L . .
the irmtial condition £(2) ~ 0.

(c) For the particular sohation p ~ £ x) described inpart (b), find -0 '
]im fux i

(]

(2) ¥ 5. ‘[ 1: zew slopes
" | 1: allother slopes

—— 1+ —-— ——
Yoo r T
(®) y—llti}' L,d’x 1 : separates vanables
2 : artidifferentiates
In|y 1| +C 6 : . 1:inchides constant of integration
RN 1 :uses irtial condition
[y -1 ~e 1: solves for »
1
-1 -ee Note: max 3/6 [1-20-0-0] if no corstant

. P of integration
y-1 » where ¢ Note: 0/8 if no separation of variables

1-Je 1 :linut
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Questicn 6

Let £ be the fanctiongivenby fix) lr;x forall x = 0. The denvative of f is givenby

Flixy ] l:nx.

(a) White an equation for the line tangent to the graph of f at x e
(b) Fird the x-coordinate of the eritical poirt of §. Deternune whether this point is a relative mirinoam, a

wlative masdnoum, or neither for the fanction £ Jastify your answer.

(c) The graphof'the function § has exactly one poirt of inflection. Find the x-cocrdinate of this point.

(d) Fid Lim fix).
—ﬂ‘

(@) flet) - B L2 ety lilnet 1
& & v

An equation for the tangent line is 2 le szj.

() £z} ~0when x ~ & The fanction f has arelative macinum
at x ~ & becanse f'ix ) changes from positive to negative at

() Fix) 2 - foral x =0

FUix) = 0when -3 +2Inx -0

The graph of § has a poirt of irflection at x &'? becase
£ %) changes sin at x — &/,

(d) lim]% = orDoes Not Exist
_A‘

[ Liglet) amd et

| 1: answrer

]
: wlative maxinum
: astification

()
—

2: i

|1 answrer

1: answrer

193



2009 AP® CALCULUS AB FREE-RESPONSE QUESTIONS (Form B)

CALCULUS AB
SECTION IL Part A
Time—45 minutes
Number of problems—3

A graphing calculator is required for some problems or parts of problems.

1. Atacertain height. a tree trunk has a circular cross section. The radius R(¢) of that cross section grows at a rate
modeled by the function
dR | T B .
—— = —(3 +sin(f7 )} centimeters per year
dt 16 & i
for 0 =1 < 3. where time ¢ is measured in years. At ime ¢ = 0. the radius is 6 centimeters. The area of the
cross section at time ¢ is denoted by A(f).

{a) Write an expression. involving an integral. for the radius R(r) for O £ = 3. Use your expression to
find R(3).

ib) Find the rate at which the cross-sectional area A(f) is increasing at time ¢ = 3 years. Indicate units of
measure.

ic) Evaluate

0 A’(t) dt. Using appropriate units. interpret the meaning of that integral in terms of cross-

sectional area.

2. A storm washed away sand from a beach. causing the edge of the water to get closer to a nearby road. The rate
at which the distance between the road and the edge of the water was changing during the storm is modeled by
f(t)= Vi +cost —3 meters perhour. ¢ hours after the storm began. The edge of the water was 35 meters from

the road when the storm began. and the storm lasted 5 hours. The derivative of f(f)is () = ’L —sint.
' 2Nt
{a) What was the distance between the road and the edge of the water at the end of the storm?

ib) Using correct units, interpret the value /"(4) =1.007 in terms of the distance between the road and the edge
of the water.

ic) At what time during the 5 hours of the storm was the distance between the road and the edge of the water
decreasing most rapidly? Justify your answer.

{d) After the storm. a machine pumped sand back onto the beach so that the distance between the road and the
edge of the water was growing at a rate of ¢(p) meters per day. where p is the number ofdays since
pumping began. Write an equation involving an integral expression whose solution would give the number
ofdays that sand must be pumped to restore the original distance between the road and the edge of the water.
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Graph of f

3. Acontinuous function [ is defined on the closed interval —4 = v = 6. The graph of { consists of a line segment

~

and a curve thatis tangent to the x-axis at x = 3. as shown in the figure above. On the interval 0 < v < 6. the
function { 1s twice differentiable. with ”{x) = 0.

{a) Is { differentiable at x = 0 ? Use the definition of the derivative with one-sided limits to justify your
answer.

{b) For how many values of «. =4 = « < 6. is the average rate of change of { on the interval [«. 6] equal to 0 ?
Give a reason for your answer.

{c) Is there a value of «. =4 = « < 6. for which the Mean Value Theorem. applied to the interval [c. 6].

guarantees a value ¢. « < ¢ < 6, atwhich "(¢) = = 7 Justify your answer.
Al

{d) The function g is defined by g(x) = [[: f()dt for =4 = x = 6. On what intervals contained in [—4. 6]

is the graph of ¢ concave up? Explain your reasoning.

CALCULUS AB
SECTION II, Part B
Time—45 minutes
Number of problems—3

No calculator is allowed for these problems.

y
24
4.2}
It R
. t : X
o 1 2 2 4
4. Let R be the region bounded by the graphs of v=+x and v= % as shown in the figure above.

{a) Find the area of R.

i{b) The region R is the base of a solid. For this solid. the cross sections perpendicular to the y-axis are squares.
Find the volume of this solid.

{c) Write. but do notevaluate. an integral expression for the volume of the solid generated when R is rotated
about the horizontal line v =2,
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2009 AP® CALCULUS AB FREE-RESPONSE QUESTIONS (Form B)

N
]

Graph ol f*

5. Let / be a twicedifferentiable function defined on the interval —1.2 < v < 3.2 with {(1)=2. The graph of (",
the derivative of £, is shown above. The graph of [ crosses the raxisat x = -1 and v = 3 and has
a horizontal tangent at x = 2. Let g be the function givenby g(x) = e,
{a) Write an equation for the line tangent to the graphof g at x = 1.
(b) For —1.2 < x < 3.2, find all values of x at which g has a local maximum. Justify your answer.
{c) The second derivative of ¢ is ¢”(x)=¢ “""'[( f(x) )2 - :"’(’.\jﬂ. [s 2”(—1) positive. negative. or zero?
Justify your answer.

{d) Find the average rate of change of g, the derivative of g. over the interval [1. 3].

! 0| 8 20|25 3 |40

{seconds)

ve) 305 -0 -8 | -4 7
{meters per second)

6. The velocity of a particle moving along the x-axis is modeled by a differentiable function v, where the position x
is measured in meters. and time ¢ is measured in seconds. Selected values of v(f) are given in the table above.
The particle is at position x = 7 meters when ¢ = 0 seconds.

{a) Estimate the acceleration of the particle at 1 = 36 seconds. Show the computations that lead to your answer.
Indicate units of measure.
. . . . L4000 A .
{b) Using correct units. explain the meaning of |1] v(# )dt in the context of this problem. Use a trapezoidal sum

. . - . . 40
with the three subintervals indicated by the data in the table to approximate '2() vit)de.

ic) For 0= = 40, must the particle change direction in any of the subintervals indicated by the data in the
table? If so. identify the subintervals and explain your reasoning. If not. explain why not.

{d) Suppose that the acceleration of the particle is positive for 0 < ¢ < 8 seconds. Explain why the position of
the particle at ¢+ = 8 seconds must be greater than x = 30 meters.
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Question 1

At a certain height, a tree tunk has a circular cross section The radms Riz ) of that c1oss section gows at
a rate modeled by the fanction

% ll|3 +sinfs? || centimeters per year
for 0 =¢ =3, where time ¢ 1s measured inyears. &t time ¢ ~ 0, the radms 1s 6 cerimeters. The aea of

the cross section attime ¢ is deroted by Aiz).

(a) White anexpression, involving an irtegral, for the radms Rit) for 0 < ¢ < 3. Use yoarexpression to
find Ri3).

(b) Find the rate atwhich the cross-sectional area A(? ) is incieasing at ime ¢ ~ 3 years. Indicate units
of measure.

(c) Ewvaluate |; A'(t) dt. Using appropriate uruts, intexpret the mearing of that integral in texms of cross-

sectional area.

(a) Rit) -6 "%|3~sin|x:||dx [1:integnl

B3 661‘00 oré511 3:. 1:exprssionfor Rit)
' |'1:Ri3)

M) Aty - TRV [ 1:exprssionfor Ait)
Aity - 2TR(t VR (2) 3:/ 1: expressionfor Ait)
A(3) - 8858 em’ [ year | 1: arswerwithunits

(e) f:A'ut. dt —~ A3y~ A0y~ 24200 or24.201 1 :uses Fardanental Theorem of C aloubus
J ‘ 3

3. l:vaheof | A'it) &
Fromtime ¢ ~ 0 to ¢ ~ 3 years, the cioss- . 0
sectional area groars by 24 201 square | 1: meaning of f A
centimeters. 40
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Question 2

A stormwashed avwray sand from abeach, cansing the edge of the water to get closer to a nearby 1wad. The
rate at which the distance between the road and the edge of the waterwas changing during the stormis
modeled by f£it) ~ Wt +cost — 3 meters perhouy, ¢ hous after the stormbegan. The edge of the water
was 35 meters from the road when the stoombegan, and the storm lasted 5 hoass. The derivative of fit)
i £t 2_1,; sint,

(a) Whatwras the distance between the road and the edge of the water at the end of the storm?

(b) Using comectunits, irderpret the value §'i4) ~ 1007 interms of the distance between the road and
the edge of the water.

(c) Atwhattme dunng the 5 hours of the storm was the distance between the road and the edge of the
water decreasing mos t rapidly? Justifyy your answer.

(d) Afterthe storm, a machire panped sand back orxto the beach so that the distance between the wad
and the edge of the waterwas growing at a rate of g(p ) meters perday, where p is the romber of
days since panping began. White an equation invol ving an integral expressionwheose sohtionwould
give the rmber of days that sand nustbe panped to restore the onginal distance betwreen the wad
and the edge of the water.

() 35| fit)de - 2649 or26.495 meters g, | 1:inteend
Jo [ 1: arswrer
(b) Fourhours after the stormnbegan, the rate of change of "1 : iterpretation of £ 4)

the distance between the road and the edge of the water 2:4 1 : units
is increasing at a rate of 1.007 meters /hoars® .

(e) flity~ Dwhent - 065187 and ¢ ~ 284033 [1:considers £it) -0

The mirinmm of f for 0 < ¢ < 5 mayocoarat(, 3:.0 1: amwer
0.66187, 2.84038, or 5. | 1: justification
Fioy - -2

Fi0.85187) - -1.39780
Fi2.84088) - 226963
Fi5) - 048027

The distance betwreen the wad and the edge of the
water was decreasing mostrapidly at ime ¢ ~ 2.840
hours after the stormbegan.

2_‘[1:ir|tgxalofg

@ .lofmd ]oglp»a’p "1 answrer
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Coraph o

A contirmons fanction f'is defined onthe closed irterval 4 < x < &, The graph of f consists of a line

segment and acurve that is tangent to the x-axds at x ~ 3, as shoanin the figure above. On the terval

0 < x < & the fanction £is teice differentiable, with £z} = 0.

(a) L f§ differentiable at x ~ 07 Use the defimntion of the derivative with ore-sided liruts to us ifyy your
arswrer.

(b) For howr many vahies of @, -4 < a < &, is the average rate of change of f on the rterval |a, 6|
equalto 0 ? Give areason for your answer.

(c) Is there a vahie of @, -4 < a < &, forwhich the Mean Vahie Theorem, applied to the interval |a, 6],

guarantees avahie ¢ a < ¢ < 6, atwhich i) %? Justifyy your arswer.
(d) The fanction g 1s defined by gix) |.°fltldt for -4 = x <6, Onwhat intervals contained in
|4, 8] is the graph of g concaveup? Explain your wasoring.

@) h._mflh» Fioy 2

- h 3 5. [ 1:setsup differerce quotient at x ~ 0
- Fiky— Fi0y " 1: arsvrer with justification

Since the one-sided linuts do not agree, f 1s not
differentiable at x ~ 0.

®) % 0when fia)~ Fi(6). There are 2.‘[lze:mnssiomforaveragerateofchmge
tro values of @ forwhich this is tme. L1 : arswrer with resson
() Yes, @ - 3. The fanction f is differentiable on the 2_[1:amwas“yes”axﬂidem:iﬁesa 3
interval 3 < x <& and contimaus on 3 < x < 6. "1 1: justification
Fdy-Fi3 1-0 1
Abe, =53 €3 3
By the Mean Vahie Theorem, there is a vahie ¢,
3<c <6 schthatfic) - 1.
@) glixy~ Fixy, gx1~ Fix) [1: gz~ Fix)
glix) =0 when fix) =0 3:.01:comsiders g7(x) =0
This is true for -4 < x <0 and 3 < x <6, | 1: arswrer
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Question 4

Let R be the regionbounded by the graphs of » ~ Vx and

bIE ;, as shoarnin the fizue above.

(a) Fird the awwaof R “.2)
(b) Theregion R is thebase of asolid. For this solid, the
cross sechons perpendicular to the x-axis ae squares. R
Find the vohume of this solid.
(c) White,but do not evalnate, an integral expression for the
vohire of the solid gererated when R is wtated about 1 2 3 4
the honzortal live » ~ 2.
‘ a] o=t /1 integrand
(a) Area l [V %‘Id}c %x"‘: % % 4 1: antiderivative
=0 | '1: answer
“ ‘\ " , \ :
() Vohmme - | (V5 %. dx | 5 - "‘T;dx [1:integrand
-0 ‘ vo ‘ ! 1 : antiderivative
, | 1: answer
£ o2 217 8
2 5 12 15
=0
4 N . ..
| *) 1) 1 :limits and cors tant
(e) Vohume - “°‘|2 2‘| (2-Vx ) | dx 12+ integrand
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Questicn &

Let f'be a twice-differertiable fanction defined on the interval
12 < x <32 with £il) - 2. The graph of §", the derivative
of £, is shown above. The graph of f crosses the x-axis at
* 1l and x -~ 3 and has a horizontal tangent at % ~ 2. Let g
be the fainctiongivenby gix) ~ &'
(a) White an equation for the line tangent to the graphof g
at x - 1.
() For -12 < x <32 fird allvahies of x atwhich g has a
local maxarmum Jus ifiy your arswer.

() The second devivative of gis g"ix) — e ' i F 20 + £ x| Is g7(-1) positive, negative, cr

zero? Fustify your arswer.

-2

Graph ot [”

(d) Find the average rate of change of g, the denvative of g, over the interval |1 3.

3

(a) glll s'll' .
gixy e Vfix, gili- eV - 48
The tangent line is givenby » e’ —4e(x-1)

) gixy—e ' Ifx)
e a0 forall x
So, g changes from positive to negative onlywhen §°
changes from positive to negative. This ocours at x 1
only. This, g has a local maxinoam at x 1.

(@ g1 -& Vi1« £
eV o0ad £-1)-0
Since ' is decrasing ona reighborhood of -1,
FUi-1y <0, Therefore, g”i-1) < 0.

g3 - gl g"s’f'l3o e"l'f'lln )
@ 3-1 2 .

1:glix)
1:g|1| and g.lll
: tangent hire equation

: answrey
: as tification

: answrey
: as tification

: difference quotiert
: answey
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4
(seconds) 0 8 . 20| 25 |32 |40

vit)
(meters per second) 2 S [-10) 8|4 '

The weloaty of a particle moving along the x-axis is modeled by a differentiable fancion v, wher the

position x 1s mesured inmeters, and time ¢ 1s measured inseconds. Selected vahies of vit) aw giveninthe

table above. The particle is at position x ~ 7 meters when ¢t ~ 0 seconds.

(a) Estimate the accelerahonof'the particle at ¢+ ~ 35 seconds. Show the compatations that lead to your
arswer. Indicate units of measure.

(b) Using correcturts, explain the mearing of |‘::v|:u & inthe cortextofthis problem. Use a
trapezoid al sum with the thiee subintervals indicated by the data in the table to approzamate |‘ ;ovn tide

(€) For 0 <t < 40, nust the particle change direction in ary of the subirtervals indicated by the data in the
table? If'so, idextifyy the subirtervals and explain your reasoning . If not, explainwhy not.

(d) Suppose that the acceleration of the particle is positive for 0 < ¢ < 8 seconds. Explainwhy the position
of the particle at ¢ ~ 8 seconds nustbe gweater than x ~ 30 neters.

1 :urts in(a) and (b)
(a) a3, - vi36 % % neters ,,"<sec: 1: answrer
- ( - 40
() I::vlz i dt 1s the particle’s change in position inmeters from ime | 1 : mearing of | \ovnr | dt
t ~ 20 seconds to time ¢ ~ 40 seconds. 3: 4 2 : tapemidal
i_ approximation
- 40 w20+ vi25) vi25) +vi32) viZ2) +vid0)
!:ovur.dz 5 54 3 T 5 -8
75 meters
(e) vi8) >0and vi20) =0 2.‘[1:answer
W3R <0 and »i40) =0 " | 1: explanation
Therefore, the particle changes direction in the intervals
8ot <20and 32 <1 <40
(d) Sinoe vzl ~ a() >0 for 0 <t <8 vit) =3 on this interval. 5 [1:vit) - ait)
.8 1. : .
Therefore, x(8) ~ xi0) + lovmd =7+8.3>30. L Lz meplanstionof 5(S) =30
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2009 AP® CALCULUS AB FREE-RESPONSE QUESTIONS
CALCULUS AB
SECTION IL Part A
Time—45 minutes
Number of problems—3

A graphing calculator is required for some problems or parts of problems.

V()
1

0.3 /
01
o /

) 1

1

-0.2

1. Caren rides her bicycle along a straight road from home to school. starting at home at time ¢ = O minutes and
arriving at school at ime ¢ = 12 minutes. During the time interval 0 = ¢ = 12 minutes. her velocity v(f). in
miles per minute. is modeled by the piecewise-linear function whose graph is shown above.

{a) Find the acceleration of Caren’s bicycle at ime ¢ = 7.5 minutes. Indicate units of measure.
. . . . L el2 ) . . R -
{b) Using correct units, explain the meaning of '() [v(#)| dt in terms of Caren’s trip. Find the value of
el2 .
| vl et
Jo
ic) Shortly after leaving home. Caren realizes she left her calculus homework at home. and she retums to get it.

At what time does she turn around to go back home? Give a reason for your answer.

{d) Larry also rides his bicycle along a straight road from home to school in 12 minutes. His velocity is modeled
T

by the function w givenby wif ) = 5

. T FoN e e . . - . - .
st n|—]"! ) where w(f) 1s in miles per minute for 0 £ ¢ = 12 minutes.
\14

Who lives closer to school: Caren or Larry? Show the work that leads to your answer.
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2.

The rate at which people enter an auditorium for a rock concert is modeled by the function R given by

R(t) = 13802 — 675t for 0= ¢ < 2 hours: R(r) is measured in people per hour. No one is in the auditorium

attime ¢ = 0. when the doors open. The doors close and the concert begins attime ¢ = 2.

{a) How many people are in the auditorium when the concert begins?

{b) Find the time when the rate at which people enter the auditorium is a maximum. Justify your answer.

{c) The total wait time for all the people in the auditorium is found by adding the time each person waits.
starting at the time the person enters the auditorium and ending when the concert begins. The function w
models the total wait time for all the people who enter the auditorium before time ¢. The derivative of w is
given by w'(f) = (2 =) R(¢). Find w(2)—w(l). the total wait time for those who enter the auditorium
after ime ¢t = 1.

id

On average. how long does a person wait in the auditorium for the concert to begin? Consider all people
who enter the auditorium after the doors open. and use the model for total wait time from part {c).

‘s

. Mighty Cable Company manufactures cable that sells for $120 per meter. For a cable of fixed length. the cost of

producing a portion of the cable varies with its distance from the beginning of the cable. Mighty reports that the
cost to produce a portion of a cable that is v meters from the beginning of the cable is 6vx dollars per meter.
{Note: Profit is defined to be the difference between the amount of money received by the company for selling
the cable and the company s costof producing the cable.)

{a) Find Mighty's profit on the sale of a 25-meter cable.
. . . . . 0 . A
{b) Using correct units. explain the meaning of Li 63x dx in the context of this problem.

{c) Write an expression. involving an integral. that represents Mighty’s profit on the sale of a cable that is
& meters long.

id) Find the maximum profit that Mighty could earn on the sale of one cable. Justify your answer.
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CALCULUS AB
SECTION II, Part B
Time—45 minutes
Number of problems—3

No calculator is allowed for these problems.

44 2.4
3..
2..
R
1-.
+ X
0 1 2

. . ~ - 2 .
4. Let R be the region in the first quadrant enclosed by the graphsof v =2x and v = x~, as shown in the

figure above.
{a) Find the area of R.

{b) The region R isthe base of asolid. For this solid. at each x the cross section perpendicular to the x-axis

hasarea A(x) = sinf’—; \’ Find the volume of the solid.
ic) Another solid has the same base R. For this solid. the cross sections perpendicular to the v-axis are squares.

Write, but do not evaluate, an integral expression for the volume of the solid.

5

X 2 3 5 8 13

fx) |1 4 2| 3 6

. Let { be a function that is twice differentiable for all real numbers. The table above gives valuesof { for

selected points in the closed interval 2 = x = | 3.

(a

—

Estimate /'(4). Show the work thatleads to your answer.

Ay
, (3=51"(x)}dx. Show the work that leads to your answer.

b

Evaluate

—

—
(o]
—

Use a left Riemann sum with subintervals indicated by the data in the table to approximate |_‘ f(x)dx.

Show the work that leads to your answer.

g i

id) Suppose [(5)=3 and {“(x) < O forall x in the closed interval 5 = v < & Use the line tangent to the

graph of fat x =5 toshowthat f(7)= 4. Use the secant line for the graphof f on 5= x = 8 to show

that f(7) =

| 4=
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Graph ol 7

alx) for -4 <120
(573 -3 for 0<vgd
The graph of the continuous function . shown in the figure above. has x-intercepts at v = -2 and

6. The denvative of a function  isdefined by [“{x)= -

X = RInI'%). The graphof g on —4 = x = 0 is a semicircle. and f(0)= 5.
{a) For =4 < v < 4, find all values of x at which the graph of { has a point of inflection. Justify your answer.
{b) Find f(—4) and f(4).

ic) For =4 £ v = 4, find the value of x at which { has an absolute maximum. Justify your answer.
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Question 1

Caren ndes her bicyele along a straizht 1ad fiom home to school, staring athome at time ¢ ~ 0 mimtes
and armiving at school at time ¢ ~ 12 numates . Dunng the time irterval 0 <¢ <12 numates, her velocity
vit), in nales per mirate, is modeled by the piecewise-linear finctionwhose graph is shoan above,

(a) Find the acceleration of Caren’s bicycle at ime ¢ ~ 75 nmmtes. Indicateunits of measure.
~12
(b) Using correcturits, explain the mearing of Iy [vit )| dt interrws of Carens trip. Fird the vahie
~12
of Iy [viz )l &t

(c) Shortly afterleaving home, Carenrealizes she left her caloulus honework at home, and she retarrs to
get it. Atwhat tine does she am around to goback home? Give areason for your answrer.

(d) Laryalso ndes his bicyele along a straightroad from home to school in 12 nurmtes . His velocity is
rodeled by the fanction w given by wit) %sixq %zl, where w(t) is inmiles per minte for

0 =t =12 numtes. Who lives closer to school: Caren ox Larry? S howr the work that leads to your

answer.
(a) al75 - vi15) %ﬂ 01 wiles/ vivmte’ 2: [ i i;“i‘;’“
~12 . .
() | |vit)dt is the total distance, inmiles, that Caren 10de [ 1: meaning of rtegral
o 2511 vabue of integal
durirg the 12 mirates fome ~ 0 to 2 ~ 12. : €
~12 22 ~ ~12
lo [vit)| & |nwrnd | vitiad [, vit)a
02+02+1.4 123 nules
(c) Carentums around to goback home attime ¢ ~ 2 mimtes. 5. ‘[ 1: answrer
This 1s the tine atwhich her velocity changes from positive " | 1:wason
to negative.
@ [ wit) @ - 16, Lanylives 1 6 niles from school. ( 2:Lany’s distarce fromschool
s 1 :integral
|°'v|tn @ ~1.4; Caren lives 14 niles fromschool. 3. 1 :vahe
Therefore, Caren lives closer to schoal. - 1:Cawen’s distance fiomscheol
. and conchsion
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Question 2

The rate atwhich people enter an anditormm for arock concert is modeled by the fanction R givenby
Rit) - 13807 — 875 for 0 <¢ = 2 hows; Rit) is measured inpeople per howr. No cme is in the
anditoram at time ¢~ 0, when the doors open. The doos close and the concertbegins at time ¢ ~ 2.

(a) How marny people awe in the aaditormmwhen the concert begins?

(b) Find the time when the rate atwhich people enter the anditormmis a maxirum Jastfy your answer.
(c) The total wait time for all the people in the arditoriam is found by adding the time each personwraits,

starting at the time the person erters the anditcemam ard ending when the concert begins. The function
w models the total wait time for all the people who enter the mditormmbefore time ¢ The derivative

of w is givenby w'it) - (2-¢) Rt). Find wi2) - wil), the total wait time for those who erter the
aditornam after ime ¢ ~ 1.

(d) On average, hoa long does a personwrait in the anditormm for the concert to begin? Consider all people
who enter the anditormim after the dooxs open, and use the model for total wait time from part (c).

@ |’ Rit)dt - 980 people g1 integr
lo [1: answer
(b) Rit) -~ O0whenyt -~ 0and ¢ - 1.362% [ 1:considers R'(¢) -0
The maxanmm rate may ocour at0, @ ~ 1.36296, or2. 3:. 1: interiorcritical point
| 1: arswer and qustification
R0y-0
Ria) - 854.527
Ri2)~120
The maxanmm rate occurs whent ~ 1.362 or 1.363.
) wi2)—wil) |'1'w‘.:. & |'1'.2 t)Rit)dt ~ BLS 5. | 1:integral

The total wait time for those who exter the auditormam after L1 arswrer
time ¢ ~ 115 3837.5hoas.

1 1 ;2 .
() @wda @JOQ tiRit) & - 077551 2:_[1.mtegral
On average, a personwaits 0.775 cr 0.776 hoar.
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Questicn 3

Mighty Cable Company mamfacties cable thatsells for $120 per meter. For a cable of fixed length, the
cost of producing a portion of the cable varies withits distance from the begirmung of the cable. Mighty
repoxts that the costto produce a porionof'a cable that is x meters from thebeginvung of the cable is

6% dollars per meter. (Note: Profit is defined tobe the difference betareen the amount of morey
received by the conmpany for selling the cable and the campany’s costof producing the cable.)

(a) Fird Mighty’s profit on the sale of a 25-metercable.
23— .
(b) Using comectunits, explain the meaning of | &Vx dx in the context of this problem

(e) Whrite anexpression, involving an integral, that represents Mighty’s profit on the sale of a cable that
is & meters long.

(d) Find the maanmm profit that Mighty could earm on the sale of one cable. Justifyy yoar answer.

.‘[l:integxal
"1 answer

(a) Profit - 120.25 [o"aﬁ dx — 2500 dollars 2

() |. f?&."x dyx 15 the difference incost, in dollaws, of producang a | 1: amswer withurts

cable of length 30 meters and a cable of length 25 meters.

sk 1 :integral
(c) Pmfit - 120k — | &Vx & dollars 2. |} imtegl
Do | 1 :expression
(d) Let Pk} be the profit for acable oflength &. [1:Piky~0
Fik)~120 - &Jk - 0 when k - 400, 4_‘!1:3: 400
This is the only critical poirt for P, and P’ changes fiom 1 :amswrer
positive to negative at & ~ 400, | 1 :justification

Therefore, the masdnmm profitis P(400) ~ 16,000 dollas.
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Questicn 4

Let R be the regionin the first quadrart enclosed by the graphs of » ~ 2x and ¥

y xz, as shoanin the fizuwe above. ‘
4 2.4
(a) Fird the arraof R
(b) The region R is thebase of asolid. For this solid, ateach x the cmoss 1
secton perperdicular to the x-axis has area Aix) sinlgx l Find the
voburee of the solid. ’
(c) Arother solid has the same base R Forthis solid, the cioss sections
perperdicular to the p-axds are squares. White, but do rot evahiate, an I
integral expession for the vohime of the solid.
0| 1 T
(a) Area f: 12 % | dx [ 1: irtegrand
’ " 3: 1: mtiderivative
% %x3 | '1: answrer
-0 -
4
3
() Vobhme - [ sin|Zx]ds 1 :integrand
T 3: . 1: atiderivative
2cos|“x'|’ | 1: answrer
g 27 .0 :
4

A

e

_‘[2:inbegmtl
"1 Enats

4
(2) Vohme - | (33| &
Jo
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Question 5

% 2 3 5 8 13
Fix 1 4 -2 3 [

Leat £ be afunction that is terice differertizble for all real roumbers. The table dove gives vahies of § for
selected poirts in the closed irterval 2 = x <13,

(a) Estimate f£'i4). Shoa thework that leads to your answer.

() Evahiate |. 33|3 51 %)) dx Shoa thevwotk that leads to your answer.

- 13
() Use aleft Riemarm sum with subintervals indicated by the data inthe table to approsamate | | £ix) d.

Showr thewok that leads to yoar answer.
(d) Suppose £1i5) -3 and Fix) <0 forall x inthe closed interval 5 < x < 8. Use the line tangent to
the graphof f at x ~ 5 toshow that £(7) < 4. Use the secant lire forthe graphof fon 5 < x <8 to

shmthatfl?lf'%.
(@) fF'id)- f5) -3 3 1: answrer
5-3
~13 . ~13 13 .
) |, B3-5F(xidi~ | 3dx-5| Fixids [ 1 :uses Fand amental Thearem
3(13-2)-S5(f03) - £(9)-8 | 277 ~ of Caleulus
| '1: answer
() ffsfundx = Fi253- 25+ £i3)5-3 a. l[l:leﬂR.iemxmmm
FISIB 51+ £i8)13 -8 - 18 L1: answer
(d) Anequationfor the tangert lineis p ~ -2 +3i(x - 5. [ 1:tangent ire
Since £"ix) <0 forall x inthe interval 5 < x < 8, the | 1:shows £17) <4
line tangent to the graphof p ~ Fix) at x ~ 5 lies sbove 4: ¢ 1:secantline
the graph for all x inthe interval 5 < x < 8. |1 shows f‘l?'.:,g
Therefore, 171 <-2+3.2 - 4, .
Anequation for the secant lineis p ~ -2 ~%|x 5.
Since F"(x) <0 for all x inthe interval 5 = x = 8, the
secantline conrecting (5, £(5)) and (8, £i8)) lies below
the graphof » ~ fix) forall x in the irterval 5 < x < 8.
. .2 9.4
Therefore, §i7) = -2 3 2 3
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Question 6

The derivative of a fanction f is defined by

The graph of the contimons fanction §7, shoanin the fizure above, has
s-intercepts at x ~ -2 and x 3ln|%| The graphof gon -4 = x =0

[ glx) for -4 <x =0

(% d .
O 3 g 0enca

15 a senueircle, and £(0) - 5.
(a) For -4 < x < 4, fird all vahies of x atwhichthe graphof f has apoint of inflection. fastfyy your

(®)
(@

answer.,

Find £i-4) and fi4).

nlli\ ‘

Guaphof /°

For -4 < x < 4, find the valie of x atwhich § has an absohite maanmm. Justifiy yoar answer.

(@

(®)

(@

£ changes fromdecrasing to incresing at x ~ -2 and fiom
increasing to decresing at x ~ 0. Thereforw, the graphof § has

points of inflection at x 2and x ~ 0.

-t
Fi-4) 5«|o £l %) dx
5-8-2r)~-2r-3

Fid-5. f:.ss- 1 3)dn

S(-15¢ % - 3x) -

8- 15747

Simce fix) >0 ontheintervals -4 < x < -2 and
2 < x <3h(3), £is irereasing on the interval

4 <5 <3m(3)

Sirce f'(x) <0 onthe interval 31n|‘% cx 4 fis

decreasing on the interval BMI%I <% <4

Thewefore, f has an absolute maximumat x 31n|%l

[ 1 :idertifies x ~ -2 or x
" |1 : answerwith justification

2:f1-4
1: integral
1:vahe
R ALY
1 : integral
- 1:atidenivative
[ 1:vahe

[ 1 :answrer
" |1 :justification

0
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2010 AP® CALCULUS AB FREE-RESPONSE QUESTIONS (Form B)

A graphing calculator is required for some problems or parts of problems.

it 6

..1‘

A

CALCULUS AB
SECTION IL Part A
Time—45 minutes
Number of problems—3

O

i

[

0

1. In the figure above. R is the shaded region in the first quadrant bounded by the graph of v = 4In(3 — x). the

horizontal line v = 6. and the vertical line x = 2.

{(a) Find the area of R.

{b) Find the volume of the solid generated when R is revolved about the horizontal line v = 8.

{c) The region R is the base of a solid. For this solid. each cross section perpendicular to the x-axisis a square.

Find the volume of the solid.
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2. The function ¢ is defined for v =0 with g(1)=2. ¢(x)= sinf.\'- l} and 2”(x)= | | —L’ |cosf.\'- l)
. . T =0Tz ) T

{a) Find all values of x in the interval 0.12 = x = | at which the graph of ¢ has a horizontal tangent line.
i{b) On what subintervals of (0.12. 1). ifany. is the graph of ¢ concave down? Justify your answer.
{c) Write an equation for the line tangent to the graph of g at x = 0.3.

{d) Does the line tangent to the graph of g at x = 0.3 lie above or below the graphof ¢ for 0.3 < v < 17
Why?

} 1211 5
t O(2| 46| 8|10/]12
4 ft
Pir)| O [ 46|53 |57|60| 62|63
i .

~

3. The figure above shows an aboveground swimming pool in the shape of a cylinder with a radius of 12 feet and a
height of 4 feet. The pool contains 1000 cubic feet of water at time ¢ = 0. During the time interval 0 ¢ =12
hours. water is pumped into the pool at the rate P(¢) cubic feet per hour. The table above gives values of F(t)

for selected values of . During the same time interval. wateris leaking from the pool at the rate R(#) cubic feet

L ~ —0.05 - . . . . ..
per hour. where R(f)= 25¢ 005 {Note: The volume V of a cylinder with radius » and height / 1s given by

V=20
{a) Use a midpoint Riemann sum with three subintervals of equal length to approximate the total amount of

water that was pumped into the pool during the time interval 0 = ¢ = 12 hours. Show the computations that
lead to your answer.

{b) Calculate the total amount of water that leaked out of the pool during the time interval 0 = ¢ = 12 hours.

{c) Use the results from parts {a) and (b) to approximate the volume of water in the pool at time ¢ = 12 hours.
Round your answer to the nearest cubic foot.

{d) Find the rate at which the vlume of water in the pool is increasing at time f = 8 hours. How fast is the
water level in the pool rising at = 8 hours? Indicate units of measure in both answers.
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CALCULUS AB
SECTION II, Part B
Time—45 minutes
Number of problems—3

No calculator is allowed for these problems.

!
2,20 7,20
awnt 2 (.20
10 {16,100
{18, 10)
0 — -
2 4 6 b 16 18
—10 e .
(10, 140 (14, —1(pn

Graph ot v
4. A squirrel starts at building A attime ¢ = 0 and travels along a straight. horizontal wire connected to
building B. For 0 = ¢ = |8, the squirrel’s velocity is modeled by the piecewise-linear function defined
by the graph above.
{a) Atwhat tmesin the interval 0 < ¢ < 18, if any. does the squirrel change direction? Give a reason
for your answer.

{b) At what time in the interval O = ¢ = |8 is the squirrel farthest from building A ? How far from
building A is the squirrel at that time?

{c) Find the total distance the squirrel travels during the time interval 0 = ¢ = |8

{d) Write expressions for the squirrel’s acceleration « (¢ ). velocity v(t). and distance x{t) from
building A that are valid for the time interval 7 < ¢ < 10.
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r=1
v

_ . e . . v
5. Consider the differential equation (l—\ =
oL
{a) On the axes provided. sketch a slope field for the given differential equation at the twelve points indicated.
and for —1 < v < 1. sketch the solution curve that passes through the point (0. —1).

{Note: Use the axes provided in the exam booklet.)

¥

. 2 .
L] 1 .
—1 O 1 o
. —1 .
- =2 -

i{b) While the slope field in part{a)is drawn at only twelve points. itis defined at every point in the xv-plane for

which v = 0. Descnbe all points in the xv-plane. v = 0. for which ‘;—‘ =-I.
ax

{c) Find the particular solution v = f(x) to the given differential equation with the initial condition f(0)=-2.

6. Two particles move along the r-axis. For 0 = ¢ < 6. the position of particle P attime ¢ is given by

plt) = 2cos(§! ) while the position of particle R at time ¢ is given by »{f ) = TR Sy T )

{a) For 0= ¢ = 6, find all tmes ¢ durnng which particle R is moving to the right.
{b) For 0= ¢ < 6. find all imes ¢ during which the two particles travel in opposite directions.

{c) Find the acceleration of particle 7 attime ¢ = 3. Is particle 7 speeding up. slowing down. or doing neither
attime ¢ = 3 7 Explain yourreasoning.

id) Write. butdo not evaluate. anexpression for the average distance between the two particles on the interval
=1 =3
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Question 1

Inthe fizure above, R is the shaded wgzioninthe fistquadrant bounded by the

graphof » ~ 4In(3 - x), the honizortal ine » ~ &, and the vertical line % ~ 2.

(a) Find the areaof R.

(b) Find the vohime of the solid gererated when R is revolved about the &
horizontallive p - 8.

(c) The region R is the base of a solid. For this solid, each cross section
perpendicular to the x-axis is asquare. Find the vohume of the solid.

.o

1 : Conect limits in anintegral in(a), (b),
or(c)

@ |16 43 x)) i - 6816 or6817 5. |1 integrand
o | 1: answrer

&) 7B 4m3 xR B 67| [ 2:inegrand
168.179 or 168.180 1: answrer

@ | 6 43 2 dx - 265266 or26.267 3. [ 2: integrand
0 [ 1: answrer
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Question 2
The function g is defined for x = 0 with g1} - 2, £ - sinx %n and g(x) =[1 -1 Jeos [ 4 %‘n.
\ / . AT \ 4
(a) Find all values of x inthe interval 012 < x <1 atwhich the graph of g has a horizontal tangernt line.
(b) Onwhatsubintervals of (012, 1), if any, is the graphof g concave doan? Jus ifiy your answrer.
() White anequation for the lire tangert to the graphof g at x ~ 0.3,
(d) Does the lire tangent to the graphof g at x ~ 0.3 lie above orbelow the graph of g for 0.3 < x <17 Why?

(a) Thegmphof g has a horizontal tangert inewhen g'ix) - 0. 5. [1:sets glixy~0
This cccurs at x ~ 0.183 and x ~ 0359, 11 answer
k) glixy-0atx- 0129458 and x - 0222734 5. ‘[ 1: arwrer
The graphof g is concave downon (0.1295, 02227, 15 pusitiestion
becanse g'(x) <0 onthis interval.
(e) g£103)- 0472161 T1:g03)
. [ 1.3 :
£(03) -2 |°3g'-x-dx 1 546007 4 1 : intezral expression
1 1:g(0.3)
Anequation for the lire tangent to the graph of g is L 1:equation
» 1545 - 0472(%-03).
@ g'x)>0fw03-x <1 1 : arswer with reason
Therefore the live tangent to the graphof g at x ~ 0.3 Lies
below the graphof g for 03 < x < 1.
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Questicn 3

} 1 — r
t 0 2 4|6 |8|10 12 an
Ao |0 45 53|57 |60 |62 63

The figure above shoars an aboveground swineming pool in the shape of a cylinder with a radms of 12 feet ard a
height of 4 feet. The pool coxtains 1000 cubic feet of water attime ¢ ~ 0. During the tire irterval 0 < ¢ =12
hours, wateris pumped into the pool atthe rate Pit ) oabic feet per hoar. The table above gives vahies of Pit)

for selected vahies of ¢, During the same time irterval, water is lealing fiom the pool atthe rate Rit) oabic feet

per hour, where Rt~ 25", (Note: The vohime ¥ of a cylinderwithradins » and height & is givenby

V- k)

(a) Use a nudpoirt Riemarm sum with three subirtervals of equal length to approzamate the total amount ofwater
that was pumped into the pool dunng the ine hrterval 0 <¢ < 12 hours. Show the campatations that lead to
YOLY arnswer,

(b) Calculate the total armount of'water that leaked out of the pool during the time interval 0 <¢ <12 howrs.

() Use the results from parts (a) ard (b) to approximate the vohime of water in the pool at time ¢ ~ 12 howrs.
Round your arswer to the neawstcubic foot.

(d) Find the rate atwhich the vohare of water in the pool 1s increasing attime ¢ ~ 8 hours . How fast is the water
level inthe pool rising at ¢ ~ 8 hoas? Indicate urits of measure inboth answers.

.12 1 : midpoant
(a) | Pty -464.57.4 624808 5. point surm
o | 1: answrer
12 R [ 1:integral
®) |, Ritid - 25594 8 25 1. awer
(c) 1000 - f:’Pma} {:’R-z-d: 1434.405 1: aworer
At time ¢ ~ 12 houxs, the volume of water in the pool is
approximately 1434 Y.
(d) ¥'it)- At Rit) “1:V8)
V'i8) - Pi8) - RiB) - 60 25 - 4341 43202’ ke | 1: equationmlating g and ?
4 4
¥ - 27k 4:"1:%
aV g4 8R ' =
& ar |1 :urits of )/l and &/ hr
dh 1 v ,
% TaaT dr| . - O®S or 00% R/l
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Questicn 4

A squinel starts atbuilding A4 at time ¢ ~ 0 and bavels along a

straight wie cormected tobuilding 5. For 0 < ¢ <18, the

squirrel’s velocity is modeled by the piecewise-linear finction

defined by the graph dbove.

(a) Atwhat imes inthe interval 0 < ¢ < 18, if any, does the
squirrel change direction? Give a wason for your answrer.

(b) Atwhat time in the rterval 0 <t < 18 is the squirrel
farthest frombuilding A ? How far frombuilding 4 is the
squirre] at this time?

(c) Find the total distance the squirel travels during the time irterval 0 = ¢ = 18,
(d) White expressions for the squinel’s acceleration ait), velocity vit), and distarnce x(¢) from building A that

are valid for the time interval 7 < ¢ < 10.

(a) The squinel changes directionwherever its velocity changes sign.

This occurs at ¢ ~ 9 and ¢ ~ 15.

(b) VelocityisOQatt -0, ¢+~ 9 and ¢ ~ 15,

t position at time ¢

0

945
2

0~ 140

2
6+ 4
5 10 - %0

18 m.Lf.lo 115

15| 140

The squirrel is farthest frombuilding A af time ¢ - 9,
its greatest distance fiom the building is 140.

18
(c) The total distance traveled is ]o [vit)| & ~ 140 + 50 + 25 - 215.

20— (10
(d) For 7 <t <10, ait) ?—10 10

vit) - 20100t -7 10 + 20

e 72—‘5-20 120

Xty = X7+ |._| 10u + 90 du
120 + (S’ 90|

5?90 - 265

2.Il:t-vah1es
" | 1: explanation

1 : identifies candidates
1: arswrers

2:I

1 : answrer

[l:aity
4:0 1wy
L2 %)
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Questicn &

Corsider the differential equation g le

(a) Onthe axes provided, sketch a slope field for the given differertial equation at the
terelve points indicated, and for 1 < x < 1 sketch the solation curve that passes

thiough the paint (0, -1).
(Note: Use the axes provided in the exam hooldet.)

(b) While the slope field in part (a) is drawn at only terelve points, it is defired at every

pointin the xy-plare forwhich p # 0. Descrbe all points in the 4y-plane, » » 0, for -

which % 1.

(c) Find the paricularsohiion » ~ 1%} to the given differential equationwith the irutial

condition £i0) ~ 2.

(a) y
S
—-— Y »
—— l)f /
N ]
- \
. *';1\
®) -1 "J;I:y il

z 1 for all ix, ) with x-land p # 0

(c) fydy ‘l.nx~lcdx

3

21 0- _
3 7-0-C~C’ 2
y: %% +2x+ 4

Since the solution goes thraugh (0,-2), » mastbe

negative. Therefore y Vil o2 4

[ 1:zroslopes
3: . 1:nonzew slopes
| 1:sohtion carve theough (0, - 1)

1 : descnption

: separates variables

: antidenivatives

: coxs tart of ntegration
:uses initial condition

: solves for »

L
[P —

Note: max 2/5 [1-1-0-0-0] if no
constant of integration
Note: 0/5 ifno separation of variables
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Questicn 6

Two particles move along the x-ads. For 0 < ¢ < 6, the positionof particle P at time ¢ 1s givenby

pit) 2ms|';tl,wl'rileﬂ1.epositiomof'pa:ﬁcle R attime tis givenby »it) ~ ¢

(a) For 0 = ¢ = & find all imes ¢ during which particle R is moving to the right.
(b) For 0 =¢ = &, find all imes ¢ during which the two particles tavel in opposite directions.

() Find the acceleration of particle P attime ¢

time ¢ ~ 37 Explain your resoning.
(d) White, butdo not evahiate, an expression for the average distance betwreen the twro particles on the interval

(@

®)

(@

@)

<t =3

ity 3!3 120 +9 =3t -1yt -3
Yity~0whent ~landt -3
Yty >0 for0<t<land3 <t <8
Yty <0for]l <t <3

Therefore R is novingtothenightfor 0 < ¢ <l and 3 < ¢ < &.

plity — -2 %sin| 1|

474
pit)~Owhent ~-Dandt - 4

plit) <0 for 0 -t <4
Pl =0ford <t <6

Therefore the particles travelin opposite directions for 0 < ¢ <1 and

3t <4

Pty 2~'4-;1cos|"4:‘|

" ‘,.‘.': (3% T': \'i .
23 2|‘4‘| cos|‘ 4 | g 2 =0

P30
Therefore particle P is slowing down attime ¢ ~ 3.

%j;lplh rit| &

.‘.1

204

3&.‘

L9 3

3. Is particle P speeding up, slowing down, or doing reither at

R at3]

Lanswey

1:p'in
3: /1 :signanalysis for Pt
|1 :answer

1
2.11

P53
: answerwith reason

irtegrand
: linuts and cons tard
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2010 AP® CALCULUS AB FREE-RESPONSE QUESTIONS

CALCULUS AB
SECTION IL Part A
Time—45 minutes
Number of problems—3

A graphing calculator is required for some problems or parts of problems.

1. There is no snow on Janet's driveway when snow begins to fall at midnight. From midnight to 9 A.M.. snow
accumulates on the driveway at arate modeled by () = 7:¢™* cubic feet per hour. where ¢ is measured
in hours since midnight. Janet starts emoving snow at 6 AM. (f = 6). The rate ¢(¢). in cubic feet per hour,
at which Janet removes snow from the driveway at time ¢ hours after midnight is modeled by

[O for0zr <6
alt)=4125 for 61 <7
[108 for 7= 9.
{a) How many cubic feet of snow have accumulated on the driveway by 6 AM.?
ib) Find the rate of change of the volume of snow on the dnveway at 8 AM.

{c) Let #(r) represent the total amount of snow. in cubic feet. that Janet has removed from the driveway
attime ¢ hours after midnight. Express / as a piecewise-defined function with domain 0 = ¢ = 9.

{d) How many cubic feet of snow are on the dnveway at 9 AM.?

! 0 2 5 7 8
{hours)
E(t)
(hundredsof | O 4 13 21 23
entries)

2. A zoo sponsored a one-day contest to name a new baby elephant. Zoo visitors deposited entries in a special box
between noon (f = 0) and 8 p.M. (¢ = 8). The number of entries in the box ¢ hours after noon is modeled by a

differentiable function £ for 0 =1 = 8. Valuesof E(f ). in hundreds of entries. at various times / are shown in
the table above.

{a) Use the data in the table to approximate the rate. in hundreds of entries per hour. at which entries were being
deposited attime ¢ = 6. Show the computations that lead to your answer.
. . N . . . B L
i{b) Use a trapezoidal sum with the four subintervals given by the table to approximate the value of 3 '[) E(t)dr.

Using correct units, explain the meaning of 3 '0 E(t) dt n terms of the number of entries.

ic) At8Pp.M.. volunteers began to process the entries. They processed the entries at a rate modeled by the
function P, where P(t) == 300> =298 — 976 hundreds ofentries per hour for 8 < ¢ < 12. According
to the model. how many entries had not yet been processed by midnight (f =12)7

{d) According to the model from part c). at what time were the entries being processed most quickly? Justify
your answer.
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3. There are 700 people in line for a popular amusement-park ride when the ride begins operation in the morning.
Once it begins operation, the ride accepts passengers until the park closes 8 hours later. While there is a line.
people move onto the ride at a rate of 800 people per hour. The graph above shows the rate. #{(f). at which
people amive at the ride throughout the day. Time ¢ is measured in hours from the time the ride begins
operation.

{a) How many people arrive at the ride between ¢ = 0 and ¢ = 3 7 Show the computations that lead to your
answer.

{b) Is the number of people waiting in line to get on the ride increasing or decreasing between ¢ =2 and

t =37 Justify your answer.

ic) Atwhat time ¢ is the line for the ride the longest? How many people are in line at that time? Justify your
answers.
id) Write. but do not solve. an equation involving an integral expression of » whose solution gives the eariest

time ¢ at which there is no longer a line for the ride.
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CALCULUS AB
SECTION II, Part B
Time—45 minutes
Number of problems—3

No calculator is allowed for these problems.

(9, 6)

7] X

4. Let R be the region in the first quadrant bounded by the graph of v = 2vx. the horizontal line v = 6. and
the y-axis. as shown in the figure above.

{a) Find the area of R.

{b) Write. butdo not evaluate. an integral expression that gives the volume of the solid generated when R is
rotated about the horizontal line v = 7.

ic) Region R isthe base of a salid. For each v. where 0 = v = 6. the cross section of the solid taken

perpendicular to the v-axis is a rectangle whose height is 3 times the length of its base in region R. Write
but do notevaluate. an integral expression that gives the volume of the solid.
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s

(3,3

-7,-1) (5,-D

Graph ol g’
5. The function g is defined and differentiable on the closed interval [=7.5] and satisfies g(0) = 5. The graph of

v = g¢’(x). the derivative of g. consists of a semicircle and three line segments. as shown in the figure above.
{a) Find ¢(3) and 2o(-2).

ib) Find the x-coordinate of each point of inflection of the graph of v = g(x) on the interval =7 < x < 5.

Explain your reasoning.
. = = - PN \ 2 . . n .. . ~
{c) The function / is defined by #(x)= g(x)— ];\“. Find the x-coordinate of each critical point of /. where

=7 < x < 5. and classify each critical point as the location of a relative minimum., relative maximum. or
neither a minimum nor a maximum. Explain your reasoning.

N
. - . . v .« p v \ gy .
6. Solutions to the differential equation % = .\,\"" also satisfy d - = _\"(l = 3.\'2}'2 J. Let v = {(x) be aparticular
ax dv /

B . . . v . e
solution to the differential equation ‘;—\ = ,\3'?‘ with 7(1)= 2.
o

{a) Write an equation for the line tangent to the graph of v = f(x) at x = 1.

i{b) Use the tangent line equation from part (a) to approximate f(1.1). Giventhat f(x) >0 for | < x < 1.1, is
the approximation for f(1.1) greater than or less than /(1.1) ? Explain your reasoning.

ic) Find the particular solution v = {(x) with initial condition f(1)= 2.
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Question 1

There is no snow on Jaret’s dnveway when snow begins to fall a midnight. From nudnightto 9 AN, snowr
acoanmlates on the driveway ata rate modeled by £it) ~ 78® cubic feet per hour, where ¢ is measured in
hours since midright. Jaret starts removing snoar at 6 &M, ¢ ~ 6). The rate g(t), incubic feet per hour, at
which Jaret emoves snoa from the driveway attime ¢ hoars after midnight is modeled by

0 for0=t-8

git) =125 ford =<7

108 for 7 =t =9.
(a) How marny cubic feet of snow have acoanulated on the driveway by 6 AM.?
(b) Find the rate of change of the vohime of snoar on the drivesray at8 A M.

(c) Let 2(t) represent the total amount of snowr, in cabic feet, that Jaret has removed from the driveway at time
t hours after nudright. Expiess % as a piecewise-defined fiunctionwith domain 0 < ¢ = 9.
(d) How many cubic feet of snow are onthe drnveway at 9 ANM.?

@ [ 'Fd - 14227 or 142275 cubic feet g, [} interl
Jo | 1: arswrer
(b) Rate of change 15 fi8) - gi8) ~ 59582 ar - 59.583 cubic feet per hour. 1 : answer
(e) hi0y-0 [1:hity foxr0 =t <

[
S:01:hityfoxre <t =7
9

ForO <t <& hit) - hil) - foglsnd'.s 0- |'°0ds 0. | 1 3 e 7 <o
. ~ N (P Y B <

For6 <t =7 hit)~hi6)+ [ gis)ds -0+ [ 125ds - 125i - 6).

For7 <t <9, hit)~ hi?)+ |[_gis)ds - 125+ [_108ds - 125 + 1082 - 7).

0 for0<t <8
Thus, hit) - 125t - &) foré <t =7
125+ 108t -7y for 7 <2 =9

. “1: integral
() Arountof snow is [, it} d — k() - 26.334 or 26335 cubic feet. 3:0 19

| 1: answer
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Questicn 2

H
(hous) 0 2 5 7 8
Fit)
(nndreds of | O 4 13 21 i)
entries)

A zoo sponsared a one-day contest to name anew baby elephant. Zoo visitors deposited ertries ina specialbox
betwreenroon (¢ ~ 0) and 8P.M. it ~ 8). The mumber of entries inthe box ¢ hours after moon i1s modeled by a

differertisble fanction F for 0 < ¢ < 8. Vahies of Fiz), in handeds of entries, at vanous times ¢ are shownin
the table above.

(a) Use the data inthe table to approximate the rate, in lindreds of entres per hour, at which ertries werebeing
deposited at time ¢ ~ 6. Showr the conputations that lead to your answer.

-8
(b) Use atrapezoidal samwrith the four subirtervals given by the table to approximate the vahie of 1 | Eit)dr
2lo
-8
Using carrect urits, explain the meanng of% | o Eit) @& mterms of the ramber of entries.

(c) At8P.M, vohinteers began to process the entries. They processed the entries at a rate modeled by the fanction
P where Pit) £ 307 + 298 976 handreds of entries perhoarfor 8 < ¢ < 12. Accoring to the madel,
howr many entries had not yetbeen processed by midnight it -~ 1257

(d) According to the model from part (), at what ine were the extries being processed most quickly? hastify

your answer.

(@) E'g) - % 4 hinded enties per haar 1 : answrer
1:8 . .

®) 5| Eitia [ 1: tapezoidal ;sam
8lo 3.1, .
1,'2.E|Dc~E|2» 3.E|2c~E|5» 2.E|5a~ﬁ'|?» 1.3'?' ~Ei8) "I .apw n
gl 3 } 3 } 3 } 3 ) 1 meaning

10487 or 10,888

-8
%lo Eit)a is the average manberof lmndreds of ertries in the box

betweennoonand 8 P.M.
-12 1 irtegral
) 23 |1 Pitid@ ~ 2316 -7 hinded enties 2 ‘[ .
’s [ 1: answer
d) Pit) -0 whent - 2183503 and ¢+ -~ 10.816497. [ 1:corsiders Piz) -0
t | A 3: 1 1:idertifies cardidates
8 0 | 1: answerwith pstification

9183303 | 5.088562
10318497 | 2911338
12 8
Entries ae being prwocessed mostquickly at time ¢~ 12,
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There are N0 people inline for a popalar amasement-park ride

Question 3

when the ride begins operation in the noring. Once it begins anl
operation, the ride accepts passengers untl the park closes 8 hours

later. While there is aline, people move onto the ride ata rate of
800 people per haur. The graph above showrs the rate, »t), at
which people anive at the ride thioughout the day. Time ¢ is
measured inhours from the time the rnide begins operation

(a)
(®)

(e)

(d)

(a)

(®)

(e)

(d

Poogde per Mour

How many people amive at the ride between ¢t ~ 0 and ¢ ~ 37

Showr the conputatiors that lead to your axswer.

Is the ranber of people walting inlire to get on the ride i 4 4 : 1 : 3
increasing or decreasing between ¢ ~ 2 and ¢ ~ 37 Jushfy 2 ‘o ¢ 5
youy answer. o

Atwhat time ¢ 1s the line for the ride the longest? Hoar many people ae inline at that ime? hastfy your
answers .

White, but do not solve, anequation rvolving an irtegral expressionaf » whose sohition gives the earliest
time ¢ atwhich thewe is no longer alire for the nde.

.3 ' : 1:integral
Prieidr 2.1030 1200 1200 - 200 200 peogple 2:[ mtegy:

Jo 2 2 [ 1: arswrer

The rmumber of people waiting in lire is increasing becanse 1 : answrer wath reason

people move onto the ride at arate of 800 people per hour
and for 2 < ¢ < 3, »(r) =800,

»it)~ 800 onlyats ~ 3 1 identifies t ~ 3
ForO<t <3 »it)>800. Far 3 <t <& »it) <800, 3: ./ 1:mnberofpeople inlire
Therefore, the line is longest at ime ¢ ~ 3. | 1: mustification
There are 0 + 3200 - 800-3 ~ 1500 pecple waiting in lire
attime t - 3.

[ 1:800¢
0 ?m.jor.s.a:s 800¢ 3:. 1:intsgral

|1 arswrer
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Questicn 4

(9,01

O

et

Let R be the rezion in the first quadrart bounded by the graphof p ~ 2Vx, the horizontalline p - 6, and the

y-axis, as shownin the fizure above.
(a) Find the areaof R.

(b) White, but do not evahiate, an integral expression that gives the vohune of the solid generated when R is

rotated @ ount the horizontal line p ~ 7.

(e) Region R is the base of a solid. For each p, where 0 = » < & the cross sectionof the solid taken
perperdicular to the y-axis is a wetangle whose height is 3 imes the length of'its base inwegion R, White,
but do not evaluate, an irtegral expression that gives the vohime of the solid.

(@) Area- |6 24515 - (62 20 s

N

() Vohme - 7] ((7-2/5)" (767 | ds

(c) Solving y ~ 2J% for x yields x {1—'.

-

Eachrectangular cross section has area | 3};—‘ "%— ;

3

167

+

—

:integrand
: antiderivative
: answrey

2: integrand
: Eruts and constart

2 : itegrand
: answey
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Questicn &

(.3

X
/ 0 1 \
(<7, <1) (5, <1
Graph of g’

The fanction g is defined and differertizble onthe closed interval |7, 5| and satisfies gi0) ~ 5. The graphof

» ~ gx), the derivative of g, comsists of a sencircle and thiee lire segments, as s howrn in the figure above.
(a) Find gi3) and g(-2).
(b) Find the x-coorinate of each pointofinflection of the graphof p ~ gix) onthe interval -7 < x < 5.
Explain your reasoning.
(c) The fanction & is defined by hix) ~ gix) éx:. Find the xcocrdinate of each eritical poirt of %, where
T < x <5 and cassify each entical point & the location of a relative mirinoam, relative masanom, or
neither a mirinonm oy a maxinum Explain your reasoning.
(a) g|3| 5+ ‘.3g'|x.dx 5.“"2- E E + T ,‘l:usesgnUu 5
Jo 4 2 2 N
R 3:01: g3
£(-2) 5~|o—.g'|md’x 5-x [1:gi-2)
(b) The graphof y ~ gix) has points of inflectionat x - 0, x ~ 2, 5. [ 1:identifies x ~ 0,2 3
and x - 3 becanse g’ changes fiomincreasing to decreasing at "1 1: explaration
% -0 and x - 3 and g’ changes fiom decreasing to incieasing at
X - 2.
(e) Aixi=glixi—x-0=glix)~x [1:Hix)
Onthe iterval -2 <x <2 glix) ~ V4 - x°. 4:‘! 1:identifies x '_"2.,3 .
On this interval, g'(x) ~ x when x ~ V2. 1: arswer for ¥2 .thhaml?su
| 1: arswrer for 3writh analysis

The only other soltionto g'ix) — x is x — 3.
Rigy-gix1-x>0faw0<x <2

Risy-gix)-x<0far V2 <x <5

Therefore h has arelative maxirumat x ~ v2, and & has reither
a nunnmm noy a maxanmmat x -~ 3.
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Sohitiors to the differential equation o 4y3 also satisfiy

Questicn 6

d’y

‘iy a
dx

particular sohition to the differertial equation J )iy3 with £i1)

(2

dx

y3|1 . 3x3y: |.Let y = fix) bea

2.

White an equation for the live tangent to the graphof » ~ fix) at x - 1.

(b) Use the tangentlire equation from part (a) to approxamate 1.1y, Giventhat fix) =0 forl < x <11, is
the approxamation for (1.1} greater than or less than #(1.1)? Explain yoar reasoning.
(c) Find the partimlarsolation p ~ §ix ) with irmatial condition i) ~ 2.
(a) fily & 8 [
d)ﬁ\.]_:' 2: 4
1 answrer

®)

(e)

Anequationofthe tangentline is » ~ 2 +8i(x —1).

Filly =28
Since p ~ fix) >0 onthe interval 1 = x <1.1
'y

4 ys 11 3x:y3| > 0 ontlus interval.

dx” '

Therefore onthe interval 1 < x < 1.1, the lire tangent to the
graphof » ~ fix) at x ~ 1 lies beloa the curve and the
approximation 2 8 1s less than #(1.1).

dy 3
a v
'1346: |xd’x
Sy "
1 %
» 2°°
| S 5
2.20 2 E=C--3
2 1
y 5 2

.| 1: aprroxamation
" | 1: conchasion with explaration

1 :separation of vaniales
' 1 : antiderivatives
5: . 1 :comstant of irtegration
1 :uses initial condition
1 :solves for »

Note: max 2/5 [1-1-00-0)if no
cors tart of irtegrahion
Note: 0/5 ifno separation of variables
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2011 AP® CALCULUS AB FREE-RESPONSE QUESTIONS (Form B)

CALCULUS AB
SECTION IIL Part A
Time—30 minutes
Number of problems—2

A graphing calculator is required for these problems.

1. A cylindrical can of radius 10 millimeters is used to measure rainfall in Stormville. The can is initially empty.
and rain enters the can during a 60-day period. The height of water in the can is modeled by the function S.
where S(r) is measured in millimeters and ¢ is measured in days for 0 = ¢ < 60. The rate at which the height

ofthe wateris rising in the can isgiven by S7(f) = 2sin(0.031 ) = 1.5.
{a) According to the model. what is the height of the water in the can at the end of the 60-day period?

{b) According to the model. what is the average rate of change in the height of water in the can over the
60-day period? Show the computations that lead to your answer. Indicate units of measure.

{c) Assuming no evaporation occurs. at what rate is the volume of water in the can changing at time = 77
Indicate units of measure.
{d) During the same 60-day period. rain on Monsoon Mountain accumulates in a can identical to the one in

Stormville. The height of the water in the can on Monscon Mountain is modeled by the function M. where
) |
M(t) =
) 400
for 0 =¢=60. Let D(t)=M"{t)—=S"(t). Apply the Intermediate Value Theorem to the function D on
the interval 0 = ¢ = 60 to justify that there exists a time . 0 < ¢ < 60. at which the heights of water in the
two cans are changing at the same rate.

(31“ —30r~ = 330¢ ). The height M(r) is measured in millimeters. and ¢ is measured in days

2. A 12.000-liter tank of water is filled to capacity. Attime ¢ = 0. water begins to drain out of the tank at a rate
modeled by #(¢). measured in liters per hour. where r is given by the piecewise-defined function

) [oooi for 0 1< 5
rty=-8=2

-] ~ -
10007 fort =5

{a) Is r continuous at { =5 7 Show the work that leads to your answer.
ib) Find the average rate at which water is draining from the tank between time ¢ = 0 and time ¢ = 8 hours.
ic) Find #/(3). Using correct units. explain the meaning of that value in the context of this problem.

id) Write. but do not solve. an equation involving an integral to find the time A when the amount of water in
the tank is 9000 liters.
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CALCULUS AB
SECTION IIL, Part B
Time—60 minutes
Number of problems—4

No calculator is allowed for these problems.

|y ¢
= lw\

it
£
N
¥4
r
e

o 1 2

3. The functions { and g are givenby {(x)= Vv and g(x)=6— x. Let R be the region bounded by the x-axis
and the graphs of { and ¢. as shown in the figure above.
{a) Find the area of R.
{b) The region R is the base of a solid. Foreach v. where 0 £ v = 2, the cross section of the solid taken

perpendicular to the v-axis is a rectangle whose base liesin R and whose heightis 2v. Write. but do not
evaluate. an integral expression that gives the volume of the solid.

{c) There is a point £ on the graph of f at which the line tangent to the graph of f is perpendicular to the graph
of g. Find the coordinates of point .

4. Consider a differentiable function { having domain all positive real numbers. and for which it is known that
ff(x)y=(4—-x ).\"" for x = 0.
{a) Find the x-coordinate of the critical pointof . Determine whether the pointis a relative maximum, a relative
minimum, or neither for the function . Justify your answer.
{b) Find all intervals on which the graph of / is concave down. Justify your answer.

ic) Given that f(1) = 2. determine the function /.
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! 0 [10]40]|60
{seconds)

B(t)
{meters)
vit)
{meters per second )

100 | 136 | 9 | 49

5. Ben ndes a unicycle back and forth along a straight east-west track. The twice-differentiable function B models

Ben's position on the track. measured in meters from the western end of the track. at time ¢. measured in
seconds from the start of the ride. The table above gives values for B(f) and Ben's velocity. v(f). measured in

meters per second. at selected tines f.

{a) Use the data in the table to approximate Ben's acceleration attime ¢ = 5 seconds. Indicate units of measure.

. . . .60 ] R .
{b) Using correct units. interpret the meaning of |U [v(t)| ¢ in the context of this problem. Approximate

pe0 . I . . .. .

|(1 [v(£)| dr vsing a left Riemann sum with the subintervals indicated by the data in the table.

ic) For 40 =1 < 60. must there be a time ¢ when Ben's velocity is 2 meters per second? Justify your answer.
id) Alightis directly above the western end of the track. Ben rides so that at time ¢. the distance L(f) between

. . qo rer w2 p N2 . . .
Ben and the light satisfies (L(f )} = 122 = (B(t)). Atwhat rate is the distance between Ben and the light
changing at time ¢ = 407

2

2 Q 4z

Graph of ¢
6. Let g be the piecewise-linear function defined on [-27. 4] whose graph is given above. and

let f{x)=glx)- Cos('—; '

. 4z .
{a) Find | ,_f(x) dx. Show the computations that lead to your answer.

{(b) Find all x-values in the openinterval (=27, 4x) for which  has a critical point.

-

~dx
{c) Let h(x) = '[) g(f) dr. Find fl’(—% .
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Question 1

A ovlindrical can of mdivs 10 millimstars i3 vsd to mazsurs rainfall in Stormwillz. The can is initially zmpty,
and @in entars the can during 2 60-day panod. The haizht of watsr in the can iz modzlzd by the function §,
whers 5(1) i3 measueed in millimaters and 1 i3 measvezd indays for 0 % 1 £ 60, The ratz at which the haizht
of the water is rising in the can is givenby §'(2) = 2sin(0.03) = 1.5

(a) According to the modal, what i3 the haizght of the water in the can at the 2nd of the 80-day panod?

(b) According to the modal, what is the avemzz ratz of chanzz in the haizht of watsrin ths can ovar ths
60-day period? Show ths computations that l=ad to vour answar. Indicats vnits of measurs

(c) Aszzuming no svapomtion oocu, at what ratz i3 the wolume of waterinthe canchanzinzattime r = 77
Indicatz units of measuez.

(é) Dunng thzsams 608ay pariod, min on Monsoon Mountain accumulatss ina canidantical tothzonz in
Stormwville. The heizht of the water in the can on Monscon Mountain i3 modzlzd by the function M, whers
M@) = ﬁ. 3:° 30" = 330¢). The height M(r) is measurad in millimsters, and 1 is measurad indays
for 0€1 £60. Let Diz) = M'(z) = 5'(z). Apply the Intermediate Valuz Theoram to the Sinction D on
theinterval 0 €1 £ 60 tojustify that thers axists 3 tima 1. 0 <1 < 60, at which the haizhts of water inths
two cans arz chanzing at the zams rats,

- [ 1:1limits
(@) S(60)= ‘3 S'(t)dt=171813 mm 3:0 1liintezmand
’ | 1:answer
. S(60) - S0 _ . -
(&) —@ - 2.863 or 2.864 mm/day 1:answer
(&) V(1) =100x5(z) L | 1l:rdationshipbetwean " and §
V'(7) = 100x S(7) = 602.218 T liamwer
Thz volums of water in the canis incraasing at 2 @tz of
2218 mnt [éay.
(©) D(0)=-0.675 < 0and D{60) =65.37730 >0 5 [ 1:considers D(0) and D(60)
Bazcavsz D is continvous, the Intzrmediate Value Theoram L 1: jostification
implizs that therztz a time 1, 0 < ¢ < 60, atwhich Dz = 0.
At this time, the haizhts of water in the two cans arz chanzing
at ths samerata.
1:unitsin(b) or (o)
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Questicn 2

A 12.000-liter tank of watar i3 fillzd to capacity. At time 1 =0, watsrbazins todminout of the tank at aratz

modzled by r(r), mamsursd in litzrs par hour, wharz » i3 ziven by the plecewisz-dafinzd Tinction

[ 600¢
rity=41=3
11000s* forr >3

for0 <1 £53

(2) Is v continmous at 1 = 37 Show the work that l2ads to vour answar,

(b) Find thzavamzarats at whichwater iz dmininz Fom the tank betweentime 1 =  and tims ¢ = § hours.

(c) Find »'(3). Using corractunits, explain th: meaning of that valus in the context of this problem.

(é) Wtz but donot solve, an squation involving an intzzal to find the tims 4 when the amount of waterin

the tank iz 5000 litzrs.

@) timrn = im0 2375205

=8 s+ 3]
lim r(r) = lim (1000s7%*) = 36787

Bzcavsz the l2ft-hand and rizht-hand limits ars notzgqual, » i3 not
continuovs at 1 = 3.

. 148 _ 17800 L f -02 )
(b) 3l t)dt= —3-'.‘.10 o3 & j: 1000 d.,'
= 258052 or 238.033

(c) »(3)=50
Thezratz at which watsris dmininz cotofthetankat time 1=3 hours is

incrzasing at 50 litzrs / hour” .

@ 12,000 - ";r{r) & = 5000

2: conclusion with analysis

L]

L]

s intzz@nd
: imits and constant
ranswer

1r(3)

s mzaninz of »'(3)

s intzzeal
: zquation
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Ths functions f and g arz sivenby f(x) = Vx and g(x) = 6—-x.
Lzt R b= ths rzzion boundzd by tha x-axis and the zmphs of f and

Questicn 3

£.a: shown in the fizues abovs.

(a)

(&)

(©

Fing the arza of R.

Ths rzzion R is thebaszz of 2 solid. Forzach 1 whars

0 £ v £2, ths cross szction of the solid taken perpendicularto

the v-axis i3 arsctanzlawhoszbase lizs in X and whoss haizht iz Jv. Writs, but do notevaluats, an intzzel

sxprassion that zivas the volume ofthe solid.

Therz i3 2 point P on ths zraph of f at which ths lins tanzent to the zrapgh of f is perpendicular to the zraph

of g.Find tha coordinatzs of point P.

(a)

(©

-
2.

Arza = ‘:Jf dx -

[P

-

o ot

Vx = x=
f-x = 6-¥

x

v

Width = (6 —3) = »°

Volums = .; w(6-y -3

f'{x'|= 1

“NX
1 _ -
N =1 = x=7

[

N

The point P has coordinates ;

[ 1:intszral
3:4 1:antidedvative
| 1:answer
| 2:intszrand
3:
| 1:answer

[1:f(x)
3:.0 1:zquatien
| 1:answer
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Questicn 4

Considzr a difzrantiablz function f havinz domain all positive rzal numbars, and for which it is known that

Fl=(d-0x" forxs0.

(a) Find thex-coordinatz of the critical point of f. Daterminz wheather the point i3 2 ezlative maximum, a

relative minimum, or neither for the function f Justify vosranswar,

(b) Find all intarvals onwhich the zmph of fis concave down. Justify vovranswer.

(c) Giventhat f(1) = 2, datzrmins ths function /.

@ fx)=0atx=4
Slx)»0fec0axad
Fixl«0forx>4
Therzfors f has 2 zlative maxinumat x = 4,

) Fx) =-x" = (4-x)(-37F)
= -1 =3
=2 (x-6)
_2Ax-86)
- 3
X
Flix)«0fcc0ax<b

Thz zmphof fis concave downonthzintzrval 0 < x < 6.

© fla)=2= (47 -1 )

[lix=4
304 1:eslative maxinmm

| 1: justification

[2: f(x)
3:4 e
1: answar with justification

B
!lj
P

idenvative

4 o

B

"
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Questicn 5

t )
(seconds) 0 10 | 40 | 60
B(x) 100 | 136| & | 49
(mstzrz)

v(t) -

20|23 (25|46
(maters parzzcond)

Benridzs avnicvelz back and forth alonz astmizht zast-wast track. The twice-diffarentizblz nction B modzls
Ban's position on the track, maasursd in mates from the wastern 2nd of the tack at tims 1, maasurad inszconds
from the start of the ridz. The table above gives valuss for B(t) and Ban's velocity, v(r), measured in matars
per szcond, at szlactzd times 1

(z) Us=z thzdatain the tabls to approximatz Ban's acceleration at tima 1 = 3 szconds. Indicatz units of measuee.

&

.. L . Ly . - .
(b) Usinz comsct units, intzrpest the meaning of ‘0 |wz)| & inthe cont=xt of this problem. Approximats

()
©

250
'D [wr)| & vsinz aleft Rizmann sumwith the subintervals indicatsd by the data in thetable.

For 40 £ £ 60, must thers bz 2 tims 1 whanBan's valocity i3 2 maters per szcond” Justify vour answar,

A light iz dirsctly sbova the wastem 2nd of the track Banrides so that at tims 1, the distancs L(r) batwaan
Ben ang the lizhtsatisfizs (Li1) :): =12 - (B(z) }:. Atwhat ratz i3 the distancs betwezen Ben and thelizht

chanzinzattims 1 =407

@)

&)

(©

@

oL V10)=w0) _ 0.3 _ . 2
0‘73) -~ W = ﬁ = 003 m-téﬁ/a‘x
+ 80
‘0 [w(z)| & is th=total distancs, inmeaters, that Banrides ovar the

60-s2cond interval t =0 to 1 = 60.
":jlwflr)l de = 20-10=2.340-10) = 2.3(60-40) = 139 matzss

B(60)-B(40) _45-5 _ rda
0= - 0 = 2, ths Maan Valuz Theoram

implizs therz isa time 1, 40 < 1 < 60, such that viz) = 2.

Bacavss

2L()L'(z) = 2B(2)B(1)
vy o BIAOVWH0) _ 525 _3 N
L ="Tany ~qm=a~ 3 ™eo/*

L]

D answer

| 1:mesaninz of intzz =l

" | 1: approximation

L]

| 1:diffrance quotient

" | 1: conclusion with justification

[ 1:denivatives

o4 lipsas Blr) =v()

| 1:anzwer

1:unitsin (@) or(b)
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Questicn 6
Lzt g bz the pizcawisz-linzar function definzd on [-27, 47]

whoss zragh i3 ziven above, and Izt f(x) = g(x) - cost:

[

(a) Find . f x) dk. Show ths computations thatlzad to vour

answear. ¥ + + +
2 Q 45
(b) Fing all x-values in the opan interval (=27, 47 forwhich f I T
has z eritical point. Graph of g
© Lauu.-‘ “g(1) . Find K| -3 |.
(a) fx- r ‘glxn—cos—lla& 5. | 1:antiderivative
g : _ iy T 1 amswar
= q-—ﬁ‘-m‘i‘l- -
6; L-: ‘2‘_'_‘_-_.
=61°
1+ sin[ X 0
1 { x\ :"j:mi'z—l TEx< ’ d 21\
(b)) flx)=gx- §m|3]=1 D1 :I:Z,cos‘syl‘l
(—3 T3Sy orl<x<c4ar 4.0 1: 80
lix=0
F(x) doss not existat x = 0. lix=x
For =2v = x< 0, flx)=0.
For O<x<4r, fix)=0whenx=7.
f hascaticalpointsat x =0 and x = 7.
(c) hl x = a{sxl'l -3 3. ‘1-21 h'{x)
Sl lramswer

K| —% =3g(-7)=3x
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2011 AP® CALCULUS AB FREE-RESPONSE QUESTIONS

CALCULUS AB
SECTION IL Part A
Time—30 minutes
Number of problems—2

A graphing calculator is required for these problems.

1. For 0 £ = 6. a particle is moving along the r-axis. The particle’s position. x(f ). is not explicitly given.

The velocity of the particle is given by v(r )= 2sin(¢f /4 )= 1. The acceleration of the particle is given by

l,c’“cos(:"“) and x(0) = 2.

alt) =
{a) Is the speed of the particle increasing or decreasing attime ¢ = 5.5 7 Give a reason for your answer.
(b) Find the average velocity of the particle for the time period 0 = ¢ = 6.

ic) Find the total distance traveled by the particle from time t = 0 to f = 6.

id) For 0 = = 6. the particle changes direction exactly once. Find the position of the particle at that time.

! 0|2]5]9]10

{minutes)

HE) Voo | 6052|4443
{degrees Celsius)

2. Asa pot of tea cools. the temperature of the tea is modeled by a differentiable function A for 0 = ¢ = 10. where
time ¢ is measured in minutes and temperature H(¢) is measured in degrees Celsius. Values of H(1) at selected
values of time ¢ are shown in the table above.

{a) Use the data in the table to approximate the rate at which the temperature of the tea is changing at time
f = 3.5. Show the computations that lead to your answer.

. . . . A B LU A .
{b) Using correct units. explain the meaning of % |U H(t ) dt n the context of this problem. Use a trapezoidal
| Ale

) 72N
o Jn Ht)dr.

sum with the four subintervals indicated by the table to estimate
. do o ) ) ) . i . L

{c) Evaluate 'U H'(1)di. Using correct units. explain the meaning of the expression in the context of this
problem.

id) Attime ¢ = 0. biscuits with temperature 100°C were removed from an oven. The temperature of the
biscuits at time ¢ is modeled by a differentiable function B for which it is known that
B(t) = -13.847MY g ng the given models. at ime ¢ = 10. how much cooler are the biscuits than
the tea?
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CALCULUS AB
SECTION II, Part B
Time—60 minutes
Number of problems—4

No calculator is allowed for these problems.

R

O
3. Let R be the region in the first quadrant enclosed by the graphs of f(x) = 8% and g(x) = sin(zx). as shown
in the figure above.
{a) Write an equation for the line tangent to the graph of f at x = 17

{b) Find the area of R.
ic) Write. but do notevaluate. an integral expression for the volume of the solid generated when R is rotated
about the horizontal line v =1.
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5. At the beginning of 2010, a land fill contained 1400 tons of solid waste. The increasing function W models
the total amount of solid waste stored at the landfill. Planners estimate that W will satisfy the differential
) W N . ) . . )
equation ‘[T = %(H' —300) for the next 20 years. W is measured in tons. and ¢ is measured in years from
¢ e

the start of 2010.
{a) Use the line tangent to the graph of W at + = 0 to approximate the amount of solid waste that the landfill

contains at the end of the first 3 months of 2010 (time ¢ = % ).

y T y T

. W - W . . . .

i{b) Find d! 5~ Interms of W. Use (I! 5 to determine whether your answer in part {(a)1s an underestimate or
dat= s
an overestimate of the amount of solid waste that the landfill contains attime ¢ = &

. : o e CdW L

{c) Find the particular solution W = W) to the differential equation e ’—;‘(H —300) with initial
< ram

condition W(0) = 1400.

. A - . [1=2sinx forx<0
6. Let { be a function defined by f(x) =+ _,, 3
[v ) for x = 0.

{a) Show that / iscontinuous at x = 0.
3

{(b) For x = 0. express {’(x) asa piecewise-defined function. Find the value of x for which {"(x) = =3.

{c) Find the average value of { on the interval [-1.1].
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For 0 £ 1 £ 6, aparticlz iz moving alonz the x-axis. The particle’s position, x(1). is not explicitly ziven.

Ths vzlocity of the particlz i3 ziven by V1) = 2ain ,j £/ 1. Theaceslzration of the particlz iz ziven by

Questicn 1

alt) = —.{s"“cos (1) and x0) =2,

(=)
(b)
()
(@)

Is the zp22d of the particls incraasing or deorzasinz at time 1 = 3357 Givez raason for vour answar,
Find thz avemzz valocity of the particlz for the timepenod 051 £ 6

Fing th= total distancs travalzd by the particlz fromtimz r = Qtor = 6

For 0 £ 1 £ 6, thsparticls changas dirsction sxactly once. Find the position of the particlz atthat tims.

(2)

()

©)

W5.3) = —045337, a/5.5) = -1.3585]

Ths spz=d iz incrzasing at time 1 = 3.5, bacavsz velocity and

acczlzmtion have ths samesizn.

Avemzavalocity =

[ +(0) de = 1949

[

.5 )
Distance = ‘D|~.'{tfu| & =1237

vz chanzas sizn from positive tonsgativeattime 1 = b

x(b) = 2+ [ () & = 14134 0r 14.135

2: conclusion with raason

]

(]

[ET—

(-

[T -

cconsiders ) =0
sintzzral
s answar
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Questicn 2

! 0

(mimstss)
H@)

(ézzrass Calsivs)

L]
L
O

10

66 | 60

“h
L]

4| 43

A3z potoftza cools, the tempamtuee of the tza s modalzd by a diffzrentiabls function H Sor 021 £ 10, whars
tims 1 i3 measured inminstss and temperaturs F1) i3 measursd in degress Calsivs. Valves of H (1) atzad=ctzd
valvzs of tims 1 ars shown in the tabls zbovs.
() Us= ths data in th= tzblz to approximats ths @tz at which the temparatues of the t2a is chanzing attims

t = 3.3. Show thes computations that 12ad to vouvranswer.

10
(b) Using corract units, explain the meaning of 1—10 ‘0 H(1) dr inths contaxt of this problem Usz a tmpezoidal

+10
sumwith the four subintzrials indicatzd by the tabls to zstimats -1% ‘0 H(s) dt.

P10, .. . . . - .. -
(c) Evzluat ‘0 E'(1) dr. Usingz corract units, =xplain the meaning of the sxprassion in the contaxt of this

problem.

(&) Attms r = 0, biscuits with tamperatues 100°C werz ramovad Foman oven The temparatues of the
biscuits at time 1 i3 modzlzd by a differantiable Sinction B for which it is known that
Bir)= 13,8470 Using the ziven modals, at time ¢ = 10, how nwch cooler arz the biscuits than
the tza”

(@ H'(33) = H05) - H(2) :;: fl'l"“ 1: amwar
52-60 o
== T = —2.666 or =2.667 dazra=s Calsivs par minuts
210
(b) 1—%.3 Hir)dr s the averazs tempemtuee of the t2a, indezreas Calsivs, [ 1:msaning of mprassion
ovar the 10 mimstes. 3:. 1: trmpezoidal sum
10 1. &6 60 . : | 1:=stimats
. 104 B6-60 . 60-32_ , 32-44 ., 4443
ﬁ.‘o Hinydt= ik 3 3 3 < 3 1 o
=328
210
(&) |, Elayde= E(10) - H(0)=43-66 =-13 .| 1ovalue of intzzal
Ths tempamture of the tza drops 23 dazraas Calsivs fromtime r =0 to  1: meaning of expression
time ¢ = 10 minutas.
@ B0)=100+['B(r)dr = 3418275 H(10) - B(10) = 8317 [ 1: integrand
Ths bizcuits arz 8.817 dezreas Calsivs cooler than the tza, 3:4 1:uses B(0) =100
| 1:anzwer
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Questicn 3

Lzt X b= the r=zion in the first quadrant enclos=d by the zmphs of flx) = 8
and gix| =sin(7x), as showninthe fizurzzbovs.

[
-
 —
1|
—

(a) Writz an squation for ths linz tanzent to the zragh of fat x =

(b) Findthzarsaof K.

(c) Writz, but do notzvaluats, an intzz ! sxprassion for the volume of thesolid

zaensratzd whan R i3 rotatzd about the herizental line v = 1 R
o x
| ( ’ l
@ s(3)=1 REE)
o 2 Jf 1) | 1:answ
Flxi=247 50 2 =6 L 1:answer
An squation for the tanzent linsis v = 1= 6 x -2
IR o R
(b) Arzz= ‘0 (g(x)— fix)) [ 1:intzzrnd

2172, .. 4.0 2 antidarivative
Lo
= _‘0 {sin(7x) = 8" ) | 1:answar
r -x-],’:
= —icos{xx)— 2% |
x dze0

[
[

© f."‘;/:{'(l—f{x"-): -(1- g{x_‘.): IE:S 3. { 1:kmits and constant
: ' " | 2:integand

TET R
=r - e - siatmn
i | |
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Thz contimuous function f 13 é2finzd onthainterval —4 £ x £ 3.
The zraph of f consists of two quartsr circlzs and enzline
szzment, 23 shown in the fizue above,

Lat g(x) = 2x = | fo)dr.
=L :I \"J

(=)

(&)

Questicn 4

Find =(-3). Find g'(x) and svalvatz g'(-3).

Daztermins the x-cooréinatz of the point atwhich g has an f & L
absolutz maxinumon theintzrval =4 £ x £ 3.

Justify yvour answar. e

(c) Fing all valves of x onths intzrval =4 < x < 3 for which
ths zrapgh of g has a point of inflection. Givea rzason for
VOUr answar.

(é) Find thes avarags ratz of chanzz of f on the interval Gueghof £
-4 % x23 Therzisnopoint ¢, 4 < ¢ < 3, forwhich f(¢) is =qual to that averazs ratz ofchanzs.
Explain why this statzment dozs notcontradict the Mzan Valuz Theorzm.

\ 2 N s N p=3 . 9 X N . . N

(@) gl-3)=2-3)- '3 fli)de=-6- 3 [l:g0-3)

gix)=2= fix) 3:01:g(x)
13

(©

@

g(-31=2=7(=3]=2

l:considers glx) =0

[

g(x)=0when f(x]=-2. Thiscccursat x =
3.0 1:identifizs intericr candidats

A S Al S

gix)>0fer-4<xx Fae g(xi< 0 oryex <3 | 1:answar with justification
. . 3

Thersforz g has an zbsolute manimum at x = 5.

g'(x) = f(x) changss siznonly at x = 0. Thus the zraph 1: answer withraason

of g has a pointofinflactionat x = 0.

Ths averazz ratzofchanzzof fontheinteral —4 £ x £ 3 i 5 | 1:averaze mte ofchanss

- .
S-S _ 2 | 1: explanation

-9
Toapply the Mzan Valoz Theoram, f nwst bz diffzrantiable
at zach point inthe intzrval =4 < x < 3. Howsaver, f iz not
Gifzrantiablzat x = =3 and x = 0.
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Questicn 5

At the bezinning of 2010, 2 land Al containzd 1400 tons of solid waste. The incrzasing function 77 modals

the total amount of s0lid wastz storzd at the land il Plannes zstimate that 7 will satisfy the difzrantial

zquation % = .,i{(ﬂ’ —300) forths next 20 wveas. 77 iz measurad intons, and 1 i3 maasurad in vaas from

the start of 2010. -

(a) Uszthzlinz tanzanttothzzmphof  at 1 = 0 to approximats the amount of s0lid wastz that ths landfill
contains atthe =nd of ths first 3 months 0f 2010 (time ¢ = % ).

dw

(£) Find ‘:k T interms of . Use

to dztzrminz whathar vour answar in part (3) i3 an underastimatz or
an overastimatz of the amount of solid wastz that the landfill containz at timz 1 = %

=1

(c) Find the patticularsolution " = Tf"(r': to ths éiffzrential zquation % 3

condition (0 = 1400.

(W —300) withinitial

A

@ %' - 25 (7(0) = 300) = (1400~ 300) = 44 , [ ar=0
Ths tanzent linz i3 ¥ = 1400 - &41 L 1:answer
-1 _aal il
W:I = 1400 44;3. = 1411 tons
® %:%%:%qrr-m}mw;uw 2:‘:1:%
4T | 1: answarwithrzason

Therzforz i >0 onthzinterval 021 £

Ao hes

Ths answarinpant (3) i3 anundeestimats,

(© % = .‘i{{ff’ -300) 1 :s=paration of varizbles
- - 1 1:antiderivativas

I = av = |ssa 5-11: $ stz ati

7 - 300 3 304 1:constant of int=zemtion
- S 1: v3=s initial condition

Iaf¥" - 300| L € 1: solves for W

10(1400 - 300) = (0 = C = 1n(1100) = C ) ) B )
’ =2 ’ Notz max 2/5 [1-1-0-0-0] ifno constant of

v ez @t
7 - 300 = 1100s~ e

-3
I

. : 0/ 3 ifnoszpamtion of variablas

T =300-1100s7, 0€:220
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Questicn 6

. ~ ) [1-2sinx forx 20
Latf bz a inctiondafinad by f(x) =4 _, .
s forx » 0.
(a) Show that f is continmmovs at x = (.
(b) For x =0, exprass f(x) a5 a pizcewise<2Anad function. Find the valuz of x forwhich f/(x) = -3.

(¢) Find theavemze valus of fontheinterval [-1 1].

(a) lim (1-2sinx) =1 2: analyvsis
-!_“3.
<z

ime " =1
=07

70 =1

So, ltx_‘%f (x) = F(0).

Therzfors f iz contimuovs at x = 0.

® i [-2cosx forx <O
(x)=.

” B
f_—4e'4‘ for x>0 3:;

=2cosx = -3 forallvalvzs of x < 0.

-4z _ . _ 1 3!
—4 ——Sv.henx——zlnb|>0.

fars vy = <3 & -1, /3]
Tharsforz flx)=-3 for x = EM(I.'

P RPN Pl r -0 ) . . .1 —4s
@ | ]f‘».x.'dx = | ]f'f.x.' dx = |0f\.x.'dx 1: 1\_1— 2sinx) ok and ‘os &
N o ) 4. L .
= (0.:'1—231111‘. e - ‘-15_4‘ & | 2:antidenvativas
=t i -2 | 1:amswer
r - z=l ri 4 —zel -
=|x=2cos x - =5
l. - J ze=l l. - .I,-o

=(3-2eos(-1) = [-3¢ = 5

»1
Avemgevalue = % ‘-] Flx) ak

131
—? Cos( l'l ss
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2012 AP® CALCULUS AB FREE-RESPONSE QUESTIONS

CALCULUS AB
SECTION IL Part A
Time—230 minutes
Number of problems—2

A graphing calculator is required for these problems.

f (minutes) 0 4 9 15 20

W(t) (degrees Fahrenheit) | 55.0 | 57.1 61.8 | 67.9 | 71.0

1. The temperature of waterin a tubat time ¢ is modeled by a strictly increasing. twice-differentiable function W,
where W(¢) is measured in degrees Fahrenheit and ¢ is measured in minutes. At time ¢ = 0. the temperature of

the wateris 55°F. The water is heated for 30 minutes. beginning at time ¢ = 0. Values of W() at selected
times ¢ for the first 20 minutes are given in the table above.

{a) Use the data in the table to estimate W’ (12). Show the computations that lead to your answer. Using correct
units. interpret the meaning of your answer in the context of this problem.

. 0 . . . A . N
i{b) Use the data in the table to evaluate |0 W*(t )di. Using correct units, interpret the meaning of '() W(t) di

in the contextof this problem.

ic) For 0=t = 20. the average temperature of the water in the tub is Wi(t)dt. Use aleft Rlemann sum

| 2
20.'(1

. . . - . . [ L .
with the four subintervals indicated by the data in the table to approximate 30 |“ Wit)di. Does this

approximation overestimate or underestimate the average temperature of the water over these 20 minutes?
Explain your reasoning.

{d) For 20 = = 25, the function W that models the water temperature has firstderivative given by
W’(t) = 0437 cos(0.06¢ ). Based on the model. what is the temperature of the water at time ¢ = 257

0 1

2. Let R be the region in the first quadrant bounded by the v-axis and the graphsof v =In x and v =5 — 1. as
shown in the figure above.

{a) Find the area of R.

i{b) Region R is the base of a sdid. For the solid. each cross section perpendicular to the \-axisis a square.
Write. but do not evaluate. an expression involving one or more integral s that gives the volume of the solid.

ic) The horizontal line v = & divides R into two regions of equal area. Write. but do not solve. an equation
involving one or more integrals whose solution gives the value of £.
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CALCULUS AB
SECTION II, Part B
Time—60 minutes
Number of problems—4

No calculator is allowed for these problems.

Graph of f

3. Let { be the continuous function defined on [—4. 3] whose graph. consisting of three line segments and a
.. . . . . ~ . . ¢ 3\ e PN
semicircle centered at the origin. is given above. Let g be the function given by g(x) = 'l f(t)de.
{a) Find the valuesof ¢(2) and ¢(=2).
i(b) Foreachof g’(=3) and ¢”(=3). find the value or state that it does not exist.
ic) Find the x-coordinate of each point at which the graph of g has a horizontal tangent line. For each of these

points. determine whether ¢ has a rlative minimum, relative maximum. or neither a minimum nor a
maximum at the point. Justify your answers.

id) For =4 < x < 3. find all values of x for which the graph of ¢ has a point of inflection. Explain your
reasoning.

" . . ~ o - 2 - - ;=
4. The function is defined by f{x)=+25—1" for-5=x =5
{a) Find "(x).
{b) Write an equation for the line tangent to the graph of fat x = =3.

(f(x) for 5 xv<=3
[x =7 for-3 < x =5
[s ¢ continuous at x = =3 ? Use the definition of continuity to explain your answer.

ic) Let g be the function defined by g(x) = -

. L5 -
{d) Find the value of | W25 —x

. 2
<0

dx.
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5. The rate at which a baby bird gains weight is proportional to the difference between its adult weight and its
current weight. Attime ¢ = 0, when the bird is first weighed. its weightis 20 grams. [f B(¢) is the weight of the
bird. in grams. at time ¢ days after it is first weighed. then

dB l, .
9 Lhaoo-p)
it 5( 1')

Let v = B(t) be the solution to the differential equation above with initial condition B(0) = 20.

{a) Is the bird gaining weight fager when it weighs 40 grams or when it weighs 70 grams? Explain your

reasoning.
B 1’
{b) Find tl 5 intermsof B. Us (I—, to explain why the graph of B cannot resemble the following graph.
di” at”
100
2
3
5
=
=
R3]
=
20
0

Time (days)
{c) Use separation of variables o find v = B(t). the particular solution to the differential equation with initial
condition B(0) = 20.

6. For 0= 1 = 12, a particle moves along the r-axis. The velocity of the particle attime ¢ is given by

W(1) = cos| 1.. The particle is at position v = =2 attime ¢ = 0.

T
6
{a) For 0= ¢ = 12, when is the particle moving to the left?

i{b) Write. but do not evaluate. an integral expression that gives the total distance traveled by the particle from
time { =0 totime ¢ = 6.

ic) Find the acceleration of the particle at time £. Is the speed of the particle increasing, decreasing. or neither at
time ¢ =47 Explain your reasoning.

{d) Find the position of the particle attime ¢ = 4.
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Questicn 1

t (minutss) 0 4 g 15 20

¥ (t) (¢2grees Fahrenhait) 0| 371 | 618 | 679 | 710

=0
=

Ths tempemturz of water in a twb at tims 1 13 modzled by astaatly incrzasing, twics-diffzrentiable function 7,
whars i) i3 measueed indazrees Faheenheit and 1 13 maasurad inmimstes, Attime 1 ~ (. ths tempemtues of
thewatzris 33'F. Thawatsris hzatzd for 30 minutzs, bezinninz at time ¢ ~ 0. Valuzs of i) at szlzctzd
timas 1 for the frst 20 minutss arz ziven in the tablz abovs.

(2) Us=zths data in ths tablz to sstimatz 77(12). Show ths computations that 12ad to vour answar. Using corract
vnits, interprat the meaning of your answar in the contaxt of this problam.
: P20 .. L . L.
(b) Usz thzdatain the tablz to zvalvats jg T(z) d. Using coreect units, interprat the maaning of jj W'(z)dt
in ths context of this problem.

#20
(¢) For 0 =1 < 20, the averazs temparaturs of the watsrinths twbis .,—lcjj iz de. Uszzaleft Rismannsom

. - . - . . . S0 .
with the four subintervals indicatzd by the data in th= tablz to approximats ‘_lcjo T (z)dr. Dozs this
approximation oversstimats or undarastimats the averazs tamperaturs of the watsr over these 20 minutes?
Explain vour rzasoning.
(é) For 20 =1 < 23, the function ¥ that modals the water tamparaturs has first derivative ziven by
F'(z) = 0447 cos( 0.061). Bas=d on the modal, what is ths temperaturs of the water attims ¢ — 257

@ Wiy~ E0-FO) 619618 . [ 1+ sstimate
. 1017‘(“ 1.016) - 1: mtexpterzuonv-m\umts
Ths water tamperaturs i3 incraasing at 2 ratz of approximataly
1017 'F perminutzat tims ¢ - 12 minutas.
$20
(t) ‘0 W(t) & - W(20)- W(0) - 71.0- 550~ 16 . [ 1:valse
Ths watsr has warmad by 16°F over the interval from 1 = 0 to 1 intepratation with units
t = 20 minutes.
.3 . . . i
() 2—10.0 Wity = 2—10.‘4%’.'0-, +3.Wi4) +6. WS +3.- W13 [ 1:1z8 Rismannsum
1, ccn.s < < gma 3:4 1:approximation
- ﬁ.4'-{-ﬁ.c +2 -.,v'.l . 6618 + .,-6!.9] !- 1 :mdefe':me"-‘imfa&m
- 5512158 - 6.7
This approximation is an vnderastimats, becavsz a l2ft Rizmann
sum iz v3zd and the function 777 is strictly incraasing.
@ W(235) -T1.0+ ";w’u;.dx . [ 1:integeal
- 71.0+ 2.043155 - 73.043 1:amwer
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Questicn 2

Lzt R bz ths razion in the first quadrant boundzd by ¥
thex-axis and the zmphsof v ~ lnx and v -~ 53— x,
a3 shown in the fizues above.
(2) Fingthe arza of R. ]
(b) Razgzion R is ths basz ofa solid. For ths solid,

zach cross saction parpandicular to the x-axis i3

2 squars. Writz, butdonot =valuats, an o

sxprassion involving ons or mors intzzals that
zives the volums of the solid.

(c) Thehoerizontal line v — & divides R into two ragions of zqual arsa. Writz, but do not solve, an =quation

involving ons or mor= intzzrals whoss solution zives the waluzof &

lnx = 3-x = x- 365344

Therafors, thezmphsof v~ lnx and v~ 35— x intzrsactin
the first quadrant at the point (4, B) ~ (3.65344, 1.30636).

- VA
@ Ama-|'(5-y-¢)d
- 2.986 (or 2.885)
OR

Ama o [Maxde o [5ox)
vl v
- 2.386 (or 2985)

-

(t) Volums - j;u'lnx): e + J'jii— x)"

© [H5-3-¢)d -5 2986 [or 3 2983

[ 1:intsgrand
3:4 1:limits
[ 1:answer

intzzrands
prassion for total volume

w
"
[ )
B

ﬁ

s intzgrand
: limits
: zquation

S

[
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Questicn 3

Lzt / bz the continuous function éefinzd on |- 4. 3|

whoss zragh, consisting of threzlinz sezments and 2
semicirclz centersd at the orizin, is zivenabove. Lat 2

b the fonction siventy £(x) - ["f(1)

@

(&)

(©

)

Find thewalvzs of 2(2) and z(-2 ).

Forzachof g'(-3) ané g"i(-3), find the walvzor
stats that it doss not axist.

Find the x-cooréinatz of zach pointat which the
zmphof g has 2 honzontal tangant line Forzach

(1,
(3,-1)
Graph ol [

of thasz points, éatermine whather g has 2 slative mininmm, lative maximum, or naither amininmmnor

2 maxinmm at the point. Justifv vour answan,

For -4 < x <3, &nd all values of x for which the zraph of g has a pointofinflction. Explain vour

rzasoning.

(2)

(®)

©

@

2(2) - L‘fujr) & - -%ujljnl%

\ 1
|-—3
o2 -1
gl-2) - j] fi2) & - —j__fu‘:]dr

(3 T 3

gixy=fixy = gi-3)- f(-3-2
gixy-Ffixy = i-3-Fi-3 -1

Ths zreph of g has 2 honzontal tanzent linzwhars
gix)= fix)~ 0. Thisoccursat x = ~1land x - 1.

£'ix) chanzss sizn from positive tonsgativeat x ~ 1.
Therzfors, g has a ralative maxinmmat x - 1.

£'(x) do=s not chanz= siznat x ~ 1. Tharsfors, g has

nzither a rzlative maxinmm nor arzlative minimum at x - 1

Thes zmph of g has a point of indection at sach of
x=-2 x=0, and x -1 bacavsz g"(x) - f(x) chanz=
zizn at zach of thesz valves,

]

[

L]

1 £i-3)
1 £"(-3)

sconsiders gixy -~ 0
tx=-landx~1
: answers with justifications

L answer

: zxplanation
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(@)
(b)

(©

@

Questicn 4

Find £'(x).

Writz an zquation for the lins tanzent to the zraph of fat x ~ -3,

Lzt g be the functiondefinzd by glx) ~ | -
Ix + 7

3
<

Ths function f iz éefinzd by f(x) ~ V25 %% for Sex<s.

for -3<x <=3,

[flx) for-3=x=-3

Is g contimuous at x — —3 7 Us= tha d=finition of continuity to explain vour answer.

(@)

&)

©

@

Find the valuz of 5‘5 w25 - ¥
e Y2, N i,
f’lxy-éu:—rp - X, S5<x<3
<! 25 —x°

F(-3)=-V25-5-4
An=zquation for the tanzent linz is v~ 4 +%(x+3).

lim glx)= lm fix)~ lim V25 oxm -2
PN

=3 Pl
Em gix)~ lm ix+7)~4
P 2=-3
Therzforz, lim_gix) - 4.
Lpad
gi-3) = fi-3 -4
So, lim g(x) - g(-3).
X ——

Tharzfors, g i3 continuous at x - —3.

Letu~ 25 % = du- 2xdx

25 - 20
25 a3
T 12 3270
S Eel
iy _g
-— lo—la.,] 3

L]

L]

[ ]

s fix)

%

12 f-3)

1:amswer

1: considars ons-3idzd limits
1: answar with sxplanation

2 antidarivative
1:answer
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Questicn b

The ratz at which a baby bird zains waightis proportional to the difzrenca batwaen its adult waizhtand its
current waizht At tims ¢ - 0, when the bied i3 Srstwaizghsd, its waight i3 20 zrams. IF Bir) i3 the waight of the

birg, in zrams, at time 1 dayvs afteritis fstwaizhed, then

& 1
a&

= - (100 - B).

Lzt v = Biz) bzthesclution to the difzrential zquation above with initial condition 510) ~ 20.

(z) Is thabird zaininz waizht fasterwhen it waizhs 20 zrams orwhan it

waizhs 70 zrams 7 Explain vour rzasoning.

4B

-

(b) Find ? intzrms of B.Usz % to explainwhy the zmphof B

cannot rzseamblz the followinz zraph

(c) Uszszparationofvanablas tofind v ~ Biz), theparticularsolution to
the differential 2quation with initial condition B(0) - 20.

v

g

Welght (grams)

2
I

‘Time {days)

@ = - —l(scp -12

S=d)

dB!

D -1(0)-6

570 -
Bzcavss —1 > — . ths bigd {5 zainins
dtlzisn d |z’ - -

waight fastzr when itwaizhs 40 zams.

d&B_ 148 _ 11, NS T

Therzforz, the zeph of B is concave down for
20 < B < 100. Aportionof the ziven zmphis

concave up.
© % - %uoc_m
c 1 1
Jos%E- )54

~1a]100- B| - 21+ C

Bacause 20 < 5 < 100, 100 5| - 100 5.
~1a(100 - 20) - %;c-, +C = 1ni80)-C
100- B - 80s~/*

Bi1) - 100 - 80~/ £ 20

B ltusesg

dt

| 1:answer withrazon

[

.

L

,... ..
[ S S

1: 4B i terms of B
d:-

1:zxplanation

: szparation of variablas
: antidarivativas

: constant of intsgration
: 1323 initial condition
csolvas for B

max 2/3 [1-10-0-0] t7no constant of
intszration

0/31if no separation of vaniablss
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Questicn 6

For 0 =1 <12, a particle movas along the x-axis. The velocity of the particlz attims ¢ is zivenby

-
4

v(z) = cosl%r]. Ths particls is atposition x ~ -2 attimes 1 -~ (.

(a) For 0 =1 <12, whanis the paticls moving to the 1287

(b) Writz, butdonot zvaluats, an intzzral axprassion that zivas the total distancs travalzd by the particls Fom

timsr ~ 0 to tims 1 —~ 6.

(c) Find ths acczleration ofthe particlz at time 1. Is the sp22d of the particlz incrzasing, decraasing, ornaither at

tims 1 = 47 Explain vour rzasoning.

(é) Find thzposition of theparticlzat time 1 — 4.

(&) vit)=- cos[%t:l -0 = =368

Ths particls iz moving to the lzf when v(1) < 0.
This occurs when 3 <1 <8,

»5
®) |, lviny|dr

@) ar) - —'—gsinl:%rr:l
a(4) - _E-m‘E] -3 o
ALY S 12
R
vi4) = cos| | = f% <0
‘ 37 P

Ths spead is incraasing at tims ¢ ~ 4, bacausz velocity and
acczlzmtion have the samsesiza.

4 {2 \
@) xi4)=--2+ r cos| 1| &
Jo V6
ré . x 1t
—¥1 -_'m _r i
2+ wealEr )
67 . J2m) |
.
-2+ 2 a5 0!
Tz’ |,3.| j
5,883, 38
“TrE2 “Tr

o [ l:consiersvir) - 0
“71 1:interval

1:anzwar

[ lra
" 2: conclusion with rzasen

[ 1:antiderivative
3:4 1:usss initial condition
| 1:answer
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